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V\{El‘ VCE 

In this book the fundamental principles in the Theory of 
Structures have been presented in as simple and as logical a 
form as possible. Intended primarily for students taking a 
degree course, or the courses for the National Certificates of 
the ^finistry of Educatmnand of the Engineering Institutions, it 
is hoped it will be found useful by othera engaged in engineering 
practice. It has only been possible to present tlie groundwork 
of the subject, but references havo been put at the end of each 
chapter to guide the student to other tlieorettcal methods and 
to a more eomplete and advanced study of definite branches 
of structural engiiieoring^ As theory is being constantly 
re vised, and as new theories and motho^is are being brought 
forw'ardj it is thereforo necessary that the student, to keep up to 
date, must consult the engincoring journals and tlie transactions 
of the Engineering Institutions of this and other countries. 
The necessary specifications for structural work should also 
be consulted^ such as Specification 153^ Parts 1 and 2, 1922, 
Parts 3, 4 and 5, 1023, for Girder Bridges, issued by tho Britiah 
Engineering Standards Association, Thi$ specificatfen deals 
with Materials, Workmansliip, Leads and Stresses^ Details of 
Construction and Erection. 

The mathematics in this book are fairly simple: partial 
difierentiation has been introduced in Chapter IX, but refers 
ence to it con be made in any good book on practical mathe¬ 
matics such as Usherwood and Trimble Part II. It is, 
however, essential that all students of engineering should have 
a good mathematical foundation. 

The examples at the end of the chapters are all taken from 
recent examination papers, and I wHsh to tliaiik the Councils 
of the University of Birmingham, of the Institutions of Civil, 
Mechanical and Structural Engineers, and also the University 
of London Press for permieaion to reprint them. 

No attempt has been made to deal with design. 

In preparing this work, existing textbooks on the subject 
lijive been consultod, including those of Morley, Andrews* 
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PREFACE 


Husband and Harbjj Hunter, Hool and Kinne, and others. 
These works abo contain much useful infoimatinn on design. 
I wish to mako acknowledgment ot my indebtedness to these 
Ixjoks. My thanks ate also duo to Messrs. Longmans^ Green 
& Co. for permission to use examples on inortia (pp. 30 32) 
from Mannb Pm^tical Map^^malic^; to Professor F, C. Leap 
D.Sc.p for the diagram (Fig. 129) of typical mo%nng loads ; to 
Mr, T, H, P, Veal, for the use of notes on reinforced 

concrete ; to Dr. H. P. Budgen for the drawings from which 
Plates I and II were made, and to a few friends for working 
onfc solutions to the examples. 

H. W. COULTAS 

l^inMlMOiiAW 
Sept., 11^25 


PREFACE TO THE THIRD EDITION 

DmiJJO tbo last few great progress lias Ijeen made in the 
iield of continuous structures, bot h in construction and analvsis. 
Advance in conatructionnl methods has brought out the 
importance of design. For a satisfactory design there must bo 
a clear idea in the mind of the designer of the elastic behaviour 
of a rigidly coiitieoteil frame. The analysis of built-in and 
continuous beams is given in Chapter lY, and the principle of 
least work applied to beams and fraiues is stated in Chapter IX. 

Further methods of analy'sis have been doveloped and two 
of these, the €i&pt ‘dt^ectioii and the method of svtceeseive apptoxi~ 
ynationa are discussed in an additional Chapter XV. The uses 
of those methods have been rocogmaed by structural engineers 
and desi^CTa: they have been introduced into courses at 
universities and technical collegts: problems depending for 
their solution on these new methods are set in many examina¬ 
tion papem. They aro fully stated and discussed in the new 
chapter, which begins W'ith a development of the slope-deflection 
equations for prismatic beams and a discussion of their applica¬ 
tion to the anat^'sis of statically indeterminato brsams. con¬ 
tinuous beams, and simple frames. Frames both with and 
without lateral restraint aro considered, anti it is shown how 
the equations for calculating reilundant end moments can be 
written. Further discussion considers the solution of these 
equations by the method of successive approximations and 
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iUufitratea its applioatlon to continuoiis beams and frames os 
before. Tlier^ are a largo number of examples to iUiistr&te the 
solution of various problems by these mothods* 

A further Chapter XVI has been written m which the law^i of 
Maxwell and Betti have been developed, and the application of 
these laws to the mechanical solution of statically indeterminate 
structures has been stated- 

The author is indebted to friends for reading the text and 
specially to Mr. J. Heaton, A.M.I.Struot.E., for his yaluable 
assistance. 

H. W. COULTAS 

BrnmNaiiAM 
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CHAPTEH 1 

Beaais with Dead LoADi^ 

I-Beams and Bending. A bar of material acted upon by 
external forces (incltiding loads and Feactions) oblique to its 
loDgitudmal asds, m caUed a beam ; the components of the 
forces perpendicular to the axis cause the straimiig, called 
flexure or bending. A beam will alirajs be looked upon as 
being in a horizontal position, and the external forces as 
vertical. * 

2, Definitions. CantUevarj a beam having one end fijted 
and the other free. 

A beam frooiy supported at both ends is a simply-supported 
beami or a slinple beam. 

An encaatre beam is one built in or fixed at both ends. 


A beam supported at a number of points is a continuoua 
beam: this type may^ of course^ have one or both ends fixed 
or built in, (See para" 40, Chap. IV» for notes on snpports.) 



Fio. i Fiq. £ 


3. A Moment {M} m defined as Uie product of a force (F) 
multiplied by its perpendicular distance (x) from a point 
coELsidered i or 

M = F:£ — the magnitude of a couple. 

CaiiU'feiw (Fig. 1). 

Moment at 0 — Magnitude of tho couplo Wa 
= A fixed couple Bb 


” Thiit will enuso Eimplo bodding. ha it oc^cun! ^hon Ihorv H no miillAOt 
pull or piiili tho beain due to form; abo the (ftitamal fcrcM 

must ba ail appUad in tho plane in which the beam bendst and, tha baam 
SHiion mutt be symmetrlaai about a ^lerticel axb thmuiih its oantioid. 
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THEORY OF STRUCTURES 


Simplys^uppari^d Beam (Fig. 2). 

Moment at 0 = Magnitude of the couple R^h 

j,j pp Ra 

From ordinary con^ideratioji-i of staticSj IF = iJ + Rj 
4. When a beam is subjected to some system of loading, it 
is slightly bent out of its horizontal position. 

As the beam is in equilibrium under tho system of loading, 
the perpendieular reactions must be equal to the sum of the 
perpendicular compononta of the loads 

If *4 is the section of a beam (Fig. 3) situated at a distance 



W 


UftT T \Rkht 


---CO 


b- 

^S^etton X 


fii 


Fift. 3 


Pia. 4 


z from the support pouifcp and R is the reaction of the support, 
then ali the forces to the right of A help to produce the bending 
action at A ■ or the be?i.ni b subjected to a scries of cotiples. 
NoWp R would tend to l>end the beam in an anti-clockwiso 
direction about A : Wj and in a clockwise direction about 
A. HiorefoxOp the resultant effeotivo bending will be the 
difference of the two effects. Calling the anti-clock direc¬ 
tion nogatiTe and the clockwise direction positive* to the 
right of a section^ the effective bending action about A will be 

- Rx + Tri(x - a) -h tFj(x ~ b) 

which is the algebraic sum of the moments, and is defined as 
the bending moment at ^4. In general, tho bending moment 
at any section of a beam may be defined as the algebrajc sum 
of the moments of all the external forces acting on that part 
of the beam to the right or to the left of the section* 

5. Signs for Bend^ Moments. Ciockwi^e and anti-clook- 
wise moments to the right of a section wiU be called positive 
and negative moments respectively. Clockwise and anti¬ 
clockwise moments to tho left of a scotion will be calied 
negative and positive moments respectively. 


SS€t Chapter IIL 









BEAMS WITH DEAD LOADS 




The two equal couples acting in opposite direottetva to the 
right and left of the section (Fig, 4) tend to bend the beam 
conclave upwards; or aa it will be seen later, the top side of 
the beam comes into compression. 

In the case of Fig. 5, the two equal and opposite couples 
acting to the right and left of the section bend the beam 
convex upwards, or a positive moment tends to induce tenaile 
stresses in the top side of the beam at tlie section considered. 



6. Shearing Forces, In Fig* 6, let X be any section of a 
beam carrying some system of loads. At this section there is 
acting a vertical external force which is the resultant of all 
the forces acting on that part of the beam to the right, or to 
the left of the section. This force is spoken of as the ** shear¬ 
ing force {5) at the section* and it b balanced by the internal 
force in the particles of the materiai. 


Cstus^ pc^ftive Cawse 




\ y 


causes ^ 
negative 

X 





S 


By ordinary statics, 

i?, + /?,= H\+ ir.+ \v,+ n\ 

Shearing force at JC, 

= + [r,+JK, 

(considering the portion of the beam to the left of the 
section)* 

or S^ = R,-W^-W, 

(considering the portion of the beam to the right of the 
section). 
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THEQEY OF STEUCTURES 


7. Signs for Shying Forc^ External forces acting 
upwards to the left or right of a section cause negative and 
positive shearing force respectively. External forces acting 
down wards to the left and right of a section esuee positive 
and negative shearing force respectively, (See Pig, 

S. Diagrams of Shearing Force and Bending Moment. Both 
sheariug foixe and hending moment will generally vary in 
Qiagnitude from point to point along the length of a loaded 



Load Diagram. 

■ const* 





Shear Force Dra^ram. 



Morrient Diagram. 

Fta. 7 


beam 3 their values at any croas-section can often be calcu¬ 
lated arithmeticallyp or general algebraic expreasions may 
give the bending moment and shearing force for any section 
along tho beam. The variation may also be shown graph¬ 
ically by plotting carves, tho bases of which represent to scale 
the length of the beam ; and the vertical orclinates, the bend- 
ing moments or shearing forces, as the case may be, tlue^ 
regard being paid to the sign of the effect. 

Some typical examples of beading moment and shearing 
force diagrams are now given. 

9* Cantilever, (a) Concentrated load at the free end. [Fig. 7.) 
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M,= + Wl 
== + IF* 

M = moment S — shear force 
JJ0TB4 — Tlifl monient J;/ at a section is cquai to the area 
of the S.F, {Uagrnin to the right of the section, 

{(>} With a uniformly distributed load along the whole beam, 
(Fig. S.) 


Wx“ constant. 


ut tons per foot run, I jrt' 

Load 


Till + 

ton^ I 



Shear Force Diagram. 



Momcht Diaj|rant» 
Fra. S 


Consider any section X* 

Sliear force to the right of JC — ikc 

= area of lofid diagram to the right of X 
i.e. 5^ ^ - tra ^iidSt, = ~wl 

For bending momenta to the right of the aeetion, the 
resultant momont is given by the area of the S.h. diagram 
to the right of the section. 

With several loads on a eantileveri the shearing force and 
moment djagrama can be drawn by considering diagtatns for 
each load separately and adding the ordinates to moke one 
complete diagram^ 

Problem L A cantilever of lengtli 20 ft. carries a load 
which decrenscs uniformly from 2 tons at the fixed end to 
0 tons at the free end. Draw the bending moment and ahoar 
force diagrame. 
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THEORY OF STRUCT ORES 


S. 


2 ^ 

I^ad rate at^ = y = — xjaf=t — tons per foot nm (Fig. 9.) 

Area of the load diagram from the free end to section X 
c * ® ** 

™ "jQ ^ 2 ^ M (equation of a parabola} 

= S,F. at X, 

and it acts at the centroid of the load area conaideied. 

cfL^d/n^ 



- 

-- 

Load Dia|ram. 





Shear Force Diagram. 


'^Cubh: + ^ tons ft. 

Moment Diannant. 

Feo. d 

^ negative, as the forces act downwards to the 
ngiit of the section. 

= area of the S.F. diagram (whioh is a parabola) to the right 
of -A ^ moment at X ° 

* ar* 
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10* Simply-supported Beams* (a) Concontrated loud at the 
ceutre of tlio beam (Fig. iO), 



For all sections between -4 and C, tbe shearing force 
= and is of the negative sense. 

For all sections between 0 and B, the S-F- S\ ^ if, and 
is of the positive sense* 







Load Diagram I 






Ff 6 t 

Shear Force Diagram. 


A2 ^ 

Moment Dla^amn 



Fm, jo 


Note. To construct the shear diagram. Take the base 
= AB to scale Start always from the left-hand side 
of the beam* At erect a vertical upwTirds equal to 
to scale == AiD^. From D,, draw to .4,/lj, as 

far 08 tbe next load^ which in this case is If. The direction 
of ia vertical downwards. From Ei, draw E^CiF^ = ir to 
scale downwaida. 










TUmRY OF STRUCTURES 


^1^1 = +y: 

i,©. G^F j is below tlie axia A^By 

From ^1. to meet the line of action of : from 

SLwI TJm construction can be 

used for aU beams; always start from the left liand of all 
beams, and the shear diagram is easily drawn, as if* acta 
upwards. It downwards, and R^ upwards. The only thing is 
to remeniber the sense of the resulting sliear force. 

Considenng moments, take tJie origin at the left-hand 
support^ of tho beam. For sections between A and C?, 

^ negative sense: i.o, a couple of 

IF 

magnitude yit acts in a clockwise direction to the left of tho 

bet^n C and J?, take forces to tho 
right of the sections: and the only foroe is /?,. cauemg an 
anti^dockwise couple to the right of a section ^ ar) 

" "2 is. therefore, of the negative sense. 

The moment ie a maximum at C, and 

_wi in 

2 2^ 4 negative sense . 

thf ? ^ ^ the area of 

iLtion^' *he section. At the 

‘Changes sign, the moment is a 

LQaA] UJ U [u+ 

simply-Bupported beam is loaded, as in 
fcwnw. bending moment 


+ ^0 — (S + 12) tons 

al>?ut*!rJ^iro,“ 'J<l«iljbriiini, the sum of the inomcnte 


i-e. RuX 20 = 12 X 12 + H X 5 
^1 ^ 9i toms 
^A~ l&i tons 
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The S.F. diagmm is therefore as shown. 

= -J2j|X 5 = -54 
i/i, ~ - X S = - 75it tons-ft. 
iind both of the negative sense, a'here and ilfp are the 
tnoments at C and D and tlie moment diagram is as constructe<l. 


*£^-7^-^- 8 ^ 


Ri^=tQf 


C D 

Load Diagram, 


»i't 

t 


t 


1 






B 


B, 




t 


If 


Shear Diagram ♦ 



A2 C2 D2 S2 
Moment Diagram. 


Fiifr 11 


The Qcgative signs are introdueed as the moments are 
negative. 

The shear changes sign at and the moment h a maximum 
negative moment at thia point. 

(fr) Simpiy^supported beam who!Iy covered with a uni' 
formly distributed load of wtona per foot run. Let A (Fig. 12) 
be the origin. Let w tons j>et foot nm be the rate of loading. 
Total load = 11 '/ tons. 

wl 

B^= St, — Y 

At any section distant af fL from the shear force 

^ - It^ + 

At the centre^ 
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THEORY OF STRUCTURES 


The tiegatire sign is introduced, as causes negative 
shear to the left of a section. 

At any section K, distant * ft, from .-I, the mouient 

X 

- i?^as wx X ^ 
wlx 


_1OT- 


ml 
* 2 


n/ tons pen fopt run. 


ft * 



Shear Diagram- 


5 


Br 

1 '^' 

t 


laZ^ C 


\w^ y/\ 

\ _ 4 - 1 —i 




RjrW 

Load Diagram 


Cf 
t 


>7 


/ 

1, 


It 1 

0> 



Sheaf" 0ia^ram+ 



Wlj Uiisft.Wh 



Fia. 1* 


Cz ^2 

Moment Diagram t 

Pio. 13 


Dz 


Tlie moment nt C is a maxim um. 


td^ utp wt~ 



Note, — T he shear force at a section X distant a: ft. from .-1 
is equal to minus the arei\ of the load diagram from A to X, 
due regard l?eing paid to the ^ign. The momeot at the section 
*Y is equal to the area of the shear force diagram between A 
and A"; and the moment is a maximum at the section where 
the shear force is Kero i.e. eliangeiS sign. 

11. Overhanging Beams, (a) Equal oTcrhangs, with equal 
concentrated loads at the ends of the overhangs. (Fig. 13.) 

— IF tons 
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SuEAR Force Diagram, Between A and C, the shear force 
at anv section is W tons and is positive. Between B and A 
it is MTO, and between £ and D it is W tons for all sections 
and is negative. The diagram is constructed by starting at 
C. and following the forces in the direction they act. 

The moments at B and A arc both ^ual to IJ (j and oi* 
both positive, according to the notation of signs adopted. 
Between A and G, and B and D the moments at a section 
are proportional to the distance the section is rom ^ . 

Hence for the ovcriiangs. the moment diagrams are tnanglra, 
being aero at 0 and D. Between B end the moment is the 
same for all Bections and equal to + iHi umts, ,-i , 

Note —Between B and A, the moment is a constant, whilst 
the shear force is zero. It wiU be shown that the l^rtion of 
a beam over which the moment is a constant, bends to the 
arc of a circle. This fact is made use of in eipei™entel work 
for finding tho value of Young's Modulus of Elasticity ol a 
material in flexure when any effects due to shear forces am 
to be eliminated. In this case, no shear forc^ are present, 
(^ee further chapter on '' Deflection of Beaois. ) 

Similar shear force and moment rliagrams are obtemed 
a simply-supported beam having two symmetncally-placed 

concentrated loads of equal value, w «,« 

(b) Uniformly-distributed load over the whole of a beam, 
having equal overhangs. (Fig. 14.) 

fi.= 

, 

== + -2 

Tlie shear force and moment fliagrams will be as sliown. 
jiat is, f < 2iu 

& 2 

then the moment at the centre of the span J will Im a 
minimum positive moment, 

If i > 2i„ then the moment at the Centro of the sp*”’ ' 
will be a maximum negative moment, and there wiU be two 
sections on the span I at which the moment is zero. 

If ( = 2lif the moment at the centre of the span f 

be iero. 
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In all the three cases there will be maximum po^^itive 
momenta at the supports. 

FrabUjji 3. Conatniet the shear and moment diagrams for 
a simple beam loaded a$ in Fig. 15. 

The total dead load is 8 tons, and it acts at a distance of 
S ft. from tho left di and support (0). 

= 3 tons 


Uj tof7s per‘ foot run. 


" 2 " 


Load Diagram, 






The shaded area ts the 
Resu/taf^t, 


Cr^jAr Ef the dia^raif} for 

a besfn y]ffth ortiy the o\/erhaf7^ 
/oaded* 

AjGjEfJjBf iS the dta£ram for a 
simple beam (AB only loaded)^ 


Az ^he moment 
for the beam with the cyerhanis 
orfy loaded. 

fs the diagram Fora 
simple beam Ad. , s 

Moments at the supports 


Moment Diagram, 


Feo. 14 

Momenta about 0, 

X 20 ^ g X S 
J?„ — tons 

5= s - 3^ = 4j| tona 

To CohSTatrcr the Sheafl Diaoham^ At Oj erect a per¬ 
pendicular upwards to scale equal to 4^ tons : this is con- 
a^nt to the section 6 ft, from 0. Thb ahe^ir is of negatiFe 
stgUh Between section 10 ft, and 30 fL the shear is constant 
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and positive atwl «jual to J!„ = tons. At section 10, draw 
a perpendicular downwards of 3^ tons to soole, BJid continue 
a shear line to the 20 ft. section. 

Complete the diagram by joining the negative (Jiagram to 
the positive ono, as shown in the shear diagram. This is true, 
S 3 at any section on the loaded portion of the beam the shear 


2 /ens 



H 


y:=^ 

■To/ns ft- ^ 




r ^3 4 * T&ns ft. 

Moment Dia^f-am, 


Fio. 1$ 


is equaJ to minus the load up to this section. It can bo 
shown that the shear is Miro at a section S'4 ft. from 0: at 
this section the moment will be a maximum. 

The moment at section S is 

ilf ( = - 6 X 4| = ” 23| tona-ft. 

At section 6 erect an ordinate to scale of 2S1 ft.-tons. The 
B.M. line between 0 and 6 will be a straight line, as it is also 
between sections iO and 30, where 

J/j^ = - 10 X = - 32 tons-ft. 
and Mtn = 0 

Between sections 0 ft, and 10 ft. the moment line will lie a 
curve, and tJio maximum negative moment will be at the 
section $-4 ft. from 0 and 

2-4* 

•l/j.* = - a-4 X 4![ + 2 X 
= -34‘5tonsft. 















u THEORY OF 3TRUGTTJRBS 

Second Mtlhod, Let the maximum moment be at a distance 
s ft. from G. 

Then M, ^ - 4-8t + (* - 6)* 
dM, 

= - 4-8 + 2ta - 0) = ft 

or 2? = (4-S + 12J ft. 
z i= 8-4 ft. 

The maximum moment is caleiilatod. as shown in the previous 
paragraph. 

Problem 4, A simple beam 3ft ft. long carries a load which 
increases uniformly from zero at one end to 2 tons jjer ft. at tJie 

Tbtof Lood (V 



other end. {Fig. 16.) Find the expression for the bending 
moment at any action, and draw the shear and moment 
diagrams. VV hat is the greatest landing moment and whore 
docs it occur 1 

For equilibrium, R, + i?„ ^ = 30 tons 

« ■- w ■ .fcj 
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Moments aboat 30, 

X 30 ss 30 X 10 
= 10 tons 

/?jo “ 20 tt 

Working from 0 as origin ami taking a eection X to the right 
distant afft. from 0. 

The rate of loading at S will be 

y tons = 


Shear at X, 

S,= " + y X ^ - So + 15 ^ 

^ -10 + ^* tone 

= 0, when = 300 

or 3 s = 17^3 ft- from 0 

The shear diagram will therefore be ns sbowti in Fig. l(i. 
The moment at a section X distant x from 0 
„ xtt X 

= 3/. - - + f X 3 

X XX 
= f- 10* + ^ j tOElE-ft. 


For maximum moment, 
dM, X* 

^■=-10+55 = 0 

that is, * = 17*3 ft. 
which confirms ~ ^ 

At section 17*3 ft. from 0, 

■JfjT-j = - 10 X 17‘3 X 

:;= - 173 + 58 
= -llStonS’ft. 

The moment diagram is as shown in Fig, 16* 
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13> Belation between Loads, Shearing Forcea, and Bending 
Momenta. For Simple Beams and Cantilevers. 

CoKCBNTRATBD Loads. = Shear at any section 
=: £ forces to the right or left of the section. 
DrsTRrBUTED IjOads. a small change in the shoaT force along 
a Length dx s small area of the load diagram, 

i.e. dS = to . d*, where tfa; U a small length of the beam 
and w the rate of loadiiig along dx assumed 
coastant.* 




. ds: = tot^l change 
limits 


between the roquirod 


^ (area of load diagram between these limits) 

If b the shear force at a section X distant x fpom the origin 
and pSp is the shear at a eeotion T distant ^ from the origin, 

theri.5, = jS, + w . dx taking appropriate signs for each term. 

Moment and Siii^am. From the examples considered, a 
small change lii the moment is equal to a email area of the 
shear force diagram, 

i.e. dM = jS , dz where 3 — average shear force over then 

dJf 

^ = shear force Sf ^ rate of change of the moment diagram. 


and 




3 , dx 


total change of bending moment 
between the required limits. 

In both the simple beam and the cantilever uniform loaded 
over tho whole length 

5= moment at a section area of the shear force (Jia- 
grara between the section and the originjJ due regard 
being paid to sign. Summarizing, 

dS ^ r , dJtf , f 

^ = ic: 5 *=y u;. d* = ^ ; M = j s,dx 


• «? li not nmafiMTiIj ^CPRltant bkuLg a Nun. 

f ThU relation indioatM iLat wlim a ih&aring foroo paws throtigh a wro 
vaIuA Uld ohnii^^itsd- BigTi tha vaJ no oJ tho iziDnioni il a ttiathvmatmal inaMiinDni 
or imikiiDUJD. ^ Noibo, part page 10* 

I For A simplA boam, orijifi at the DUppdrta^ For a oantilEn-Cfr tho Ls 

at tho free ond. IIowo-veTi if th& erij^in for tho cantilov'or ifl at thfl Rtipport, tNn 
Af„ = Momoat at tlia support kiag tho uroa of tho RN>iinni; forco dintp^aoi 
hotwoon tho Kiipport and too iootloa. 
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13. A gfapliical methotl of fincUng the shear and momeat 
for beam sections depends upon the above relations. Shear 
forces are found by the graphical integration of the load 
diagrain t tnomenta are calculated by the graphical integra¬ 
tion of the shear force diagram. 

BErEJtE5fcra+ For fujlher oaampk** ol inomoiil*, etp, 

1. Thtory «?/ SiruElura, Morloy, (LchngfnjmHp Gitien it Ccx.} 

SfmcitAral ^n^rterTiTt^, HuibiflcJ end ITatby, fLonfttnftM, Green Ji Cd.) 

3. ^iruefumt Si^dwork^ Bl&ok, TfrQluiicJj FrifiWM.J 

4. Sfrtn^h ef MaUtialt^ Fart I* S. lirniMhenko, 

5 . Maimuh and Strueiurts, Vol- E. H. SalmDn. (Langmondp Grocn * 
Oo,) 


EXAJilPLES 


1 . A I^lrdor 3 a Icme. iuppflrted At tlw end*, bo# & undt^ndy durtribiited 
Ifjad □£ 2 tcinfi pot lineal f«>t e-sTtendiiiK from 5 ft. Irorn orvo end to witniq 
10 itr of tlio otlwr end, and tbero is a concomroted l^d of 16 tana Dt tho 
wntre Of tlit> Iinsformly diilribut^d loud, Draif tli* tending moment and 
Bliearing force dingraim, giving the maxjcount and mLoijnmii valuci m eMb 


2 . An Dvi'rhlinffing Nam AB. 2 fift. looff, rtaU Oft t^ro Bupp^ which 
are at dUtoneea of 5 and I a ft. rcffpeetiiiisly from tho ond A. 

cirtiHf B loud of 2 toM at jl, I ton at B, ond 2 toni at thn <^ntre of the benm. 
Draw tho sheArUig force and bending moment diagmma for tho beam, 

3 . Eepiaan dourly the TolntiOB botwocn load, shear, and beedmg momHmt 
{Ungrama. 

4 . A beam £6 It, long ia atipported ut one end nnd on e pwr at a dHtance 

of 5 ft, from tba othsr end. The bdnm ia muformly lo^ed frem ™d to tnd 
with a loud of i ton per liaeftl foot* and a oencentrated load of 6 tone la himg 
ftt the extremity of tho ovcTbanging portion. Draw t^^e ^mllI^ moment 
and ihc&ring foroa dfagromB, (I.C.fti,, wt- lU-n-,) 


S. A cirderp 5S ft, la^g^ a# aupEulrted on two piers— 000 + 5 ft, from imo 
end ; the eecend. 1 ft. from the other rad. It carnee a inufoimly dts- 
tribnitod load of 1 ton por Ihwal foot. Find tho bendii^ moment at the 
pisre and draw the bending moment and ahearing foioe dLagrama , . 

April lujXl 


e. A girder, 50 ft, long, bB ffapported 10 ft. from its left and 15 ft- 
its right extremitica, the overhanging end# being free, it i# loaded with a 
luufortdlv distribute load of 1 ton per lineal foot+ and llpere ^ a 
centrated loud of 10 tona midway bet^wn the two impports. Draw the 
bending moment and all wing Jorco dlugramB, givhig tho luasimnm 
In ooeh caae. (I-C 1823 .) 

7 . A girder, 30 ft. long, aiipported ai the endi, hog a undomily dia- 
tribirted Joad of 15 tona per Unsoi foot extending from 5 ft, from ono end to 
10 ft. from the Other end, aed there i# a concentrated l™d of 10 tona at tlw 
eentrs of the uniformly diaiributed load. X^raw tho^ finding moment 
ebearing foroo diagramsH giving the moximuni and minimuitii values m ^ac 


IS 
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8 ^ A tiogle wkln eo^6r-dtvm ii frubj«c$«4 to a MA^dmuin bc^ad of watof of 
SO ft, Jt the ahooltfi^; id bald Id a ToriicAl ptiftitioa by two bomonu] framca^ 
MO ati tho Aama lavol aa the flurfaoo of thB wator and the otb^r SO ft, bolo w 
at the find the p^tiaq. and amoitot of thH maximum bondiiig 

moEuant in a atrip of tho dam I ft. wido. any ftning moment at the 

•uppocla and aaaiimo tbo wei^t of water per eubio foot to be 64 lb, 

(I*C,E., July 1D23.J 

0. Draw the ehcor and momont dlfi^acDa for the following boama— 


I 


TOjbm 

L 


r Jbn per footfrun. 


- iO -^ 

- --20^ -—^ 

(cu) 

I^TS/tjs roTons 
Z Tons fLn//T\ 


—— 

-—25^^—-■ 

- -- 30 


fr_ 


6 Ions 1 

k7&/?s 

'£_ [t 

-5 Tans foctf run. 


_j 

r 5 

P'S-“ 

>2^ 




}^- ^ 20 ft. long. It ia aupperted at tha end A and at a 

point 12 ft, frofli A. There m a load of } ton nt the end B and a load of 
I ton at a pirint S ft, from A, and a unifomilj dietributiid l^d of 2 ewt. per 
foot rim along the whole beam. Draw (1) the fllwar diagram 3 (SJ the bend- 
lUg momenl diagrm Jar the Ixam. Write down the maximum aitenriDK 
ronee and the maximum bending moment. fL.U.* 
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Theory of SiarPLE Bending and Moments of 
Inertia 

15. Kobei OB Streisses and Straiiis^ Stke^. If a body is 
subjected to external forces and it is cut by a plane sBctlon. 
an internal force will be transmitted across this section tend¬ 
ing to hold the body in equilibrium. Ttas force is called 
stress, and the material of the body is said to be stressed. 
The stress may or may not be uniiomly distributed over the 
area of the section. Tiie intensity of stress^ or as it is often 
called stressp is the force per unit of arca^ 

If over a small area asq. in. the total internal force is P 
P 

tons, then the stress is — tons per square inch. 

Strain. The body which h atre^d under the action of 
the estemal forces will suffer a change of shape, and it is said 
to be strained or deformed. If a body of original length I in. 
suSered a change of length then the unit strain^ or as it 

h sometimes called strain^ is y ~ c- If ^ is in inches, then 

the strain b the amount of deformation per unit length of 1 in. 

Kinds of Stress. Several kinds of stress may be pro¬ 
duced in a body: they depend on the arrangeraent of the 
external loads. These stresses aro tenaiie, compressive^ and 
shear: the first two are direct streses, because they are 
perpendicular to the plane section under eonslderation; the 
last is tangential to the plane. Tensile and compressive 
Btresses may be produceii by direct external pulls or thrnsts 
on a body, such external forces being at right angles to the 
considered pianos or, as it will be scon, they may be caused 
by bending the body, when stresses are produced which are 
normal to a plane eection of tho beam. A shear stress is prO' 
duced when a body is subjected to torsion or a twisting action. 

Direct Strf. 5SES. When a body is subjected to a pull or 
tensile force, it is elongated in the direction of the pull, and 
the body is said to be in a state of tension* tVhen the body 
tfl subjected to an escternal thrust or compressive force, it is 
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flliortcQctl in the direction of the force, and is said to be in a 
slate of compression. 

The propertiee of materials in tension, compression, or 
torsion may be ascertained by uieohanical testa; and by 
plotting stresses against the corresponding strains, ciLn'e> 
known 4is stress-strain curves are obtained. 

Moduli of ELAaTiciTY— 

Tcnjioji or Oompf^^mon. The niodulns of elasticity is denoted 
by E [load per unit area). 



J.ct / reppewiit the normal atresa and e the correapondiDg 
straui (cjctension or compression per unit length), 

then E = ^ 
e 

For ductile materials, such aa mild ateel, B in compre^ion le 
taken the same aa for tonaiou, an elaatig tensile test being 
m^aatisfa^nly carried out than an ekatic compressien teat. 
Torttm The mndulua of elasticity is denoted by Q, aome- 

tim^ N (load per unit area), and ia called the modUua of 
rigidity, 

Let ^ be the ahe-ir stress and 0 rediana the shear strain. 
Then G = ^ (^ee Chap. VJ, 
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For cluatile materials, such as mild steel, for a range of 
stress from zero to a critical stress, the stress is proportional 
to tho strain : i.e. J7 or is a constant flu ring this range of 
stress. The critical stress above which the strain is not pre- 
portional to the stress is called tho limit of proportionality 
[often known as the elastic limit). Above this stress, E or Q 
is a variable. With brittle materials, such os cast-iron and con¬ 
crete, E and (7 vary with the stress from zero load,* consequently 
for design w’ork it is necessary 4o know tlie value of £ or (3 
for tliB working stress used. 


j^treogtli luuj Elasticity cpaffiEiceta tcir iflatcriftls: TemH/sguara inch. 



Oisit F»pDrtJ«u41ly. 


£ Tptujtiii or 

PmiJutiilD 

Oiik 

Soft WofNli 

TftTialoD.i. Cdhiih^I^- 

17-1& Ifr-tT 

dtmu Smio 

TrfMiloiLr Cain[irDi»li^i. 
Sl-2* 

:Tni-hj) 

30«a2 sir 

7-11 

1-3 1-5 

ILOOO-13.^ 

l3j(KHKIieW0 

10.000 

. 4,30D-t.JHM 

B«a-T00 

450-500 


Fit). n> 


Stress-strain diagrams for mild steel and cast-iron ore given 
in Fig. IS. It will be noticed that cast-iron is much stronger 
in compression than in tension.| 

16. Theory of Bending. X (Fig. 20) be any section of 
a beam carrying a system of loads. The portion of the beam 
to the right of the section is in equilibrium against vertical trans¬ 
lation, but it would havetlie tendency to rotate anti-clockwise, 
and tbe magnitude and direction of this tendency to rotation is 
determined by the bonding moment at the section. At this 
IKjrtion of the beam there are internal forces induced by the 
e.vteriial loading, and these forces produce at tbe section a 
coupfc wliose magnitude ia equal to that of the external bend¬ 
ing moment, but acting in tbe opposite direction. Usually the 
intemal forces will be elastic ones, as the beam will not be 
stressed above the limit of proportionality of the material. 
These elastic forces consist of pulls decreasing uniformly to zero 
and uniformly thrusts increasing from zero. These longitudinal 
• Sti Bfttwa Bud (.WscAqnicaJ ITMhiij, Vol, 1). PubSisiieTii, diaptoBn i 

H»!l. (Sm tMrtSTBph 00 . " Modului ot DlMrtt Elflalirity") 

t for furtbof wort on atrwigtHs of mBtorisla, tha atiJtknt l* referred to 
tnittMoks on tlw Bubjcct, (S« mfewnew »t tho «m 1 of tbo cliBpt4r-] 













22 


THEORY OF STRUCTURES 


forces form a coaplc which must at any section, since the beam 
13 in equilibrium^ be e<^ual and opposite to the Sending moment 
at tlie section- Tliis couple is cailod the of reais^iinc€. 

The axis about which the mornent of resistanoe ia taken 13 
called the neutral of the section^ and b that axis or that 

Resaft^fft Coup/e 
77jt9 tfrf/s mtc Qt/npressi^ 



Th/'s srbt& if 

I 


into 


Cflmjpngaab ff 

Toia/ ComppesiSH^ 



\ Resistancts*P^a=M.J^ii. 

J pf itpptKiitc to 


Tht^f Tension 


Tension 
Stress Df%trrix/tion X 

ih-P* 

Fja, SO 


fibre of the beam which is in an unstrained nr unstressed 
condition. It will be denoted by N.A. 

The moment algebraic sum of the moments of all 

of resiatanee ^ mdu^d tensile and compressive 
forces taken about tiie neutral nTfa 

17. Assumptions Made in the Theory o! Simple Bending.* 

( 1 ) The beam is stressed within the limit of proportionalitv 

of the material. *' 

( 2 ) Young’s modulus {£) h the same for tension and 
compression. 

(3) A piano crosa^section iiit right angles to the plane of 
bending always tieniains plane. 

(4) b no resultant pull or push on the cross-section 
of the beam. 

(5) The Bbrsa are free to expand or contract laterally, 

* For «in|5lo brading to o«nr tho pxtornal tortoa must ” 

tlie plimfl tn whicih X\m Lrini bvnd^ It d™ not follow 
boiMi] cniT^^g vertical loods wfll bond in 3 VtirtkaJ plinD. 
bonding wiU oe™ if llvn boani bo not «yiiiiriolri;e3l nbou 
pM«tng thraiigb tho oontitiid of tho aectiaii. 


bo nil Bppilicd m 
nco^Qwrily thftt ft 
Sido or hDriKOntnl 
It a vortiod plajia 
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IS, Let Fig, 21 repreaei^t a small portion of a bent beam, ao 
taken that the fonn asaunied is ii eircolar ato of radius equal to 
the radiua of currature R. This is equivalent to pure bending, 
the moment being constant over the length considered. It occurs 
when a bar is bent under equal and opposite eouples at its ends* 
O [A the centre of curvaturejdft is parallel to nc^ab lies in the 
plane of the neutral axis,* 

Let cs be a fibre situated at a distance y in this case above 
the neutral surfac?e; in the figure it is in tension, so that it is 
greater by de than its original lei’igth cd = uA, 
increase in length 

Stram ill « = “riiinal length” 

de de 
~~ cd~ ab 

but Rfl figures deb and ahO are aimilar, 
de _ eb _ u 
Ob ~ R 

But atness = E x strain 


Let/, 


tensile stress in ce = 


then = 


4 

E 


I 

R 



Fi(i. £1 


( 1 ) 


Similarly for a fibre aitiiated at a 
distance from the N.A. on the com¬ 
pression side. 

Let/e ^ induced compressive stress 

L E 

then ^ - 

That is, the intensity of the direct longitudinal stress at any 
point in the cross-section is proportional to the distance of 
that point from the K.A,, reaching a maximum at the 
boundaries farthest from the N,A, 

Let PQ (Fig, 22) be any cross-section of a beam. Consider 
a thin liori^ontal strip of that section parallel to the neutral 


• Hho lirus ab m a tni4?0 of iho SUrfflCO in wflictl ttbl^ do u&t ypdori^u elTfin 
diilTing botidULjUi^, THii Emrfucti vt rHlkxl itws Pieu/mJ MWjtiCt, and itit tJitM'Hsction 
with any cToeB-acciloSi caUed the tieumd axir+ 
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axis, the breadth of the strip being dy, the length a!, and 
y the height above the neutral axis. 

Stress at height y = -^ 

H 

Total force on the strip stress x area 

E 

— -^,y,xdy 


= ,dA 

where dA is the area of the strip. 

Total force acting on the whole cross-section is equal to the 
sum of all the small forces between the Umita y, and y,. 



It jn 

Total force on the whole section ^ .dA — -Ay 

whm A =1 total ajea of the cross-sectioa and y is the height of 
tile centroid of the cross-section above or below the ff,A. 


But smee It ls assumed a plane section remains plane after 
bending, the total force on that section must be zero, or the 
total tensile forces are equal to the total thrusts. 


Therefore -^Ay = H 


^at is, y —- 0, as .B, jf, and .-f have dejinite values. 
Iherefore, the neutral surface must pass through the centroid 
of the section. 


Total force on the strip * . dy = ^ . y . id 
Moment of this force about the N.A. = — 


y.dA *y 
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Moment of resistance for the whole section is equal to the sum 
of the moments for all Bimilar atrips 





where / = - dA and b called the moment of inertia of the 

section about the neutral aids. 


DimensionB of 7 are {length units}* = [£]* where [L] 
represents a unit of length. 

Moment of resistance = external bending moment. 


E 

External moment = J7 = ^7 


and -J = ^ • • ■ * (*) 

E S 

Also 

JS y 

thcrefoie .37 . • . . (3) 

Tlio general relation can be expressed as, 

.V E S n\ A iR\ 

— = ^ ^ i - • ■ (*) (5) 

where / may he a tensile or a compresBivc strras and y is the 
distance of the fibre from the neutral axis. 

The maximum intensities of stress are at tlie outer 
boundaries, and if these are /, and /, respectively, 

/.= Jfp :/c-37f? 

If a section is symmetrical about the neutral axis, i.e. 


y, = ifi 

then f, — /, 

The quantity ^ is caUed the “ Modulus of the section,” and 

is usually denoted by Z, 

BO that 37 s= fZ 


(6) 




THEORY OF STRUCTURES 

There are two moduli for every section which is not sym¬ 
metrical about the neutral axis: one ^ Jlff^ and the other 

Dimensions of Z arc [length unita]® = [L]** 

Problem 5. To what radius of curvature may a beam of 
mild steel be bent so that its maximum tensile stress wiU not 
exceed & tons per sq^naro inch I 

E = I S,000 tons per square inch 

EVepth of beam JO in., and the Ijcam b symmetrical about 
the N.A. 

/p E =5 8 tons/sq, in. 

' R y = 

„ Ey 13,000x5. 

«- j-= -j - m. 

= 8135 in. 

677 ft, 

10. Notes on Momenti of Inertia, {a) Let a thin lamina of 
area A consist of a number of smaU areas Uj etc.^ 

situated at dist^ances r| , Tj . etc., from some axis Rli 
Then the moment of inertia of the latiiiria or total area 
about the axis HR 

“ /jPt — 01 ^ 1 ^ + etc. * (7) 

= Zar^ 

^ 2* moment of a momont. 

Imagine the whole area A concentrated at a distance Jt from 
RR, so that 

“ ^in » + . - (S) 

then k is called the radius of gyration. 

(5) Let XX be an axis through the ceiitn>id of the area A. 

= moment of inertia about an axis XX 
Let be an axis parallel to XX at a distance rn from it. 

Then = /is + Am^ . , . 

(c) Let there be three axes, OX, OY, OZ, mutually per¬ 
pendicular to one another and meeting at the origin which 
Uie centroid of an area A. The axis OZ^ being at right 
angles to the piano of the area, 

then =s “h ffT * . ^ (i^^) 

From the relation expressed in equation (10)* any number of axes 
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OX and OT may b© drawn at right angles to one another* 
and the sum of their moments of inertia ^iU be equal to 
that is, a constant. 

Thus, if the moment of inertia about one of these aites is a 
ma^cimum^ then the moment of inertia about the axis at right 
angles to it must be a mmimmn. These axes are spoken of 
as the “ Ptiocipai Axes of Inertia.*" 

A principal axis can also be an axis of symmetry; and if 
an area has one axis of symmetry, this wdl give one principal 
axisp and the other principal axis can be determined by draw¬ 
ing it through the centroid and perpendicular to the axis of 
symmetry. 

Referring to Fig. 23, let OX and 07 be the principal axes 
of inertia for the given area, y 

\T 




I^el /xx be the maximum moment of inertia 
and „ minimum „ 

OP and OQ are another pair of rectangular axes at an angle 
□ to the principal axes, 

then /fT + ^ ‘ • * - (1^) 

It can he shewn that 

i=s cc3fi“a +/xTain="a: . * - (1^) 

/fio = fxi a-\- Ijj cos® a . - . (13) 

20. The Momenta] Ellipse. OX and OF are the principal 
axes of Inertia of a plane figure. (Fig. 24.) Lot 
be an axis inclinDd at an angle n to OX, 

then I,p “ Itx a + /tt « 

No*nc- Tti& tli^ory of niniple bondtng wi tw used for unAymTH&trtflal bo^ 
Hctioni, if th* applied bonding oouple Ia bi ah plane which oouLflmH 

on* o( the two “PtineipeLl axoe of 
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Let the lengths OR, OS, OT be measured to the same scale 
along the ases OX, OP, OY, etich that 


OR 


OS 


— Jr.-k 

- l± -± 

I»‘ ~h„ 

(a I 

= Vt;; ■ =jr 

T J IT "■Mii 


OT 

'V ixT "■*» 

A = area of the Rgure 

It can be shown that y and x are the semi-major and minor 
axes of an ellipse, which is known as the mumenial 
the pomt 8 li^ on the ellipse. 


i. 










Y 

Fio. 25 

If the principal momonta of inertm are known, then the 
flemi-axes of the momental elLipsa can be found and the 
oUipse drawn to scale. If any radina be drawn and ita length 
r measured to the same scale as tss and y, the moment of 

A 

inertia about that radiua ^ , 

r* 

Examples. 

(a) Find tbA dE iii&rtiA of a riSClMgld abdlii an axia para] tel ta 

the enda pjixi paamn,^ tliioiigh Uio oentfoid. Conatructi the momental otlipw 
for a reetATiale S'" x S'* Also find 1 about an aiia ihrough tbe cdatfoid at an. 
angls of with thd X axia (Fif. £?)+ 

4 


From Fig. 25, / 


IX 


'IT 


-/ 


, . 6d® 

^ ^ 12 

by similarity = ^ 











SIMPLE BENDING 


2fl 


For the given rectangle, Fig, 26 


2 >c 6* 

/„ = = 20-83 in* 


^TT — 


12 
5X2* 
12 


"74"°’ 

- 7 £= 


= 3-33 in.< 
603 


1-732 

a; and y are the Bemi-axea of the momental ellipso. 

, A IQ 

measures !-l4 1 ^^ ss ^ & 7-69 in,* 

By calculation 

/ja- = 20-83 C03* 60'' + 3-33 sin* 60'' = 7-718 in,* 

ADI 




I -I 

(6) Fof ibd ^viiA siictJan {Fig. 2;7), find the grs^Ufsi and loBHt momonii of 
inertift. Drav ih^ far tha atHiion, and itae it to Und tha 

Jtkdmanl. of irbertiu nbont tho OB* 

™ 2 X tV ^ i ^ "h ^ ^ (i)^ 

5*342 in.* 

A* - X i X 7* 4 2U X 4 X (i)* + 4 X i X (3i +m 
= 63-48 in * 
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Area of section 5*75 aq, in. 
/5-7o 

V es^ ~ 

/ 5-75 

^ “ V5^ '' 

rja* meaaiirea *445 .*. /(*• = 20*03 in.* 


(r} • Fop an (ingb iron sj-* X X t% tho moni^ntal eJIipte ia aa in 
Fiy- 23, Hi* Btudent h requested to cifacotc all tlie momenta of Jnertia for 




OX ia an asb of symmetry and there¬ 
fore a principal axia. OY wO] be the 
other, 

^am “ 7^27 1 /jis of ^ADR = ■'628] 
/ss of EDFB s= 2 25 
4= 3-632 m> 

/„ = 2{2-25 + -528) = 5-756 in * 
2 X 3-632-5-756 
= 1-60S in.* 

The Bemi-axes of the momental ellipao are ^ =i «751 and 
y ^ I -46S. 

id} The^ Ctncnv. (Figr 29,) To find Iba momant of inartia aboui a 
diunoter, u nooOHur^ to Snd^ firsts Iho moxqnnt ot inortiii about tliD Axia 
at right an^loa tq the plena of the figure and paadng through tha centm 

fli “ 



PiQ. 2^ 


'TT 


also /, 




2]Tf ' (f r - H 


f X£ = 

fe) Fob a Bcux^w Cincx*. 

Tt 


= 

4 


^ (J?/ - J?/) where /f, = extona&l miUuB 
Ri = internal raditia 

The momenta] elUpsa becomes a circle for tho cirele, and also 
for crosS'Sectiona which are similarly symmetrical about the 
two mutual axes ; e.g. the square. 

• ELxunpl^ {ojj, Iend (c) (pp. 2S-3Q) aoo from Mann'j 
by perrokMacm of Measn. Longmuie* Gmn * Co. 
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21, Routh^s Rule, if a body La symmetrical about three 
axes which arc mutually perpendicular^ tlic (radius of gyra¬ 
tion)® about one axis is equal to the sum of the squares of 
the other two semi-axes divided by 3p 4, or 5, according as 
the body is rectangular, ellipticab or elliissoidah 


Kxami-les. 

—only 2 axes, 

then (radius of gyration)® about an axis through the centroid 
and parallel to the ends 



1 bd X 12 ^ 12 


dS^ 

2j 


Ctrefe (^dirwiKtw)* ^ ^ i r 


16 


^•ttanwHT — 4 ^10 04 

,, (somi'initior axis}^ 

Ellipse (^cnalariuil)) ^ ^ 

,, (aemi-major axis)* 


4 


Area ellipse = jt (semi-major axis) (semi-minor axis) 

22. Graphical Hethods ol Finding Uomeiils of Inertia tor 
Unsymmetrica] Figures. (5ee Fig. 30.) It i$ required to find : 

(1) The position of the centroid with relation to some axis. 

(2) The moment of inertia about this same axis, and from 
wide]) / for an axis through the centroid and parallel to the 
axis of reference can be obtained. 

Enclose the irregular figure in a rectangle, and let two 
adjacent sides OP and 0^ be the axes of reference. 

ffisa point where the axis OX touches the fig)) re. 

Uivide the figure into a number of horizontal strips of dy 
thickness. 

Let LJU ^ the width of one atrip, 
then Lif ■ dy = the area of this strip. 
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LM is at a distaacs y from OX. 

Let AB be the projection of LM on QS. 

Join A and B to J?, to cut LM in L^M^. 

Do the same for other strips and join up corresponding 
points LiMi to form a new figure oaUed the “ firat derived 
figure,” 


y 



Let A = area of the original figure 
Ai= area of the first derived figure 

depth of the figure between the aides of the 
rectangle QS and OP 

perpendicular distance of the centroid from the 

axis OX 


^ d X area of the first derived figure 

area of the figure 

To Find /(Moment of Inertia about the axis OX) 

I^t CD bo the projection of LjJ/j on QS 
Join <7 and J> to .R, to cut L^Mj in 

brfore, continue for other strips and join up all similar 
pomta to form a " second derived figure.” 

^«x = d* X area of the second derived figure 
•Hie areas are best found by means of a planimeter. 

An example of derived figures is given in Pig^ 31^ 

23. The Woduloa Figure. It has been shown that 
external moment 

“ stress X modulus of section 

/ 7 \ 


the 
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For nQri-niivtI].ematiea] gecilons, the oiodulus of the section 
ean be obtained graphically from the construction of the 
moduluB figure. By graphical or experimental methods, find 
the centroid of the section. Through the centroid, draw the 



axia about which the beam will bend. This will be the 
neutral axis. 

With a pole O, in the neutral aids construct the first doriTed 
or modulus figures on the tension and compression sidc$. 

(a) If a tensile stress is the working criterion * the tensile 
iXK^ulus figure is required. If Pi is not equal to then on 
the compression side take a base at a distance from the 
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neutml axis. All strips on the coDipre^ion aide have to be 
projected 00 to this base. 

All strips have been reduced into terms of the outer tensiou 
boundary^ and therefore tho modulus figure is now an 
area over whlcli the stress is a constant, being equal to the 
skin or boundary tensile stress. The total tensilo or com¬ 
pressive force will act at the centroids of the respective 
derived areas above or below the neutral axis. If the area 
has been reduced to terms of the maximum tensile str^, 
then M — ft X At X 

where At = area of the donved figure found from the 
tensile basis above or below the N.A. 

Bf = the distance between the centroids of tho 
tensile and comptcaeive derived areas 








tviodulus Fiiurc^ 
CoFnpi^&AionnBaftifi. 

Fro. 


Fiq. 32 


The positions of the centroids can bo found by experiment. 
An illufitration is given in Figs, 32 and 33 and in Fig. 37. 

<i) If -working with compressive stresses, then the compres¬ 
sion modulus figure is found by a similar eonstruetbn. 
Illustrative Prorlebts of Normal Ste esses is* Beabis. 
Pfobliin 6, A roiled stee I j oist has tho following properties— 

IX'pth. Width ol amzigoa Aroa section. 

loin. Sin. SO-Osq. in. 3'l,>(in.*) 71-fi(in.') 

Such a joist is to be used as a beam 20 ft. spaiij loaded in the 
centre, w-ith the web vertical. Find the safe load that can 
be carried if the factor of safety is +. (London Univ.. 1023.) 
The neutral plane wLil be JCJIT. 

The ultimate stress for good mild steel is about 32 tons/sq, in. 
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Therefore the safe working stress will be ~ — 8 tons/sq, in. 

Let W tons be the »afe load required^ 

.. ■ * W X 20 

Maxiiniini moment — = — - -sss 5 W tons-ft. 

4 4 


= g X 


ss 60 ir tons-in, 

/aa 
Vi 


ITj — 


coir ^ = s X 60 

,ir 8 X 69 

H - - 0-2 tons. 


Problem 7, A eomponiid beam {Fig, 34 a), formed by rivet' 
ing together two rolled steel joists 16inp deep, haa a span of 
25 ft. and oturics a uniformly-distributed load of 35 tons, ^ 

/sx T26 \n* /„ = 37 m.^ 

Take the beam to be so loaded that the flanges are stressed 
as in Fig. 34a, The joists are illustrated in Fig. 34. 



Fi^a. 34 



()J Find Eh& pastticiD o^ this N.A. tho U^ninoa flaji^ of thft cOmi>Dimd 

Tig. 34a. 


Take moments about 0. 

2 X 18-22 Xy= 18*22 X 8 + 18-22 X ^16 + ™ J 
From which tf = 12-1 in. 

/y* = Moment of inertia about tlie axis tlirbugh tiia 
centroid and parallel to the tension flange. 







30 


TJIEOnr OF STRaCTUFES 


Neglecting the effect of the rivete ond rivet holes, for the 
compound beam 

= 726 + 1&-22 X {41)* 4- + 18*22 X {4-18)* 

^ ]3gOm> 

The compression boundary is 4*18 + 3 = 7"18 in. from the N.A. 
„ tension j. = 12-1 in. „ 

(1) Neglecting the weight of the beam, the moment at the 
centre, which la a maxitnuru, is 


— = — whcTO fr is the total load in tons 
8 8 

„ . . 35 X 26 X 12^ 

Maximum moment ^-g-tons-in. 

Let /. maximum compressive stress in tons/ag. in. 
ft ^ „ tensile „ „ 


Then 


Also 


35 X 25 X 12 , ^ 1380 

8 — /f X 77X8 

/^ = C'S tons/aq. in, 
35 X 25 X 12 „ „ 1380 

/t = 11 >5 tona/sq. in. 


{2} Allowing for the weight of the beam, to ffnd the additional 
sireascB due to tins weight. 

Total weight of beam = 2 x B2 X 25 lb, 

= 3100 lb, = 1-38 tons 


Now 35 tons distributed load cause stresses of and ll’5(/t) 
1 *38 tons di stribu te<l load cau se stresses of 

6-8 X 1-38 . . V j 11-5 X 1-38,, . . 

---(compression) and--- (tension) 


= 0-27 tons/sq. in. and 0-45 tons/sq. in. 

campnfiaiini tenviqc 


adilitional stresses w'bich are smolL 
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EXAMPLES 

1. Tli«a rrooden planlM, a. b. and e, of tho «ama material a» laid ai^ 
by *idfl aoros* a apart of 7 ft . (wd a l«vd of * ton ii laid MRWB them at lha 
ccnlrt of tho span, an ihftt they eJi bead to tho saimi radios of e^vatpto. 
Each plant! is Tin. mda. ttio daptli of the two planks a and e la 3 tn., nod 
of b (the Deotrai plank) (i in. DetcnniiiM— 

fa) The load carried by caeil plank. ^ , 

(ft) The jnaiiniura intenaity of stroM W1 each plank, 
a. A bar of et«:, origintUly rtraight. is bent to a radius of ^ 
bar is 3 in. iride and I in, dwp in the plane of bccdniB. Fmd the bending 



irtofntnt and the greatcat inmnwty of sIpmb ?! 

fonnola employed. = 12,500 ^ns per ^nara uwln) 

3, In a supported T heart of span -0 
artu of tbs wob and flange a™ equal. Tlw beam baa to carry a irtifwi^y- 
diatributed load of i tons, .ml the allowed ® ^ 

per squAKB inch in oOrtpreaaion and lensurtl reapoct y. (] C E ) 

“tt i^SXl sp^ a window opening N ft C,«r in ^ 

and carriw a load from tlie brickwork abo™. assumed to 

s TirSor* 

siTtsTr 

- iwftv 
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t5-056 


Fto, 3e 



Area of Haft 
Modufus Fi^re 
2'5 3 ^, 

r « 

2-6 


2 5x^*2 


■/a o //T 


36 a5/J7. 


N^trafAxiS 


Note > 

Moduhs Fiiure 
shaded, ^ 


2'6 


Fm. 37 












SIMPLE BENDING 


3fl 


S, A fltod angle 4' X 4" X r is i™^« “d built vtrticfiUy 

mto a eUDcrutcr foubdatiork- The appel' and tl quite f™ eiwpt lor a wdru 
rope inclined ai 46'" tu tVio floor, Tbw rope pasat^ Chrough a hole _fPj in 
aide of tho angle 2 m, from ths comer aad 10 ft- from tho floor. The rope ia 
in tJie Bamo vertical piano Oi the of the Euiglo tlirongh which it pAAa^, 
imd camei o towl of 200 lb. The tnoniont at inertia aboTit the neuLral axlt 
of tho cTOffi-Bcction i» I '93- rn> The noutml AXU diatant a —i j dl in- from 
the comer,- Find apprOKimately the maximnui atren produced in tlio angle-. 

(U.OIB4 

0^ To what radliis mvy a wooden beani 12 in. deep bo bent if the at™ 
itreea mAy not exceed JOOOIb. per squnro ineb^ asaumlng E *= 2 x 10*1^ 
-per Hf^unre Lnoh t ll the beam us of jnectangu^ ahape, 6 in. widOn what ii 
then itB amount of EcaiatAnee ? 

7. A roUed Hti^l joifit, 12 in. deop, haa a span of 20 ft, and carriea n loud 
of |(J tonfl unifomdy di^ributedf and a eoncontmted load of 3 ton* nt the 


U, 


10 


i_-i 


fr^' 




¥ 


T 

I 

m'* 

( 


,.i. 
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eenire of tlm opan. 
web is 0-3 in. thick. 


The flAngoa are 7 iel mde And -373 in. tbick^ and tJuj 
Determine the maximum stress due to bending- 

(L.U,,July 1^23,)! 

8. An f Acotion Bteel jotat, T X 4^p M. of T., 81 in, unita, h^ a s^ian of 
IS ft. Find the maxirciU-m safe distribnted load per foot jfurt it will carry 
with a working Btreaa oI 3 Iona per squam incli. 

0. Find by a graphical method tho modulus of the section ” of a joist 
lb" X s*' X i"- Construct a scale for the modulus flgme. (U. ol B.)- 

10. A rtetafigular beam of wood 10 in. deep and fl in. wide, and bavioj^ a 
lengib of 13 ft., ia supported nn two iupporta 10 ft. apart, one support being 
at the left end of the beam. The beam ia loaded with a load of i ton per 
foot mii. Dmw th# diagTsm of bending moment, neglecling the weigbt of 
like beam, and find the maximum Stresi per square inch in the beam, 

11. Foklllr out the meamng of tfio momenL of inertia of A seotjon of a load^ 
beam. Find the moment at inertia of an area consisting of a rectangle 13 in. 
wide and 12 in. deep from which has been token a nmaller ronconltic reelongle 
9 in. wide and 11 in. ci«p about fUi aiLa 3 in. below the top and pnrahel to it. 

(T.C.E., April 1923.) 

12. At wliat dtsiance d should the two chnnnolH bo apart in Fig, 38 

HO that I = XX and yy are the 2 axea of symmetry. 

13. Find tlio moment of inertia of ilw? seorian about the axis kx and also 
nhout an aiia through the «nltte of gravity pitrallol 14> the axis iX. Fig, 33* 
IMige 3S. 

Jidl^cd. Divide the lengUl of the Ml Ion into nnall lengthi of, flay d in. 
Then the area of tho whole Atotton =■ a X 1 X Ip where n » nuti^ber of 
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aqiaII £^t y =f am^ dE «Acfa aniBll l^p^h from this axis xx^ thou 

neglecting thfl momeub of inertia q| each entail lengtli about an am through 
its om 

irhicih. if u in ceoatant » 
wlwrB a » (-i f) flq. iiL 

14. A pieoa ot eteel hiu to be bent nound a drum 3 ft. m diamotnr. Deter- 
mmo tha irLAxiinnm thiclmesa tha stool may have, if tiio ntrea? ia not to 
frxeeed tba limit of proportionality of the ateel whiob ia 14 tons per equam mcii. 

E 12p500 tons/sq. im ftJ- of L.J 

4 


CHAPTER m 

Djeplectiok op Simple Beams 

The detenuinatioD of dedections will be asoertained from the 
differential equation of the deflection ouire and alun by the 
U 60 of the bending moinertt diagram. 

24. In the chapter on Bending,” the relationa' between 
moment, stress developed, and cnnrature were found. 

/_£/_£* 

if~ I ~ It 

For ve^* flat curves and for which the radii of curvature are 
very big, 

I 

that 



In Fig, 39, (a) is a simply supported: beam ■ under any system 
of loading the beam will bend concave upwards ; that is, the 
displacements from the horizontal position will be in a down¬ 
wards direction. Tlie amount of displacement at any point 

* ThtB II the #xpn3moD diidved from the cue oTto c&Ued "piue 

The «a.iiiD aq^mtiee mey be u^ied Tor tha bendiiig of priomBtical hmn by 
tmzuvvrse leadA, IF the effect oX the shearing fame be negleeted. 
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will be the defJcetion of tbe beam at that point. Let thi? 
displacement be posit>Then measured in a do^vnwards 
direction and be equal to -j- y. 

When writing doiivn the fundamental equation of any simple 
and fixed beam, alwaya atart from the left of the beam aa 
origin, and give the moments their correct sign according to 
the way they tend to bend the beam about the left of a 
section considered, and wiiich were indicated in Chapter Y 
These signs w ill give, on solution, the correct sign for the 
dbplacemcnt y. 

In the case of the eantilevcrj the fixed point is taken as 
origin, Fig. itO, (6)* For overhanging and continuous beams the 
left-hand support is considered ^ tlie origin* 

For symmetrieal loadings, deflections can be moat elegantly 
found by mathematical methods : for systems of irregular 
loadings, it had been found necessary to use graphical methods, 


^2 
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but a inatbematieal form develojicd by W. H. Macaulay* can 
be used in all cases and is much simpler* It can Ik? used for 
all kinds of beams having El constants 

25. The slope of the tangent at any point = ^ ^ tan / 

dx 

= i radians, where i = angle in radiana which the tangent 
makc4 with the x axis, and it ia always very small, so that 
tAQ i is nearly equal to i. 


The Diffehential Equatioit of tiie XIefusctiokt Citeve 
26 , General Mathematical Method (Fig. 40 ). (Due to Mr. 
H. Mocaulay.*) 0 .d is asimpio beajii londeil in an irreguliu* 


• 9 / Mathatutliea, No. ST 3, llviii, ilaii. 1019 AJ» refer to 

"ThB Elastic Equation for Beamw” by IV. D. IVemersIey, Ointenu and 
C^nstm^ionQi AHfin^eri Vd. XX, 
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manner and of length L Take the Diigln at 0 {the left-hand 
support and the axis of a: to the right and positive. Take 
any section X distant x from 0 and beyond the last applied 
load. and R^, are calculated by the usual methods* 
Moment at X 

= -R^+ W^{x^b)+ - - - W,{x-n} 

This is an expression for the moment for any ncetion JTp if the 
terms inside the brackets are omitted lor values of a:, which 
make them negative. 

EI^ = M, = -R^+ W,{x ^ a) + lV,{x - b} 

Iste^te t\rice (taking El, constant), 

+ Az + B . , , (eqn. C) 

Thw expression b true for all values of as between 0 and f. 
omitting terms which become negative for particular values 
of 

For simple beams, when ar = 0, y = 0 ; 

Then iJ - 0 

To find A. put z = t, then = 0 (generally); Then 


From this latter equation^ A may 
in equation C to give the general 
value of 1 ^. 

The slope at any section will be 
found by differentiating y with 
respect to x when the value of ^4 
h known, and the resulting equa¬ 
tion will hold good for any value 
of a?, omitting terms in the 
brackets wliich become negative 
for particular values of 


be found : substitute it 


i 


c 

T, fT J t 

^ z 

-r _ _ 

^ 1 ' 

2 

1 ^ wv 

f 





ifrnax 




a 


Fig. 41 


Examples* 

(fl) Btafrit. 


Load At tbo centre- (Fi^. 4L) Suppartfl AArtie height. 
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+n'{*-9 

+ t(* - s)’ + ^ 

when *=sO y = 0 B = 0 
When x=lj y = 0, 

Al 


3lf''P 


4S 

^ TTI* 
^ = 16 


4{-4) 


1 ^ 
16 


wliich holds good for sections between 0 and B, 
Obviously for all eectioiis between 0 and <7, the 

term will bo negative, ns a? < J. 

Between O and C, 

Jl'i* , ll^Par 
H-- 

^ 13 ^ 10 

jf is a maximum when x s= | 

i.e. the deflection is a maximum, 

Jmu 96 ^ 32 48 * 

Between C and B, considering slopes 
I^~Eh, -+_ 


jV 

16 


(41*- Sxl + 31*) 


middle 


. n) 
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Between O and Cy 


El^=Eli^= - 
dx 


Wx* iNf 
4 16 


WP 

h&it X 6i ^9 ■ ■ ■ \QE^ 
^ ■ 

„ x-j •.-» 


. ( 2 ) 


{ft) Btsmt icilA Unifonrdy-dittribuUd Lmid ihit L€n^ iftc 

Jlmm. (Fig 42.) Suppcwta MUn^ halffiH 




in 


jA/ tons per fbotwrun 






—i' 




Fia. 42 
id 

= J?P == Y 

3 / 9 = - Y* + «®x 2 = 

= -^** + + ^* + ^ 

Wlien * — 0, y ~ 0, B = 0, 

and X = i, y — 0. 

wJ* , 

then 0 = - + 24 " + 

td» 

^ - 24 

td . tlKC* , wl* 

B/y = “ I 2 ** + 24 + * 

The maximum value of y [giving the maximum deflection), when 
I 
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FT _ 1 ^ 

”^12^8'^ 24 X 16 ^ ^ 2 


= 

y«o.= 


5mi* 

sliT 

Strf* 


^MEI ” 
To find the dopes, 

eA-eh.^-'^ 

ax ' 4 


when X =s 0, i* = 


ftf?* IFP 

76-8£/ “ 70*8^/ 

rd^ 

wi* A 


(S) 


tC®’ 


2iEI ^ i?/ 


- (4) 


I J**2ai I" 
i-a. *|« — 

j-iNn 

•* - l-Q, - -»J 


5 


(«) Deoin S}fmm*trkeUj/ Laadtd uiiiA Equal CaactniT^td Loadt. 

({‘'i^. 43 .) Supports Mina hafght, 

OB is e beam of length I, 
having loads of If at distances 
a from 0 and B respectively. 
R^= W 

The moment at any section X^ 
between C and D {CXi = ai^), 

= - Jf*(a + Xi) + Wxi ; 

(J?.= IV) 
= “ = ~ Wa!= canstant 


Fid. 43 


I 

5 


M - Wa 


— constant 


El El 

'nierefore, between C and J>, the beam bends to the are of a 
circle. 

Take a section A' between D and B, 

^ = — ff a: -|- H (a: - a) + - a) 

Wx^ ir W 

+ — ix-a)^+ a)^ + Ax + B 

When ar = 0, = 0. then i? ^ 0 

When X ^ ^ — 0 
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then 0 --^ 

'Za‘ + 


w 


0 ' 6 ' 6 
-r + + 0 


A = 


Wal ira“ 


Wx^ TF tF , B'alir JVa^ 

Ely --^ + 'y + IT (*" ^1" ^ 2 ■ 2 


At the load pointa C and z = a and (j - a) 
so that y, = yt 

Wa* . IF, , „ , Wi IFo* 

Ely,= -~ + -Q(^-h- «)* + -2-r 

a -1| — a IB neglected beoaufle it i& negative* 

WaH 2 . W%% , TFflS 

= —-3 — + T ■ 


(4a) 


(5) 


The deflection is a mtuElmum at the centre of the beam« 


i.e. at * = ^ 


IF(* , JF/I V , 

~ " 48 0 \2 “J 


TFal» ^ IFa-f 
4 4 


iFaZ* 

& e 

IFai® IFo* lFa»i ^ 
"1 T 


( 6 ) 


EHy^a^ - Fi) - ^ “ -fi - ^ + 3 ^ ®’ 


= 4fli + 4aS) 

IFo , IFaf,* 

The relative deflections at the centre of tho beam and at the 
load jmint^ 

^ constant moment Ha hetw^a loads)*. 

^El 
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Differentiating equation (4a), 
dv W W 

ei£ = eh, = - _ + ^+1 


At the origin^ z = 0 

At the centre of the beam, ^ 0 
At the load point C, i ^ a 

. Wal Wa^ 


IFa* 

2 “ 3 


Eli, = 


2 2 


„ tra 

- _ constant ttioment x (dtstance between loads) 

2^7 ^ 


(7) 


^7, Note. The relative deflection at the centre of the portion 

of a beam of length l^ending to the 
are of a circle and a toad point can 
be proved from the properties of a 
circle. (Fig. 44.) 







if* = + ^ 


y{2R 




Fza^ 44 


or y.2R = 


neglecting ^ na being of the eccond degree of amatlnesa. 


M 




^ ^ (constant) : then y ^ 


SEt ■ 


(S) 


where J/ is a constant. 
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28. Overhangini^ Beams. Equal concentrated loads at the 
ends of oquul overhangs. (Fig, 45.) Supports O, B, at the samo 
lovol. 

R^= W 

Tills case is exactly the reverse of the last example considered 
(Art, 2fic). The beam between O and B ViiU bend to the arc of 
a circle. 

Let OB be the base line, and let I s= ij + 2o. 

At the centre of the beam, the deflection above OB wiU be 



being negative because the deflection is upwards. 

0~ 


F3E0. 4^ 


The loaded ends a ill deflect below the base line by amounts 
jft and jfj (and y* 

iKo*! 

where Ely^ 


2 


3 

n'a» 


(eqn, 5) 
(eqn. 5) 


The slope of the beam at the support 0 

irai, 

*• — ' 2Bl 

Tliese results will be obtained by taking O as the origin and 
obtaining an momeilt at a s^tion A cii^ 

tance ar from 0 and between B and D, The deflection of C 
is the same as for 1> : for any section between B and D 

3/, = »■ (o + ac)- Ha:- H'la:-ij) 
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lamtrative Problem S. A beam of length 20 ft. is loaded as 
in Fig. 4S. 

Find— 

(a} th* b3HJ^imuTIl deiftBoitoii and thfl eectioti vriaere it o^ium j 
ft) the dcSaotion bid «|(ip« at Uie load point j 
(s) tin) atnpeg at tba «nda of tho boom. 

Take E = 13,000 tonfl/sq. in. 

I — 300 (m.)+ 

if 4 , = 3 tons i?j, = a toils 

At any section X between C (the load point) and B, 

Jf* — ~3x+ I2{x ^ 15) 



£/y = - 3^ + ^ I5)a -i- Ax + B 

when i = 0, y — 0, J3 = o 

„ I = i ^ 20, y = 0 

, 20 ’ 

then 0= —_+ 2 j^ 5 S^ 20.4 

Solving i A = + lS7‘o 

= - 2 + 2(3?- I5)s+ l87-53f. 

^e Miramum deflection will occur at some section between 
O and C; the equation for any section between O and C is 

= - T + 187-5*. 

In this c^. * alwaj^ <or=. 15, and (*-15) therefore 
always negative or aero, and is eliminated. 


i 
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For maximum d^fiection.* 


_ - dw 3ar^ 

x^= 125 
a; - 11-2 ft* 


The maximum deflectiotx ia at a section 11*2 ft, from 0. 

11 * 2 ® 

la.DOO x 300 Xi^ = --^ + 187-5 X ] 1-2 

E and / are in inalies and * in feet; the right-iiand side of the 
equation must bo multiplied by 12* to niako the units correct 
on both sides, (a: ft,)® = (lEa:)® in.; y will then be in inches, 
3ft X 105y = 1400 X 1728 
y = -62 in. 

The dcfiection under the load point is 

Ely, = - + 187-5 X 15 

Solving y, = *5 hi. nearly. 

Slopes. 

E1% _ Eli. 

EIi^ = -d-0(ar- 15)® 4- 187-5 for sections bet ween C andii 


3a:“ 

EIij = - — + 1S7-5 for sections between O and C 


As E and / contain inch units, and f is in feet, multiply the 
right-hand aides of the equations by 12* to make the units agree. 
When af = 0 


at z ^ 


*9 

I a, i.c. at 


187*5 X 144 
30 X 10® ^ 


+ *00605 


(-3X^’+187-5} 

aft ini 


39 X 10* 


144 = - -OOoU 


* For and bemnn loaded unsytELmoiricaUy with ona load, ih^ 

rnucLbiimi dc^Utioft wxum La tha I anger pertioa of the beofn bgtwowi iiio 
loud wd n r»otioa. 


'< 1G24« 
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■At t = 20, the light-hand support, 



/ 20 * \ 

(- 3 X -f 0 X 5* -I- 1S7-5 1 

*” ~ 39 X 10* ■ ~ 

29. ^je general mathematical method can be made to apply 
to any iiregular system of loading of cantilevers. (Fig, 47.) * 

M/ M/ «/ section X between 

"I **2 *V* the ongin and the first load, and 

X T T T T distant x from O. 

Ifit the loads bo ir„ ir,, 
etc., at distances a, i, c, d, etc., 
from 0. 

The moment at X, taking 
moments to the right of the 
flection, will be positive; El =: 
constant. 
dh/ 

then Tr,(c^a;) 

« may be ^ or < f 


I *- ct 

-1-— 

Fia. « 


when ar = 0, ^ = 0 

ax 

Th«« + + . 


+ A 


}K 

2 


■ . n* 




“T* +“T~ 


+ 




+ B 


Then B = 


when » = 0, y 

H^,a» ir^3 


6 
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and Ely = 


1 A ^ 


+ 


+ 


H'«{« - *)’ 
6 


ir,a^ , irj>^ , . 

+ + —1“ + • • ■ + 


W,a^ WJl>^ 

“6 6 ' ' ■ ‘ 

To find the deduction at 
any section X, values of 
(a~ar), cte., which X 

become of negative value, 
are eUnimated. ^ 

li a; f, all terms (o - *), ' 
etc., disappear, even when 
ft < I. 

With one load ir at the end 

ir, = If. tFig. 48.) 



Fra. 48 

the beam, a? *= n = I and 


Then 


Ifft^ 

2 


and 




Ifl> 

3 


Deflection at the end of the cantilever due to If only = 


Rc 


msmk 




^ b-*- 

- C - 

-- .X - 




Fiti. 


30. 1q tlie general luelliwl, 
If there is a tiistributed load on 
a part of the beam, imagine 
it extended to the section X 
taken. The part added is 
neutralized by a load acting 
upwards on the extended 
portion. 


E.g* (in Fig. 40) 
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31. Examples,* 

{□! friinItIciTr Bmhim. A eoncriitratod I(*d of tV tots at th* and, fFijr 4g I 

ctr* El 


dy . W r 


C 

Wl* 

2El 


C i$ A constsiit of iiiU^gratjoti 

when as =. 0, ^ = 0. 

dx * 

At X ^ f | is a ma^cimuiii ^ 
Integrating (9a), y, = _j. c, 

i?! ^ 2 “ ej ‘ 

£7i 0 




( 10 ) 


(10a) 


units. . . ( 11 ) 

The slopes and defleotionii 
at other seotiora ar« found 
._ by substituting the necessary 
£^n»s*. values of a: in equations Ha 
and lOfl wbem C7 and C, are 
both aero. 

fi£l £rs^ ““" «r » 

At the point of loading C 

j / H7.. 

2E/ • 112) ^ 


a= = 0. 

V — 

0, 

x = f. 




i» Z»' 


■ ~ RI \ 

2 e, 

) = i 





A 




*, = 


_jr 

3£/ 


(12) 


Between C and tlie end of the beam J fhin^ 
s^at the bean.tLirr a^cotZrrr°"'”*' 

wnh ifn,gul*r ««.cennat«l to*diag* by the 
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The deflection ftt any section between C and and 
distant b from C, m 


Wt * 

Jfs = + b {slope from C U> B) 

_ nv _i_*^^** 

“ 3£/ 2El ' ' 





The deUcctioii at the end of tlic benni 

W'fi* 

~ JEI + 




2B1 


iri * 


Fia. 51 


{cj CmtUtVtr with a imifoimJy- 
difftfibuttid load of w loiia pei^ 
loot mu. 5].) El c«lnAta£it, 


2EI 


2EI f ^ 

Iff (Z-*)* 


2EI 


x = 0, = 0, C = 


X — I, 


maximutD 


+ C 

6EI ’ 

wl^ 
6EI ■ 


dy . w{l^x)* , arf* 

*** ^ ■ %E1 ■•■ Wl 

Then — Z»]<fe + Cj 

= m 


at = 0, y* = 0, Cl = - 


wl* 

24EI 


. ( 16 ) 
. (17) 


(IS) 
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yi = maximum 


wl* 


GEl 2iEI 


id* jri* 


S£i SJS/ 


(1®) 


Thtt slope and deflection at any eection are found by giving a; the 
necessary values in tlio equations, for t, and giving C and 
Cl thoir values. 

32. Relations between Slope, Deflection, and Momentj see 
also Art, 12 ante. 


Take El constant 




= i, be the slope at a section .X, 


distance a* from the origin 


»» **-«, = *ij lit a section distance *1 from the origin. 



( 20 ) 


= area of tlie bending moment diagram between 
the sections 2 ^ to x^. 

The angle between the two tangents at 
and Xf equals the area of the bending moment 
diagram between the corresponding verticals 
divided by El. 

Let », = 0, then ^ slope at the origin 
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Generally for cantilcwrs and fixed beani$, f* = (but regard 
must be paid to the moment sign) if the fixed end is at the 


origin. 


Further = 

Then — M* ‘ ‘ 


dx 


( 22 ) 


^ area of the slope diagratii between Xf and ii 
If Xi = 0 : = U 

rp, rf' j area of the slops diagram 

Then y,, = jf »,. dar - ■ (-3) 

SuiFMABY. S = Jw . dx; M = j J w . rfx . lir; 

% = i/ 

Total change of slope ^ 

~hj J 

y= f^,dx = Yj ff dX.dx 

= -^J J J^S .dx .dx .dx 

~ J fJ ^ 
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33. Relations between Load, Shear, Moment, Slope, and 
DeSection, 


M = El 


tlx^ 


Cl. f, n t 

Shears 5 = -^ 

Rate of loading ^ w = ^ ^ = i/ 


sioi»=j=|_y 

ion =!s y 5S5 J i 


Mdx 


Defection 

„ d*y 31 

34. Now, ^ ^ 

„ Mx 


El 

* dx 


wbop& El may 
be constant or 
variably?. 


•Integrate between a? ^ and x ^ x^ 

(^ * ~ ~ >7 ‘ ^ when El = constant 

1 

Then , di , (24) 


35. The luteipretatioa ot Equations (20) and (24 J. 

Equatim (20), The angle between the two tangents at the 
poLtite and X^ dbtant Xi and x^ from any origin of the 
deflection curve equals the area of the bending moment dia- 
gnvm betw-een the verticals through and divided by 
EI.—R^de (1). 

Equation (24), Tma^ne a vertical taken through the origiri 
of the l>eamj and again consider the two pointe and 
distant x^ and x^ from the origin. The left hand side of Equa¬ 
tion (24) represents the distance between the point of inter¬ 
section of the tangent to the deflected beam at with the 
vortical through the origin^ and the point of intersection of 
the tangent to the deflected beam at A\ and the vertical 


liit«grat« by parti metS^iod," 
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through the origin. This is equaJ to the moment about the 
origin of the bending moment diagrUim betwoen the verticals 
through and divided by EI^ which is the right-hand side 
of equation (24), 

If the origin is supposed to be moved to the point then 
the displacement of A^| from the tangent at JLj is equal to the 
moment with respect to the vertical through JCj of the area 



of the bending moment diagram between the verticals through 
Aj and J,, divided by El (for beams of umform section).— 
( 2 ), 

Further: If the origin is transferred to Ajt then X^ ia dis- 
placed from the tangent at by an amount equal to the 
moment with respect to the vertical through X^ of the area of 
the bending moment iliagrain lietiveeii the verticab through 
A"| and Aj, tlividf«l by EL 

Examplk-s. 

{aj of a Btam Stipporitil at fAa Efids. 

Lot -a bABLni. AB of unifolm iect-ion {El ii ft wiiHUmt) ftnd lentil if 
a load F ftt thD DOiiib C from the support A. (Ftg- S2.) Find 

(IJ Oke dopes at the onda dftho boann^ {!t} the dftflefldoTi ond «I ope at tfia 
toad point; UnJ (3) th& misiiiltmi dafloclioa, fUid thn rtetion where it oceura. 
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I>et ii and in the slopen at A atiti jP, From Pig. 52 it 
ia that the dh^ianee between A and the tangent at B is 
equal to and that tlie distance between B and the tangent 
at A ia equal to 

From Hi lie (2)^ ia equal to the moment about of the 
moment diagram between the verticals tlirough A and 
divided by EL This is equal to the are^t of the moment din- 

^ -|- c 

gram A^C^B^ about A^. The centroid is — from and 

h-c ^ 

therefore — -— from A^ 


li _ _L rMz£> X L V Brjn 


and tji can be sho\i'n = 


Pc(P - e*) 
61E/ ' 


If is positive, then to is negative. 

To find the defection and slope at the point of the bent 
beam oorrosponding to the Joad point C. 

Dejliction at O^. The deflection is obviously equal to CCj, 


CCt = CF-CiF 

^ (?-c)ii ” distance of l?j from the tangent at A 

!=5 - Moment of area of the Moment T>io- 

gram about CjC, divided by BI 

pc{i ~ c)(i* - c») Pc{l -c) (i (I - e) 

61EI 1^2^ 2EI 


Pc{l-c) 

&EI 


+ 2k 




{ 2 fc - 2 c*) 


Pi;*(i-c)* 

21EI 


= deflection below the origin A of the 
load point C, 


If c = 2 then yi = 


j?L 

iftEf 










DEFLECTION OF SIMPLE BEAMS 


6 ] 


Tkt Stept at Cl- 

By rule (1), the angle between the tangents at .4 and is 
equal to the area of tho Moment Diagram between the ver¬ 
ticals through *4 and divided by El 

Pc{l-c)^ 

” 'MEi ' 

Then the slope of the tangent at C from equation (20) is therefore 

. Pc{f*-C*) Pcil-cf V) 

-2fiSf . , . . K-} 

If c as ^ then = 0. 


For all values of c, is positive: is positive or negative 
depending upon the sign of - 2c® + thiis 

If 3/c> i* + 2c* then is positive 
If 3?d < I* -f 2c* then is negative 

If e = I then 3lc = I* + 2c*. 


if c > 2 then 3lc> i* + 2e* and is positive 

and if c < 5 then 3/c < i* + 2c* and u >3 negative 

I . 2<J 
i.e. c<3 + 

and if i; = I then + negatiYie. 

Thus for all values of c < b negative. 


Therefore the maximum displacement of the beam will ocour 
in that portion of the beam I - c or c which ia > ^: iKseaiLso it ia 
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in the longer portion that the sign of the tangent changes from 
positive to negative and therefore at some point within this 
length it is zero. 


TAe f'Mirioit, and Iht VatuK, of (As Jfaxiniiun Dtfkeiicn. 

I^et the maxi mum deReotion be at section X distant ^ from 
the origin A and between A and G, where jiG = i - c is > 

Pcx 

= Moment at X 


If 

If 

If 


Pcx X X 1 

jfx —‘ ^ ^ 5 ^ ^ 


El 


JPc(I* - c^)* Pc 

6i^/ ■ ^ 


dtf^ Pc(i*-c») Pc 


dx ~ 61E1 6iEl 

= 0 for Max. 

ars = l*-c* 

/f*^» 

V 3 


. 3i* 


. (A) 


c = 0 then a = -^ O-STCi 
yo 

c ss 5 then a? = 0*500/ 

/ VS/ 

C = - then X = ——• ^ 0’55g/ 
4 4 


Equation (A) shows that the maximum deflection is always 
near the middle of the beam. In the Liimting case where c 0 
and P is at the support the point of maximum deflection is 
only a distance of 0-0761 from the middle. The deflection 
at the middle is therefore a close approximation to the 
maximum. 
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Pc{P-ci) Pii { 

= 3 "¥*W“^ 

= ¥1 »■'' “ 3^' J 

_pe (p- cy-tg^^- a'f'i 

4M-iTx==t{''rO"' 

Pe{P - c*)*'* 

dVZEll ’ 

I FP 

lie — gtSfuiM — 48/j/ 




7Uu^rafiv« Problem 0. 

A beam ADBC with an overhang SC ia bent in onfi «#« by a fo^ P at 
tlie orid C. and in another ca« by *b force P applied at t^ tni^te » of the 
■pan AB. Piovo that th* defieotiun at the centra pcmit I) m the firat esaa ih 
eqUAj to the deflection at tho end O 111 tlie SOOOnd ea«.* 

Moment 



Fio. fiS 



Manicnt Dlag‘rafn 


It is reqaired to prove that 6i> (Case I)={Caeo II). {f^g- 
Case L D on the deflected beam is below the tangent at .4 
by an amount 

Pa t I 1 

'^X-^XgX^X^Tj- 

D on tlio horizontal between A nnd B is belotv the tangent 
at A by an anionnt 

1 i f 1 Prti* 

- X Pttg g X -- ^2EI 

• Milt*™ denote the deKflootion by th* eymbol di eoni^i^tly bi 

the pnbiBma U to 1tba irymbol of jr previously need is replaced by C, 
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Z> oa iho doflecied beam is 

Pai* _ Poi* ^ PaP 
12P/ 4SAV 16i?/ 
above tlie supports .4 and P. 

Cose //, G is above the supports A aad B by an amount 
= a X the slope of the tangent at H 

\ PI I 1 Po/s 
o<f, — a X ^ X ^ X ^ X ™ 

A (Ctwse 1) = 5c^ (Caso II)* 

Concln^ion. A load P at C causi^ a deAectlon X at jP wliicli 
\a equ^I to Ihe deflection X at C when the load P b at D, 

This is an example of a Theorem which is know n as MaxwdPs 
Th^rem of ReciprhccU Defi^ciiorua, and is used a great deal tii the 
theory of the solutiou of Statically Indeterminate Structures.* 

Problem 10. [Fig. 54.) 

A bar ABC is bifigacl At A cmd supported at tba Retina Icv'el At B. AB 14 
ID ft* aftd BC iA 5 ft* A C^jbccntmt^ Iqad qI fE t 4 >nji in eAmcd at the oV^caf^ 
lkan|i;ing nnd £7. If £ = 3p X 1ft* lbr/»q* In* ariil / =« 3CKIC m. unitai CAtcuKAt<]— 
(43) thd dofleotion &t C; 

and (bj tbo atopa of the bi^rn ftt B. 



300 X 2240 X 120 1 120 

120*. ..--^ 3 ^ A7 

300 X 2240 120 

♦i - X -jj 

■ pncK>E of tilii thwrfrtn la givan in n papfvr by tifte Altthori reforanM 
N'o. 9 . ptlgp 22 a* 
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300 K 2240 K 120 X ISO 

ISOii — 

C, the deflected iwiut of 0 is below the Utigcnt et A by »ii 
amount 


4.“ 




2EI 


, 300 X 2340 X 110 „ 

+ —■—?rur -^ 40, 


2EI 


deriectioii of C — — zl*, - 180** 


= ^ X (100) + 180 X 40- 120 X 180] 

0-0403 inch. 


The slope of the tangent at B 

300 X 2240 X 120 /. _ 3U0 X 2240 X i20\ 

^- wi -V"“ * f 

= 44S X 10"4 radians. 


Deflections or Cantelevebs, 

(tt) A cantilever of length I with a coiiccntrated load of 
If tons, a distance ^ from the origin 0, (l^ig. 5S*) 



Cii = consvano. 

A will deflect bv an amount which is equal to the distaiiw 
of tlie deflected beam from the tangent at the origin. This 
tangent is horir/mtal. 
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BG 


If 


h = 


I then 


WP 

zsr 


The eSope of the t-angenb t, at the load point >a found from 
the equation 


Eli, :=. tt% X \ 


TFV 

2 



Wl\ 

The deflection d* = -sy X 
£/I 



3^/' 


(i) Cantilever of length I with a uniformly distributed load 

w tons per foot run. El is 
a oonatant. 

A ie below the origin by 
an amount equal to 
which is 

_ ^ H « 1 

--g-X-gX-jX^ 

_ yZ* 

~ SEE 

(c) A cantilever AB of uniform section is deflected by a 
couple of magnitudo M, applied at a point C distant c from 
tiio origin B. Find the deflection of the ond A, El constant. 
The moment M will be constant from £7 to 


ff/di s= Jfd{f -b/2) 
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lilusWative. Frobhm 11. (Fig. 57.) 

Find tho dofiMtian ut C of tbo «iuiLiIev«r beAm €B of th» stmetiin CBA 
under tbn ioed P. K^lect the dii^lHoenuRit dun to tho Axial load in ^ 0. 
El i* tlie ABiiu! for the two UHUtwn OB Mid BA, 



Montent 

Dj'a^rart 


Fro. B7 


The displacement of C is made op of two parts: one due to 
the change of slope of BC due to the displacement of B with 
tespoct to Af and the other due to the bending moment on 
BC. Lot a, ^ tho deflective of C. 

/ / 2J\ 

= + X •jj 


Plk 


^ 27 “ the slope of the tangent at B for 
AB, and therefore BC also rotates through the 


the cantilever 
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30. Beams for which E and / are Variable. (5€e Fig* 5S*) 

(1) (a) If E is GDDstant and / variee# then 

f f *dx - dx 

~~T. 

where and are the bending moment and moment of 
inertia respectively for a section and is the deflection 
of the beam at the section X. 

The integral above may be an awkward onop even if 
varies as r, and consequently it will bo better to use a graphical 
method, (For the caae where /| the moment of inertia ia a 
constant over a portion of the beam^ and /j constant over 
another length and so onp a method is given in paragraph 30.} 

[b] If both E and i varyp then = 


fi 


E, . /. 


GftAPUICAL MotHOU 


(2) Construct the Load diagram from a considoration of the 
loads and the Aveight of the beam itselfp 

(3) Find the reactions by ordinary' methods, 

(4) Construct the moment diagram, usings say, the method 

Jf, = ~ + (area of the load diagram from the origin to 

the section X) multiplied by (the distance of the centre of 
gravity of tLiLs area from tho section X)* 

{&) Construct an El diagram on the length of the beam as 
baao. ^ 

(0) Draw a ^ diagtam, i.o. divide corresponding ordinates 


of the M and El diagrams. M stands for moment. 

M 

(7} Use the ^ diagram as a load diagram. Find the 
f X length) . 

reactions m terms of | - t unita. These repniseut 

the slope of tho beam at the point at which they act, 

{8) Construct die defection diogratn by taking moments of 

the diagram about the section conaidoredt nnd lifting a ainii* 


Inrequaiion as in (4) or the delloction at a section is the resulting 
uiomout of tho Ml El diugmiii about the section, or y = slo[w X 
(distarioo to the section from the eujiport minus tho distance of 
the section with respect to tho tangent to the support).* 


* Cdaji.l|$nt« Se* Siren^ oj Jfcifend/ii, Part I, S. Tiiiii^iaokor 
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^ , Moment [j/mw ^ 

Dimensions of ore r^is imw^ 

1 _j_ 

, , Moment [^] 

Dipaciisioi^ of the area of the diagram are 

Dijnonsions of the reactiona are^ therefore^ 

Moment 

Dimensions of the resultant moment of the area of the — £j 

[L] 


diagram are 


L^] 


[t] - [L] 


, , Moment , 

Thus tlie resultant moment of the —- diagram about a 

section point gives the deflection, at the section. 

lUusirative Probleta 12. A timber beam simply supported 
is 9fiin. long, and varies uniformly in width from 10 in. to 
18 in.; it has a constant depth of 2 in. Find the maximum 
moment and the section at which it occurs. Construct the 
moment and deflection curves and find tfie maximum deflec¬ 
tion, The weight of a cubic inch of timber is -032 lb. 

Tlic diagrams arc shown in Fig, 5S. 

The total weight of the beam ia 8® lb. 

To find the reactions, treat as a rectangular plus a tri¬ 
angular beam in plan. . . > 

Taking A {the left-hand support os origin), it is found ttiat 

= 39 lb, and so JJb = 47 lb. 

Tlie moment at any section JC distant i from .“If 

X z X 

= - 3Bjr + 2 X 10 X * X *032 g 2 ^ l2 


X '032 X 2 X ^ 


= - 3£»» 4- '35tr- + -OOOSOzS 

dJ/, ^ 

For maximum conditions, ^ = o 


rni on» dinwnsimi i« length. 

[Mj . 

in .i'™"- 
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For the aection having the m^ximucn momotitjr 

— ^ = _ as + -Ux + ■00267SC* = 0 
X = 6Q'5 in^ 

maximum =■ 1029 Ib^-ia. 

The moment ourve h shown in Fig- 58. 


Plan oF Beam^ 



Moment Dia^ranii 



Fia, CIS 

To Find ik^ Defection Curve, vanes as and a diogtaas 
of El lb. (inch)* unrts plotted agaimt x is shown in the Bgure, 
Tlie dintens^iona of El* are [Alf [L]^ [T]”*. 

Divide the moment diagram by tlie El diagram and so 

, ^ . Moment , ^ , 

obtam a —^— (numeneal units) diagram. 


footnote, S 9 ,. 
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Treat this diagram as a load diagram and find the reactions 
in the uaual way. Then by section (8) page 68, the deflection 

curve can bo found. » d i 

The areas have been worked out by Simpson Rule. 

The deflection curve is shown in Fig. 58, and it U a maxi¬ 
mum when i is 50"S in. &om A and etjual to '07 in. 

37. Resilience o£ Beams Due to Bending. When a beam is 
bent within the elastic limit or limit of proportionality, the 
material is subjected to varying elastic tensUo and compree- 
sive forces and, therefore, it iweacsses strain energy, and being 
witliin the elastic Umit, this energy will be r^tored when the 
loads on the beam are removed; this strain energy is the 
resilience of the beam. 

Work done by a couple := magnitude of the couple x the 

&Tigl& through which it turnfl^ 

Let M the final couple aud i the angle through which a plane 

section of the beam turps ; 

then work done ^ U — 

M 

Before loading no moment at all, thus average momeut 
A small increment of work = dU = \Mdi 

In a short length, d* of a loaded beam over which the 

taoment b the ohangfi of slope will be di^ 

or di ^ small angle through which the internal moment 

of resistance w'lU move* 

The elastic strain energy of this portion ia 

IM-di 

Over a given length the resilience is 

I fM^ dx 

*2./ El 

If El is a constant, 

■ ■ 


(26) 

{28) 
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Example^ 

By itictsru ol ifiCiHliadfM, fidd the at ths csnln of n b«aiD for ii 

■imple b«m loaded with W tema at tha c^aiitnr 

Let y deflectioit nt the centre ; 
then the work done by W = ^ TF^ [ W being Tvpplied gradually 
2 X strain energy of half the beam 


I 



(For a section X between the origin and the centre^ 



Integrating and tiulieftituting tbo limiting valuer of and 
^olvingT 

_ in® 

3B. Beam Deflection foi Any Lc^diiis.* GencTally on a 
beam with any loading at a section where the deflection is 
required, take any extra load F ^ 1 ton; let m be the 
additional bending moment at any section due to the unit 
weight. The deflection at the section U j, due to the 
original loading, X*t M be the moment existing at the 
section. 

It will be shown in Chapter VIII, paragraph 101a, that 



f Mmdx 

J -et • ' ■ 

Example. 

Pincl ths Bt tho coain of B bBSEn with b UiiifOrmiy.diBlcihuUd 

lOAd OV^t tbfl wliala of the Nam. 

Tbo additional moment at a s^tion betweon the origin and 
the centre of tho heani due to the reaction of a concentrated 
load of 1 ton at the centre 

_ X 

_ ”"i 

• uliH> Chaptar VIU and Priacipla of Leui WoeA,^’ Chfipiar IX. 
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Therefore 



- 


Integrating and aubatituting the values of x 

ymfl* - 334^J/ 


= deflection at the centre 


Sm Chapter VI11 for other examj 
3{^. Beams oI VaryiiLg Cross- 
section. [Set alis^j paragraph 36.) 

If the moment of inertia of the 
croas-section of a beam is not 
comtant through its entire length, 
ihe dellection will be 

^ = 

Such an example arLws in the case of a plate girder where the 
cross-section of tlie beam varies over different lengths* 


pies* 



Example. 

For thfr beam in Fig- S&p t^hero fj in i conitant ovdr & iMiigtJi L Md / 
eo^lt^nt OV»r m luDgiQl (f-Ji)* Ibo dfffteatitsn fit tha OF the btMTd 

foimd frcni tbo oquBtiCd 

Fiad Um deflection at the cent™ oi wmh o boatn which cfirriet w ion* pof 
foot run. Jnu^gino a unit load mlditiDnai (it tha centre-. 

Length of beam “ — deflection at the centre* 

For any section X distant x from the left-hand support, 

= - icfe + -^ 



C P 
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Itlusiraiive ProbUm 13* A weight of 1 ton is dropped from 
ft height of S In, on to the centre of a HB." x 6' 

^ 726 in.^) 20 ft. ]ong^ ftnd eimply supported as a Learn, 

Taking E = 13|000 toiis/sqtiftt^ Uieh* find the masimum 
stress devolope<l in tlie beam. 

Let 1 / ^ maximum deflection of the beam at the centre. 
Let an equivalent static load of U\ tons at the centre cause 
this same deflection f/. 

Let the falling weight be W tons; and h inches be the height 
through which it falls.* 

The resi hence of the beam under the load of Ifj tons 



i 


Ell A ~ 3]^ ~ 

_ 

" ^ ~ 48if/ 


Then 


ir wa 

- TeF/ 


Neglecting y «3 being very small, 

Wj*l» 


For tbe problem, 

1 X 5 


ir,* 


= 96^7 

H',* X (20 X 12)* 

96 X ia.000 X 720 
5 X 06 X 13,000 X 726 


240 X 240 X 240 
= 338 

IF, = t8'3 tons 

Aloment ^ skin stress X moduJuB of the section 

18 3 X X 8 


/ = 


I 


726 


totis/aq. in. 


• AMUm* no Iom of enough at impnet: that iho rtilnitmff dimloomnnit 
OKTVO OoimopcnidB ta that oblauwd tmdiar itatM loodine and that t& b«ftin is 
slioMcd within tho Ltnit of pioporlionBlity of tho matniat, 
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Max. stress =; 13*1 tons/sq, inch 
18-5 K 340 X 240 X 240 

y = 


= -56 in. 


48 X 13,000 X 725 

therefore y ia hMdk negligible. 

Allowing for the falling weight moving through y, 

. /_ . Jf, X (240n nV{240)» 

” * + 48^f . ) ~ 

_ IjV 

® 33*8 67*6 


mEi 


, HV" 2lFi- 338= 0 
2 ± Va+ 1353 

1 — - 5 — “ ^ 


_ 3^ _ ^ 

2 

19-4 

Max. stress in this case =i 12*1 X 

= 12-8 tona/eq. inch 


RiSrxtiXNOBS 

4pptitd SltahanU*, Oflodmari, Oraphiesl mothed c( defleotiona (or b««m* 
and cantileveiK (LmgraanJ, Gpean A Ce.) 

Theory «/ liTfrueitires. Jlorlay. (Longmana, Groofl A C<*.) 

Sintetufut Engituerittfff Husband and Herby. (l^ngniaii*, Oroen A Ca.) 
^InKtuml 3It»ibet0 and ConnMliana, Haal and Kliwa. (McGrsw Kill.) 
Strtnsth of MtiteriaU, Part I, S. Timejilwmio. 

Ste^ica/ljr tndeirrrninoi* Strast* iChaptar 1). ParMi and Uanuy. 


RXAMPLES 

1. A naaUlcVur 10 ft. long carnM 6 tons at ita oulor W»d and anathar 

6 tons 6 ft. away from iho fisod and. Find ita dolleotLon bj' UiO grapblO 
msthoJ. Msuming that / « 1000 iu.‘ and E ^ 15,0M tons per sqiMra mo 
throughout its longtlu Choct ihfl n^ull by EaloUlatiOii. fU- Of Bd 

2. A Kct«i\sular boatn of wood 12 ft. long. Sm. undo, and 4 in. doop is 
sunnortod at it# onda, and is I oadsd with loads 300 Ih. and fiOO lb. pla^d at 
points 5 and gft. respectively from ono end. Calcidate the mssunuin^^ 
mg mamwit nroduoed by tl» loading and find the ^^tion producod by 
biding at the tnidpoint of the beam. .B = 1.4 OT,CnM lb. pw 

3. A rolled steel joist. 10 in. deep by 6 m. wide, hss an effective sp^ oi 
10 ft,, the ends being freoly supported, 'The maiiraum moment « 

of the section is 145-6 in iunh units. From wbat height esm a weight of 
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}kHir « ton t^1 ozi iniddiEi ot tha joist without producing a fftrofla ^roatar 
than }6 tons pvr scjuare inoh I Only 75 per cent of tho ktnotio energy of 
r.he falling vuight is traikSformod; in to tiso work of deformation. 

K ^ L2,0W t oils ppr m^uaro inch. {I.hJ-E.]! 

4. A fkOlloW polo, mbrJa of mildsk'ol I uXhi 5 in. OiitHido dinmeter | in thick, 
LI fLnnly fixed in Ikis ji^ounJ, tlwa top being B it. above ground level. A 
horitontAlpukl of l.noOpoimd^ ia applied lo tlie polo at a lieightof 5 ft, rrom 
the groujiLL CnLculato tlie dcEoation of tlio top of the pob from the v'ertLcaL. 

E ~ iZfiOQ tani9 per BqjUJiivi Lnoh, 

5. l>e&ieribo a graphical method of finding the centroid and the moment 

of inerlia of the crcHa-Boction of a beam. A Ivniq 5 ft, long dcfbcta 0'W24 in^ 
under a central load of 2-^ tons, / = 39-05 in. Find the modttlua of 
slasticity for Iho beam, nefilec^n]| ahE^arv (U. of D.Ji 

fl, A beam nt eak 1 in. square by 3 ft, 6 in, long ia given to you. Deacfiba 
how you would detcmiine the moduluA of elasticity of the beam and what 
value you would expect to ^ by means of overhanging boauxs and of oontral 
deilectLona, (U. ef B.J 

7. A beam of mild Btoel 4 in. wide, 6 in. deep, timply aupjiortod on two 
roliers 10 ft. apart is loaded with a central weight of I Calaulate 

(a) tixe maximum tensile itro« in the maierial ; 

the central dedeollon. (U. of B.) 

6. A imiforni beam IS ft. long is impportod at two points 3 ft, frurn mther 
end. At tile middle of the beam, and also at each extremity, loads of I ton 
are plaixcL Draw the curvee of shearing force and bonding moment for the beam. 

9. Find, in any way^ the d^floction of the E;entre of the beam of Quastion Or 
Oive youf reeulti in tcmii of the moment of inertia of the ergas-flection and 
of Young'‘s modulus. (U. of B.) 

10. A girder of />at>ction a^sta on supports 35 ft. apart and carries a load 
of 7 tons at a duriL&nca of 10 ft. from one support. Jf the moment of inertia 
of Lhe croas-BMtioQ ib ^25 in. units and E is 30,000,OOO lb. per iLqiiars inch, 
find the dedsotion of the girder at the load duo to bimdieg, and the poaitian 
and amount of the maximum defection, Tim weight of the girder may be 
neglected. (U, of L.) 

H. A uniform rollf^ >atec<l }oist of ft. spat), simply supportocl ftt eaeb 
end, carriei a load which inGreaaca umfontdy from 5 OWt per foot run at the 
left TOpport to I7cwb. per foot nm at the Hght-liand aupport. Find the 
pcwtlon and magnitude of the maximum binding moment, and End the 
alepe and deflcclicn of tbo girder nt tho centre of the spam Given : Young's 
modulus for steel = 30 X 10* lb. per squero inch. Moment of inertia of a 
normil «Ktion of joSat aWut neutral axis = finehcaK (G. of B.| 

1£. An / Section steel jcist^ 9 In. by 4im, moment of inertia &1 in. tmlts^ 
has a span of 12 ft, Find tliC maximum sale distributed load per foot run 
it H-ill carry with a working stress of & tons per oquaie inch anefthe central 
deflcctica at this load, M B ^ 13,500 tons per square inch. (I.C.E., Oct. 1922.) 

13, The following observations were mode in tCBting a sample of Hpak by 
bending, the load being applied In the centn of tlie span. Width 2'<I2 in. 
depth £-&7 ul.^ span in, Tho loads W and the COrEciponding dsEestion 
seme readingi were — 

JVIh, 109 200 300 400 500 000 700 009 900 1000 

Kin. -145 21& 207 -SSS -^3 S fiT 043 121 gOO 

Dfrtcrmme from Ihcea obseri^aUons the inoJtdus af elasticity ol tho eak and 
also its limiting elastic StrMB. fU, L.^ 1923,) 

14, Alt i lection girder 19 in, X 5 in- with web 0 4 in. and nangH'D^7 in. 
thick, U Ermly built into a w»J| ia a herlsoiital position, » that it can act ns 
n cantilever 12 ft. long, Nsglcctnig defection due to shear, calculate what 
fieflection would be produced at ths end ol ilie cantilever by a load of P 0 
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urai plftcwl ad ihfl C 4 nlil&ve'r Oft., from tho and. *= 30^ X 10*Ib^ par 

hariMntftl rolled »t«l jQkflfc JO in. X Oiidift supported at its snda and 
has n ffpftii Qi 10 fl. A loud or 400 lb. falls from a height of m- on ^ th* 
rniddia of tfle joifft. KegliHjlinR lost of enariKy At impact, Rtld tha masimOin 
instuiinnaoiiH sitess prodiicied in the joial, given that %\w mnKimttm momadt 

ai idcrtlA or the Mction ia SlO in. tmita and JS « 13 . 2 ,^ tons 

(LJ. of 1 a, 19^^ : a- ol M.| 

16. WliJit diMrib«t«l W will a T4 in. X Sin. X Jin. support ov« * eptui 

ol a fii. for thu workinjs *tnsM iwi to exceed 7 tom per h^iumo inch T WHuit wHl 
be tlw niHxiinuni deflBctioof For the wune wotkniff randJUMi* ol straw, 
how will the load be altewd if s pIsUs D in. X * !ii- is riveted on to 7. *1^8 
the centm 4 ft. ! What will be the deflwtien ftt the trtntw JHid else 3 ft- 

from ft support ! j , 

n. A bc^aio 00 ft. I mg « oimply supportod. It omM s. w*™ 

2 toim. The monism of idortifl of tli* secUcm for the imddl* 2j) ft, ^ 6W im 
umis : for the Mciirni lor tbn ttmtaiding longth it is 450 a f ™ t 

cafiLrol doOaelion j alsu iho daOeetions for tha ftcctiona 15 and 25 It. Irons. tJia 

left-hand support. . . 

g = 13,000 tons por psqunrtS uwlu 

18. A wolght W is dropped from a height h an to the radtra of a simply 
nipportad boom ol rectangular cross w>ctiod and Janglh L J IS Uia iMmont of 
inerti* and A the ortm of tho emffl-iectioii. The doaaotton of tho 

boam is imaLL oompored with A. Show that Wh — ^ tho result- 

/Wh . lfi.E 

ing maximum striosa davelopod ii / = -- Assumo do loss of Bnorgy 

at impact and that tho itresaes dovotopad ore wSthid the elnstio range of tho 
inatoT^^ 
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Statically iNiiKTKBMnffATF. Problems in Rending. 

Built'IN j ConttnuouSp and Pbofpel with 

Dead Loads 

40, Redtmdant Constraints. In the previous chapters^ three 
types of beams have been considered: the cantilcYer, the 
l^am freely supported at the eitds^ and the heam with over¬ 
hangs. In all oasesp the leaetions at the supports can be 
determined from the fimdamental equations of statics: hence 
the problems are “statically determinate.” In the problems on 
the bonding of beams which follow^ the equations of statics 
are not sufficient to detormine all the noactivo forc€5s at the 
supports^ BO that additional equations^ ba^^ed on a oonsidera- 
tion of the deSections of the 1»amSp must be derived* These 
problema amcocample^ of “staticallj indeterminate structures 
There are three typos of supports a beam may (a) 

hinged movable support, (f^) hinged immovable support^f and 
(c) a bmJtdn end. 

Type (o) support can be imagined as a hinged joint supported 
on fiictionleas roUera on a hori^ntal plane mm. It is evident 
that in this type of joint the reaction mmt act through the 
centre of the binge and vertical to the horizontal plane mm. 
The only unknown element of this miction is its magnitudeH 

In connection with the type {b) support^ it is evident that the 
reaction must pass through the centre of the liingep but it may 
have any direction in the plane of the beam. There arc now 
two unkiioums to l>e determined firora the equations of statics, 
the direction of the reaction and its magnitude, or the vertical 
arifl horizontal components of the miction. In the cbj«j of the 
built-in ciul (c), not only are the direction and magniludo of 
the reaction nnknowtip but also the point of application. The 
reactive fortea distributed over the built-in section can, how¬ 
ever, be replaced by a vertical and a horizontal force acting 
through the centroid of the Ijcam section at the commence¬ 
ment of the support, and also by a couple of magnitude M- 
For beams, loaded by transverse loads in one plane, to 


• Sn sXiQ jMtgtj 18 ^. 


t Se€ hinged Arch.’^ 
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determine the re^kctions at the &iipi}orta, the three equations 
of statics are— 

iT Vertical forces ^ 0. 

^ HonKonfcftl forces = 0. 

a Momenta about any priint = 0* 


K the beam in supported so that there are only three unknown 
reactive forces, then they can be found from the above three 
equations. When the number of reactive elements is larger 
than three, there ate then redu7id<i7ii conMraini^, end the 
problem is statically indeterminate* In the cantilever there is 
onlv one aupi>ort+ The number of reactive elements is tlirce 
and therefore they can be determined from the equations of 
atatica. For beams supported at the ends it is usually assumed 
that one of tlio supports is of tyi>e (fl), and the other of type (fc)* 
In this case there are only throe unknown reactive elements, 
whiirh can be found from the oquationB of statics. If a beam 
has immovable bingos at both ends, then there are two un- 
known reactive elements at each eud^ the two components 
of the cerreaponding reaction and for determining these four 
unknowns there are only the three equations of atati^. Hence 
we have one redundant constraint, and a consideration of the 
deformation of the beam is necessary to determine the 

reactions. , ^ ^ . 

In the case of the beams built-in at one end and freely sup- 
|jortcd at the other, there are three reactive elements at one 
end, and one at the other. Heuce the problem is staticaUy 
indeterminate, with one redundant constraint paragraphs 
on Propped Beams for method of solution)* The built-in end 
is assumed to be direction-ftxcd^r i-0‘ the angle of the taugent 
to the beam at the support after deformation in zero. For 
beams, built-in at both ends and direction-fixed at these ends, 
there are six reactive elements, and therefore there are three 
redundant constraints. However, for ordinary purposes, the 
horizontal oomponenta of the reactions can ^ neglected* which 
re<luces the number of statically indeterminftte quantities to 
two. In the examples which follow, the moments at the sup¬ 
ports wdU be taken as the gtatie&lly indeterminate quantities 
(tiaras. 42 to 50). M the beams are direction-fixed, then the solu¬ 
tion for the supjjort moments depends upon the fact that the 
change in direction of the tangents to the tw’o ends of the beam 
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is zero nfter deformnfcion of tbe beam occurs. In the case of a 
beam on three wnpporta, there is one statically indeterminate 
lejictive element wlii(.:li inny be taken as tbe central supjKirt,* 
Here one siipjHjrt is lumiillj' isjnsidored as an tinmovable binge 
while the other siipports are hinges on rollers. In the case of 
a beam eon tin no UK over many aupirorts, one support h again 
considered as an immovable hinge, while the others are hinges 
on tollers. In this arrangement every intermediate support 
has only one unknown reactive element, the magnitude of tlio 
vertical reaction : hence the number of statically indeternnnate 
elements is equal tt> the number of iiitennediate supports. (If 
the ends of the beams are buiJt-m, then the number of indeter¬ 
minate elements is iocreased.) If the number of supports is 
large, then tlic solution of the problem is simplified by taking 
the bonding momentij at the iiitemiediato supiwrts as tbe 
statically indeterminate quantities and not the reactions. {See 
para. 51 onwards.) 

41. Built-m or EneasM Beams are beams fixed at each end, 
BO that the supports compktely constrain the inclinationa of 
the beams at the ends. The two ends are usualJy at the same 
level, and tJio aloiJte of the beam then usually zero at each 
end if the conBtraliit is effectual, i.e, dy(dx = O.t 

A built-in beam is in effect an overlianging beani, the over¬ 
hangs haviiag downward loads wliieh cause positive tnomentB 
at tiie supports, which are equivalent to tbe fixiug moments ; 
and due to these momenta there will be a positive moment at 
all eeetions of tiie beam, iieglectmg the ordinary loads for the 
time being. It was seen that for the overlianging beam, the 
ioad@ on the beam between the supports cause momenta as 
for a simple beam, and the moment at any section between 
the supports wiis equal to the negative moment due to simple 
beam loading plus a positive moment due to the overhanging 
tonds. For the built-in beam, tbe momotit at a section is the 
algehraio sum of the momeniB treating the beam as a siinplo 
ocam plus the amount due to the end h.ving moments. 

42 Builfc-m Beams with Any Symmetricail Loading. (Fig. 60.) 
Tiie ^mg tuples wiU evidently be equal. There being equal 
couples at the ends, the ixraitLve moment at any section will Ik? 
of the value of n Qxing couple. 


I thiji unlmowii wikctioD. 

T 1I1«M b«aina An alaa uIIhI dipeetion Sk«dl ancUd 





STATICALLY JNDETLiWINATE PEOBLEMS 81 


III Fig, 60 are sliown the positive and negative memfirit 
diagi^m for a fixed beam, the shaded diagram being the 
I'esultant moment diagram. 

Let and repre^nt the momerkta at a aesction X due 
to the simple l>eam and fixing moments. 

Then resultant moment at A'' ^ = algebraio mm of 

and 



Jij * dx 


^j/„ +j/,. 



ftr 3 Stmpfe 3e^fn 


F'x& f fiO 


Taking El its constant, 

= J\- + Hlf,) • cfo = U* 

since a$ the beam is horizontal at the ends, the change of slope 
b aero ; 

that is, y * (ir = + y - dx ■ J/j* = J/* i.e. con¬ 
stant = Afp 

so that / MJlj where if , = fixing couple at 0 and B 

J D 

i^e* Area of the simple beam moment diagram OJ)EB (Fig+ 60) 
= area of the fixed or canti lever moment diagram OFOS . ( 1) 

or Af 

of the negative sense, -*1/ of the positive. 







• « Simple itt «my Heetiork^ 

t Aefe on Hg. UL Den^ling inDmente ot opp^giin aimi ^vidnntly tand to 
beuding or oppoaito a^^VIlW^ Ctiui^ of aign inTOlvw pauftitiji 
^bruuji^h ft ^lo VMikjo of ^handiiig momotiV. Thk point of Mn> tDomant and 
of ftl^ IS called A point of infloicion or virtual hun^. The fi^ed hwti 
ftiwvff 11 oquiVftlen^ to a ftimpla boam Bupportftd at tho ftQcU o| two OftniilQVL-f 
boami. 
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4S. Beam Loaded in the Centre, (fig, 61,) 

A,^A, 

„ , 1 ^ wt* „ in . 


'l 


Fia, 911 

44. Beam with a UnilorraJr-distribQted Load Over the Whole 
Span. (Fig, 62] page 83. 

„ _ le-l* 

TBS.*, g ^ 4 / = * 4 | 

j* j trf* 2 

fl/ — ^ >C X I = -gj-.. J/, ss — imita , . (3) 

4B, Bttilt-in Beams vrith any Loading. (F%. 63, page 84.) Ah 
l>6for6^ the ch^ng^ of 6loj>e b^ttvecQ the onds is zcrOj so that 




(if. + , 

or Aj, + Af= 0 

J/* is not necessarily equal to and so let Af, < 


~r 
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The fixing moment diagram will now be a trapezium^ and 
the positire moment at a section X, # from the origin will be 

M,+ (i/.- M,)f 



Equation (4) now becomes 

0 = I J/, + 3/, -I- (3/p - 3/J - c?* . (8) 

The equntioo of the areas is now not sufReient to determine 
■J/, or J/p. 


Taking O as origin, 

3/ <i*y M, + Mf 




El 


Multiplying both sides by * and integrating by parts {s« 
Chap, III), 

= (/ + I Mf * s ^ dx^ 

,44 


(6) 










84 
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where x, and Xf are the diatancta of tho centroids of the 
negative and positive fixed moment diagrams from the origin O, 



i T tng^ flflp 


■ R^ctton 3S f&p ^ Sfnjpfe 

^ Re&vthn Stmpie 

xAOJTB = a/, X i X i 

x,AOLB ^M^xi X 1^ 

X and Sj fnim 0 
P;o. tKl 


Further 



X ^ I and 


y is the &5itne for values ir = 0 and 
dy 

— = 0 i when X ^ I and ^ = 0 


then ^ 0 

or A,(Xt + x,) ^ 0) 
or + X,) = 0) 


for *-1, = d/ . 


( 7 ) 


Ae At = Af, then x^ = x^; bo that the centroida lie on the 
eame vertical line. 









STATICALLY PROBLEMS 85 


F«Jm Fig, 63, 

AfX^ = 


"4x3-+"4- 





= . . ( 8 ) 

P' B 
then -4,x, = J/,- f 

A J Y 

or + 2 J/, ^ ~ — , ( 9 ) 


This IB iL special case of the Thoorom of Throe MonioiiU 
para. 52). 

2A 

From eqii. (I)^ Jlf, + 1/p ^ ^ » (10) 


From equations (!)) and (10)» 
a ~ f r. 


p 


\f _ Idj 

- i 


and J, will be of negative sign.* 


(lU 

( 12 ) 


If a load of I* tons is at a diatanoe td from tho origin, then 
J/,^i^(.jt{l-«)»Hndif, = /^f.B*{l-n) . (12o) 


46. Relation Between the Homenta and the Reactioni. 
Suppoea the two enda O and J? of a beam are liinged and at 
one end B is applied a couple in a clockwise diroction. Thia 
couple will obviously induce a vortical reaction r downwards, 
at tho other hinge Q, and an oqual and opposite one at B, to 
form a couple, such that r,! = but of tho opposite sign; 

therefore 


* Whwi tliD €xing mament tllAgrAm haa bew dcawn, (li4 of 

crdiuhtofl it and tlls bendinR fiaontent diagram laf \ha oinaplA bvain 

giv« tha berLding Tor tbs built-in 1»anl. The j^uli&nt diagTanu ha^ 

be«a eh^wn for tbe eaeee oDimidered. 
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S6 

Xow Hupi>ose fit the hinge O a couple = is also applieds 
but in the oppo« 5 ite direction, tending counter-cloekwbe to 
the one at B, then equal and opposite reactions r, wiU be 
applied at B and 0, the one acting downwards at B and 
the other upwarde at Op 

When two fixing couplets of equal magnitude are applied at 
the ends of a beam and acting in opposite directions, they do 
not affect the reactions at the supports which will be the same 
for the beam ns those for a wiiuple beam for ^ rjp 



FiHr 64 


Now lot the fixing couple at 0 be and leas than ; 
then the induced reactions at 0 and B, due to W'ill be 
loss than thoye due to {see Fig. 64). 

Let be the induced reactions due to Jf* and f^ those due 


M 


ih 


t ^ -f and = -j 


rj > Fj and 




3/e-3/, 
i 


Now^ at 0 due to these couples there will l>e a force acting 
downtrarda and acting upwards. A resultant force r w*ilJ 
act downwards. To balance this foreOj a force equal to r will 
act upwards at B, 

Therefore, to find the reactions at the supports of a fijced 
i>eam, calculate the reactions iia for a simple beam: Where 


3/, > 3f,, 


subtract a force 



from the simple beam 


reaction at O and add a foroe to the simple beam 

reaction at B. 
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47, procedtire lor Any Loadixig oI Fised Beains^ (l) Find 
the end fixing moment^^ by formulae (11) and (12), 

(2) Tho rcEvctions for a aimple beam- 


(3) 


Ah- 

I 


{4) At the Buppurt whore the fixing moment is the amaUerp 


subtract (^) from (2), 

At the support where tho fixing moment is the larger, add 
(3) ami (2). 







-Heacthn aa a Be^m^ ^ 

Rp ^Ration due to Fi^ed Momenta ^ ^ 

Fia. G5 


48. Deflections of Fixed Beams. General Method. (Fig, 65.) 

Jf„ = value of reaction at 0 as for a simple beam. 

(a) Moment at s section X distant x from O and bcta’een 
the last load and B, 


£/ § = - + Wy[x - a) 4* 1F,{* - 6) + ... - «) 

CfJr 




Bly = 


= - — + —I- + 6 + ' * * 2 


* (13) 




4- + if . 

w 


« = 0 , 
X = l, 


Jf = 0, B = 6 

p=s D 


. (H) 
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sg 

, , _ Jijs Wril-ar ^ ^ 

and A — ^ ... 3^15^8 

Subatitute in eq^uation (14) to give the general equation ior y. 
(6) If using the reactions 

£f^ = -i?^+ Jri(a:-B)+ . . . +if, . (10) 

where Jig = J?M ± i.e. the reaction at tJie origin; 
and, as before, neglect all terms such as (x - a), etc., which 
become negative for a partiotilar value of x. 

48. Fixed Beams. Central Load ir. (£e« Fig. 81, page 83.) 

if X = 0,— 0 .', JJ = 0; if X = 1, y = 0, and 

,, IRS ir/fV . I ^ 

“ 12 0 \3/ ” jQ »o that .d — 8 

Between x = 0 and * = j 
lFx» (F/x» 


18 


^ la a rnaximuiti when x — ^ 


Ely^^t = 


- in* 

96 


11^ _ in* 
■•■ 64 “192 


The deflection at Z> = j from 0 and if = i from B 

4 4 


- - Ei ( 


y™** 

2 


- tri» 
12 X 04 


+ 


jri> > 
16 X leJ 


H7^ 

2S4£/ 


( 17 ) 


(18) 


( 19 ) 


Note at the points Z> and tlie moment ehangea sign. 
From O to it is poeitivo. D to E it la negative. 
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Therefore 0 to D will beod foe a cantilerer, eoneave dewn- 
wards * D to E will borid fta a simple boanii conoave upwards p 
because bending moments of opposite sign produoe bending of 
opposite curv^ature* 

, ^ 1 . ^ FTte 

Slope at D, x = — -h -g- 


EIL = 


- wi* in* wi* 


64 


"^ 32 64 


( 20 ) 


iri* 


Note, the slope increases from zero at the origin to 

D and then deoreases to zero at the centre of the beam, 

Th us the points Z) and are points of inflection. At these points 
the slope of the tangent to the deflection cunre is a nmximum. 

60. Hied Beam with Unifoimly•distributed Load. (Fig. 02, 
page 83), (Over the whole span.) 

kJ* 

M,= If, = 

^ aa for a simple beam 


die* 

wiir* 


td 
i 
wae* 


t(KC* 


Jf, ^ El ^ as + 2 

Af,r* 


Ely = - + aT + 


24 


2 


+ Ax + B 


Both A and B are zero (A 


dy 


0 for = 0 when a: ~ 0) 


toht* , t«t* , u'P . 

Ely — - + 24 + 24 

I 

At the centre of the beam, y is a maximum, * = ^ 

urf/fv , «j 

— 12 ^2 J 24 ■ ^2/ 24 ^2/ 

toi^ 

“ 384 . 

To find the sections having no moment 


(21} 




IffX* 







DO 
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X = 


jP _ I ± - -58t 


2 “ 2 
X = *21f and -TQi 

Th« points of inflection are at these distances from the 
origin,' 

To find the slope at the section distant ’21f from 0, 


Eli, = - 




>■3 


tef** 


4 ^ e ^ 12 



t « , t(;{ 21)3i3 14^3-21 

£^11ii|l ^ ^ ----™ _l_ -- 

4 * ^ ' 12 


— 

^ 50 ^ 57 


Eli., 


«rf* 


and U a maxiinum 


Probh7n 14* 

A b&am ^ It, long a load of 12 ton* at a dutanoe of Ifi ft. 

Jtustrt thv iDlt-imnd Find tha maximum daHaottoh, T.ha ioction at irhicli 

it oodun, Wid tha pdntl of iaa&ctlan iff = a ctNiMant. {Fi^ 06 } 


Equating areas of positive and negative moments. 


(2) 45 x^k|x 13 + -^^® 


10 




10 

20 411 


+ M,x^x 


A 
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RquatLng moments of the positive and negative areas about 0. 
From (1) M,+ J/b= 'IS 

„ (2} = 78*75 

Jf, s: 33*8, Bay, and both ) 

M,= 11'2 are positive ) 

il, _ 22 0 _ 

—I — ~W ' 

The total reaction at the origin = 3 - 1‘13 = 1-87 tons 
„ endB= 9+1-13 = 10*13 „ 


Total 


120 


Dsflection op the Beam. Take a aection X distaoee x 
from 0 and between the load point and B. 

Then ^ - 3 X ar + 12(3:- 15) + if, -t -- - . x 

i?/^ =-3*+ t2{3:-15) + 11*2+ 1*13* 


6 

0 . 


6 


5 

dy 


0, because at a: =* 0, ^ ^ 


Er 


Between 0 and 0 the term a; - 15 ia negative and ia eliminated. 

ll*2a!* lS7i> 

2 6 

For & maxinnim «nd which occurs between 0 and C, for 
OC Ls longer than C3. 

dx 

that is, 11^2 ^ '04 j; 

X = n'9lt* 

Elv„.,= i^X 11-9*- -Sli* 

El in tona-feet units, 

275 


ll*S*-' 94 i*= 0 . 
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If E = 13,000 tons/sq. in. 

,, / = 300 (inclieit)* 

270 X 12» . 

“ 13,000 X 300 

= 0*12 inch. 

¥m»i 4 sintple boatn, problem S, Oinpter III. 

The point.s of inflection occur at ( 1 ), n point between 0 and 0, 

{11 17 ~ 11'2 - 1*SS« = 0 

* 5*95 ft, 

and (2), a point between C and B, 

EIy=-^^ -g- + - ^ - 

El 

-^^¥= n-2* - -94*- + 6(t - 15)* 

For a maximum which is at the ]Hnnt of inflection, 
dh/ 

11‘2-1-88x+12(*-16) = 0 

:0'12x^ 168-8 
* = 10-7 ft. 

51. Condotious Be ams , A beam resting on more than two 
supports and covering more than one span is ctillcd a con¬ 
tinuous beam. The ends of the beam may overhang, bo 
simply supported or fixed. The moments of inertia of the 
section may also vary witb tlie span, i.o. one span may have a 
moment of inertia I, another and so on. 

There will be fixing or hogging nioinente at all the inter¬ 
mediate supports and also at the end sup|)ort 3 , if timy are 
fixed, or if the end portiniLs overhang. 

52. Theorem oi Three Womenta. (Fig, «7.} Take two 
consecutive spans AB and BC of lengths fj and /, respectively. 
For each span, the moment at a section is the algebraic sum 
of the moments as for a simple l)eam and that caused by the 
fixing moments at the supports. 
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The slope of the beam at the supporte may of may not be zero. 

Let sTipport be yi below support .-t 
and „ H „ y, „ £?. 

If B is above A or C, then the sign of ifi or is negative. 
Let El be the same for both the spans. 

(fl) Consider beam AB and take A as origin; The moment 
at a section X distance z from A is M,, + il//, 
moment as for a simple beam, 
moment due to end fixing momenta. 

U generally of the opposite sign to ; ilfj, -1 Mf^ f; 


£/^, = J/„+ Mf, 

(*£-»)!!-i3/<^“+ 



i'b = slope of beam at B, Ei constant 

I ■ _ 

*1*6- Pi— EI 


{ 22 } 


^4^ = area of simple moment diagram and 
Af — area of fixed moment diagram; 

* and z, are the distances of the centroids of the simple and 
fixed moment areas from A. 

(ft) CONSIHER BF..A.M SC wtTM C AS Orioiw. Take z to the 
left as positive and y dowviwards as positive. 



i*»p - Pt = 


.4;y + A/z,' 
EI 


. ( 220 ) 


A/ = area simple moment diagram ; 

A/ ^ area fixed moment diagram; 

X* and Xi arc tlie distances of Iho respective centroids from C. 
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From (J2), j. - 


From (22ct), tj = 


Ell I 

EIL 


_L 

/ ■ 

*1 


. (33) 

. (23a) 


but of opposite sign to t, m equation (23) 
because £' an<i f / are taken in direction 0 to^iarda B. 

Therefore (M+ 

^ ^ ~f~ 

From Equation (8), 

o df? 4 . ^ fA:%’ , 

•• (. + < +“»r+ r"“r5“ + “«.' 

^ Ely, 


Hence, 

AfJ, 


0?* 




Tr + ir + 


6 + V ■*■ 


So that -j-*- + ~l— + J/Ji + -f f,) + J/nl, 

+ ^E1 + j|) “ 0 • (24 ) 

and this is the goneral equation for a beam continuous over 
three supports and where £/ is a constant, 

If Vi — Jft => 0, 

that 18 , supports at the same level, then 
6A,x , 6A/^ „ , 

— + —j— + + f,) + 3foi, = 0 . (25} 

I s 
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Let tlie Hiipport^ Ije at tlia same level and let a load Pi on 
tlie Rpftn be distant A|/| I'nnti A, and let a loud Pj on the 
,s[>.m BO be distant from C. 

Then - if).(25«) 


ft 4 * 

4 , 1(1 


{25i) 


I^t a uniformly distributed load of w per unit length ejctend 
from i\ii to i-/j on the span A B. i?„f, and k/l^ are both measured 
from A, 

Then — where to . 

corresponds to P, in equation {25a). 

6Aj£ ph-*/ rjt,* 

•■• T - 

^ L J*i ■" 

If the load oo<5iipi€s the w^hole of the span AB s= 

kf = t| kit “ 0 

.... (2M) 


SimiUrly for span BC if the nnifonnly distributed load 
occupies a part or the whole of the span BC: in this case 
w orking from Cn 

K the type of loading on the oontinuouB beam be known, 
then the terms dependent on the simple moment diagram can 
be easily calculated in terms corresponding to those given in 
equations (25a) to {25b}. 

If the loads are ^nifortnly distributed over the spans, 
values of and A/ can be obtained (in terms of these loads 

2/ 

and the spans} ^ — x 

The reactions are found by the method previously mdicated 
in Art. 4e. 

Total reaction at is 



3/,-If, 

+- 37 — 



^ i. 


. {20} 




m 
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— Reaction at H coiiaidering AB &$ a. simple beam 

~ *» ■> >' 

and similarly for A and C making allowance for the fixing 
moments necessary. 

If the moments of inertia are different and is the moment 
of inertia of beam of lengtli and /, is the moment of Inertia 
of beam of length Ig and E is the same for both beams, then 
eqn. (24) will read— 


6A^ , QA'Ji' , 3fJ^ 

hh V* /i 



"h 


+ + 



!= 0 


53. DeSection^ o! Contiuuotu Beams ol Uuilonu Section. 
(Fig. i>8.) TJie mathematical method of Mr. VV. IT. Macaulay 
is easily applied to the case of continuous beams. 



Fib. ee 


Take the left-hand support as the origin. 

The true reactions n„ /f*, R^, and K + j 

have all been obtained by some method, and are, therefore, 
known : thty tncfude tht f^ntj momtni efftci. 

Take a section X in the space between the last load and the 
last supjiort. Tlic si>ans are fj, I,, f, . , , 

^^^5 ~ i(* ~<3l) “i- . . . ir„(af — ft) 

- - flat* ’ 4) - 


■ ¥ + 


- - f.-1) 
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5 

I 

I 




M, 


uVil 

8 


1 XuL , Tit/t 

e 8 


Shear DSa^nani 


Rc^ 

3w6 

“a" 

i 


Note - She&r ch^ges sign 3 places, indicating 
£wo m&jiimurn n^^tive n^QmentS (one foi^ 
each span) and one p(?sitive 

moment 


Fio, 00 


Ely 


- (* - l,>» to 

— -- Q 6 


-R, 


6 


+ (x -o)* + . ♦ , + . . . + "g^ (x - n)* + . . . 

+ Ax + ll .(26«) 

X r= 0, y = Oj R ~ 

To find *4 , take the conditioiw regarding y for the first 
support distant from the origin. 
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Substitute the value of A in equation (26a) and the generai 
equation for ff at a sectioii lor an irregularly-loaded continuous 
beam b found. If there h a unilor^y-distributed load on a 
positioD of the beam, then it must be treated as indicated m 
paragraph 30, Chapter III. If at the support at the origin 
there is a Sxing moment (3f then this term will appear in 
the fundamental equation 

^ - -[a:- r, „ J + . .. + W, {X - n)+J/^ 

The foregoing is a gootl method wJicii ciealing witli concen¬ 
trated loads only : when working with uniform ly-distribu ted 
loads^ which vary for diSerent spans^ take each span separately 
and work as shown in Problem (17) by the theorem of three 
momeutAn 


lUustralive Protilem 15 . 

(1} B«am CdniinuDu^ over two ftp&na of I bjid loaded with A "'n i- 

formJy^tributed load of W toiu per imlt All eupportA at Uie Same 

levels Find tho tuBiiiiiuio monooni And vhsr^ it oeemi, the pcint of 
tion JOF iMicIi SpaJiy And tfws ttLA^tnimi d^flecLiotl. (Fi^> C®.) 

The origin will be at 

Jf* = Jf, = 0 

Using Squation (25), 

2 J/.([ + ()=2 x“(!^x||X5 ') 


+ “2 


== -T- 


ic/* 

r 


_tc/ HjJ Stoi 

2 'T ^“8 




tiid 


(27) 


_tel wl td vA S 

+ ¥ + T + 

The maximum positire moment is J/j, = -f, — 

3 
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Tliere are also two mftTimnm negative moments, one for 
each span, occurring at the points of zero shear shown, which 
are at distances of . from the end supports. 

Take a section X. in the second span, distant x from A 


(2S) 


(aao) 


3«;i , lOJC* 5trf , 

For any section, X in the first span, 

_-3idx 

S 2 
A maximum when jt 

:« „ 3 wi at , w/tiiy 

Atr —-8^8*^3i.sJ 

” - = maximuiifi negative moment 

J 

Integrating equation (28), for any section in the second span 


" 3irlx’ wx* 5tcf(x - 1)* 
Ely = - 24 “ 

-j- Ax -f" E 

y = 0, if = t> 


(28*) 


0 , 

1. 


0 , 


A^ — 
4S 


For any section. In tlio first spncii 


- 3tpJ3t^ WpT* 

Ely “ —^ ^ 


(28c) 


dy 


Alaximum value of y when ^ = 0 

Point of inflection when 

and La at the Boetion where the moraent la zero. 

DifFerentiating (2Sc) 
dy_ 

" 48 6 ^ 48 

- (itE* + 8a:» + (> = 0 


(aad) 






JOO 
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Solving 3^ — i or X ^ *421. 

dll 

when x = i, minijuum 


dv 

when X = -431, ^ — y ia a maxinium 


td* _ , fd* -0316 , jd*-42 ilF 

- IQ ' + ■ ■ 24 ~48~ ^ 


To And tlie pointB of iullectioD 
Oit’ir , 




+ ^-0 




12 ^ = m 

= jl 

The point of inflection for each span is at a liis^taocc from 
the free supports. The deflections for the second span ntay be 
obtained from equation (286); they are the same as for the 
first span^ working to the left &om the free support C as origin. 


Ilhisirative Problem 16. 

A gird-sr cCmlLAiiOuA ovar two oparu each of 20 ft. ramw a tifii- 

rormlyKilAnbut 0 d loud of I tnm p«r foot run &Vi?f tho wholo Imgtll &f 40 (t. 
Tha girdor ia aimpdy aupported mt iho Thfl cioalcti eupixirt ia 0 fwt 

below ihfl loft^huid Eupporl and 'OS femt balow tbo right-lifind atipport. 
Take J?/ “ 40,000 {feet}* tax imite. Kind tho biding morrbent at ihe 

centre lupperl and the znuimain negative momefita in the baya^ 


(1) If all the supports w'ere at the same height, the moment 
at the centre support would be 

wP ^ 

iffi = + ■^ where I = lengfcii of one span 
400 

“ + “g“ = "h 50 tons-ft. 
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The moment at any section in the first bay (supports same 
height), 

(in true reaction at 

* — 20/ ^ 3 ' \ 20 j ^ the ieft support 

- 7-5i + -S*® 

_ 7*6 + 1 s= 0 .*, a:--7-5 ft. 

dx 

i.c. the moment is a maximum negative at a seclion distant 
7-5 fl from the origin. 

The maximum negative moment 

= -1-5^ + I X 7-5^ = ^ 28 tons-ft. 

(2) With the supporta at the different levels, 

2iJ/,{2f) = 3 x6(^x|ix^X J-) - 

where yy = deflection centre eupport below the left-hand 
support; 

.. ffi ~ deflection centre support below the right-hand 
support ; 

/*1 -05^ 

soil/, - 4000-0 X + 

= 2200 

J/, = + 27-5 tona ft. 


The momeut at any Bcctiun in the first span is 

J/, - (- 10 +1*= - 


For a ma^rimum 


dJf, 

dx 


- 0 = - «-62 + 1 = 0 


Bolring X = S -02 ft. from the origin. 

The maximiini negatiTe moment Is 

- 8-02* + -5 X 8 03* 

= —37‘2 toufi-ft. 
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In the second span working from the right support as 
origin, the results wUl be the same. 


if, 

iSupporLfl ^ Aome + W mna-ft, 
IfrveL 

At ihd dilTdrctifr 4* ^7''^ tcma-fL 

|@valiu 


Mjiximum nogAtfcvti triDm«nt for both 
and thfi position at whieh U 
oe^ura. 

- (onB^ft, at ft. from thg loft and 
riflht supppria fwpfl^tivdy. 

- 37'^ toni^ft. at S^62 ft. front tha 

«U|ipOrla rG«pBctivaIy+ 


This example shows that li tiie props sink varying amauuts, 
l}ien tho momoiits iit the supports vary, and toiisoquetitly the 
maximum negative momesit^ in tho s^n ; if, say, the centre 
support sank a very great deal, the moment at the support 
vronld perhaps become a negative moment until, if the sup¬ 
port was entirely removed, the girder would become a simply 
supported beam of 40 foot span^ W'ith a maximiun negative 
moment at the centre, 


40* 

= — - 200 tonsTt. 


lUuMrath^ Frobtetii 17. (Fig. 70). 

A QOnfLaUDiu Oirw apana : AB, SOfi. ; BV, *0 f ; and 

CDf 20 ft, Tbs iinUomaly-iprcad looda &roi 2, 1, And 3 t 4 n« |»r foot run on 
AB, bo, and OI} ^^ptmtivaJy., li tho girdor ia of thfi dUne 
thrOU^out. End tJia niQm^nll ftt thi> mppqrtB B Uid *£7, nry j piy-sflUP^ 
on the iuppqrti. Find tho Enaximuiii n^gfttbVD monuentJ for WUSli tp&n, tho 
msKlmu^n doEccii^ib^. and tbe pdjiti o[ infl^ion. AJbo tba dopei of the 
bdomi at tha nipporbo, 

2lf,(30 + W) *1- MJiiO) = g X y X 2 X y) 

6 / 40* 2 _ 40\ 
40 (“ 8 ^ 3 2 J 

If. X 40 + 2J/,(40 + 20) = X | X 40 X y) 

6 / 3 X 20* 2 20\ 

“20 ( 8 ^ 3 ^ ^ t) 

HOJf, + 40i/, = IS X 30* + 10 X 40* 

40if, + 120if, = 16 X 20* + 10 X 40* 
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3‘5ifB + If, = 737S 
Mt + 3.1f, = 550-0 

3/, 175 tons-ft. 

M, = 12S 



Shear DJa^ram 
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„ 2 X 30 175 , 40 175- 125 

J?BI — 2 30 3 


40 


= 57 tons-' (35-3 and 21-2) 

40 175-125 20 X 3 125 

—-g 4^ r 2 +20 

= 55 ions (18*S and 30-2} 

5 X 20 125 

fl. -i - -55 _ !3.80 tom, 
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i^HEony OP sfsvcfVsBs 


The maximum momeats occur wheroTcr the shear foioe 
diagram changes sign. 

Maximum negative moments occur in the bays at distances 
121 ft.'from A, 21*2 ft. from B, and 12-07 ft. from C. 
Maximum positive moments at the supports, 
jU, = 175 tons-ft., 3/(1= 125 toos-ft. 


Maximum negative moments, 
24-2 X 12'1 


1 st bay 


sss - I4§ tons-ft. 


21-2 X 21-2 

2nd bay = 175 (Jf*) -— |- - = 175 - 225 

= - 50 tons-ft. 

. , , 23-8 X 7-93 

3rd bay (working from D) =-— - 

= - a4'2 tons-ft. 

The moment at any section is found by taking the area of 
the shear diagram from the origin to tlio section taken. 


Deflections 

Span, Using the correct reaction at the origin (J), 
(for no dxmg moment at ) ) 






— 55 - 24-2* + — for aTiy section X distant z from A 

EJy>^-i‘i-2^ + ^ + ArZ + B 

when as = 0, y — Oj if ^ D 
„ z — l = 30 ft., y ss 0 

1377 

then Ai= 1377, i.e. the slope at ^4 is 


/, Ely = - 


24.2a:3 x* 

-1- + I2 + 1377* 
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for 1st span— 

-121**+$+ 1377^0 

hX i} 

X ^ 13^5 foot {by trial), 

= llj&27: El in t^5t^a-feet iinlta. in feet. 


At a point of inAection, 
d^y 

-24-2,:+**=0 

i.e. X = 24‘2 

^ U a maximuiu 24-2 ft. from A 
ax 

Slope at A. x = 0, 137? 

„ x = 24*2. £jg=-1000 

„ /?. x=30. £/^=-5l3 


For lk« third vpan (all aupporta being at tbe same level), 
take D aa origin, and taking x to tlie left positive and y 
dovrnwards positive. 


d®« 3x* 

EI-^ — - 23-8x + 

Ely= + + E; 


6 


24 


when X = 0; y — 0 .•.5 = 0. 

When y = 0; x = 20 and A becomea = 583 


EIy = 


-23-8x* , 3x* 


6 


+ ^ + 685x 


To find the maximum deflection in the third bay, 
5/^=-n-9*» + j + 685 
= 0 for maximum. 
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THEORY OF STRVCTURE.H 


By trial f = 0 ft, 

Mas. deflection. = 3*20 

The point of inflection ia when ^ = 0 

(Uf* 




= - 23-8af + l-Sse* = 0 


23-a ^ , 

I — ^ ^ ^ lii'S ft, 
!■& 


The aiope changes sign at the section 15*8 ft. 

Note. The slopes of the beam in this span will be of the 
opposite sign from those in the first span. 


ns 


r.r.A 


200^^ 


U2S 


f.T, 


-a-ii +C 

/ffis = SJ/irpfe b&Sim BC 

(A) 

Fto, 70 a 


Fof ih€ S^oiful It hcis bMn found better to work, as 

follows. Take tho origin at B ; the raection at B will be the 
one for the span simply snpportod. (Fig, 7 Qa.} 

Moment at any section X, x from if 

I* 

= 'j-2l-2&i?+ 176 . , , (29) 

When J/, i= 6. * =t 1 1-65 0 , 

thus there is no motnent at seotionsj these distances from S. 
Integrating Equation (29], 

„, du ar® 

when X — 0* Eli^ = — B13 from the first span^ 
lO'fii® + 175*-613. 


. ( 30 ] 
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Giving X I’arioiLS valiies), tt is found ^ = 0 when 
X s :)‘8, 21-G> &ud 3^-1 ft, 

Between f D and 3'S, the slopes are negative 
, 1 ^ 3'S „ 21-2 ,, positive 

21-2 „ 38-1 „ negative 

„ 3S-1 M 40 „ positive 

X = 40. Elut = El it = -!- 190 
Integrating Equation (30), 
a4 lO'Oa?® . 175®* 




+ 


' — 513® “1“ C 


When ® = 0, y = 0 : therefore C = 0. 
Then the defleetion at any section is 

** 10'6®> , n&fS 
+^-—5—+^ -313® 


(31) 


24 3 2 

At X = 3*8, Ely = - 870 

X = 21-6, iVy =5 + 14,630 

. 1 : = 381, = - 1300 

For this span, therefore, two portions of the beam defied 
<^ve the honzontal. 

Utv4^tiv€ Prohletfi IS. 

A la o'Bvr thnso ipAttA oMOO 100 ft, h Th? 

endA ai? both ftsAd horiEcntfilly, Tb? beam \a lobdod a] onu its wholo laegth 
with s imiformly-diatribut-cd load of L ton per foqt niEL (Fig. 71 .) 

Fitid tbs moments and tho zndinpnla st the sypports £ 11J90 lUI ths 

■‘a&ctiqos. 

For tbe Brat span and irtiaiuig B as origin. 


d* 3Tji -j^ 


= 0* (-4 negative) 


{x ^ di^tanee eentroid simple mcjment diagram from A) 

fijf 

- (0) + Ui^{t + OJ + M^{ii d.} 

or« as AB la dirociioii-fiitd fit At ima^Dt^ imalber hmm Bj^A ths loA 
sunjtor to j41f snd aimilBj-ly. 


Then 


juid ihall bavs 


AAt 


M^l + 4/Jtf^ + - -2 X 
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lOS 

{See Efjuatioii (0) for heatna fixed et two eridA.) 
Ut QTid 2n(] epaim ; 

Mj + 2jf,a + i,) + m, = 

{5, from C) 


2 nd and 3rrl spans ; 

iU, + 2Jf/.(f, + f.) + = - 








(£( from D, Xf from (7) 


Wji Mtt Me Mn 
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3rd span: Treating <7 as origin, and the beam as a beam 
iixerl at two en<b, 

23/^ + Mf + Q negative.) 

Simplifying and solving the equations (1) to {4), 

= + 807 tons*ft, 

M,= +886 
+650 

Mg = + 12o ,, 

Reactions at the supports (working by the rules laid down) 
are— 

Rj, s= 48*65 tons : B„ = 104-4 tons; = 86-4 tons; 

Rg = 2l*66 tons. 

/Uitsfrafit'e Problem 18a. 

A beam ia coatinuoua ov«f twq apona of SI ft, «nd 21 It. It carriaa laada 
ot 1 ton every Q ft. from the lefl-iiaitd support, Calculnta the dotlactiona oi 
tiM beam at the load poiau: A7 = conaMiit bt tons (Ikp uitiia. Tlioend 
snpparu am Ine. Tla.) Supports all at tlM aama IfivoL 
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The fixing momenta at .4, C, and B ^re 0^ 0, anil + 9 2 
ft,-tons respectively. 

Tlie total reactions at *4^ and C arc -848^ 4-S04, and -848 
tans Tx?spectivcly- 

Moment for a general Bection X, x tt. from and betawn 
tfie last load and C ia 

J/, = = - -Mfte + 1 (j: ~ 6) + ![» - 12) + l(ar - 18) 

- 4-304(ar - 21) + (x- 24) + (x - 30) + (x - 36) 



x» 4*304(x-2l)* . {x^fi)5 , x-30> 

Ehj ^ - ♦»48^-- + — y— . . . + —jj— 

+ .4x + Z# 

® = 0, y ^ 0, i? = 0. X = 21 ft. y *= 0 ) 

21 * 

0 = - -848 X + 21.4. A = 29-7 


Deflections at the load ])oint«, 

J?/y, = - '848 X ^ + 29-7 X 6 = + 147-0 

Ely^ ^ _ .g48 X ^’ + + 2fh7 X 12 = + 148*2 


^ y + ^" + ? + 29-7 X 18 + 32-6 


*848 X 24* 4*304 X 3* 18* 12* 0* 

=- Q -TT— + "6 ■•■ T T 

+ 2D-7 X 24 + 32-3 

y„ and j/f* for the given loading should obviously Iw the 
Same, the difference in the calculation being due to the hmit 
of accuracy of calculating the constant .4 and the rroctionu. 
Working from C as origin, the deflections for Cit wilh how¬ 
ever, correspond to the deflcctif>n of AH for the given loading. 
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THEORY OF STRUCTURES 


64. Propped Beams. Method of Solution, (i) With a 71^071- 
dastic prop to he of the mm^ height ^ the supporta in the 
case of a t^am and the fixed point in the case of a cantUever. 
treat as a beam or cantilever without a prop^ and calculate 
the deflection at tlie position of tlie prop* The prop then 
forces the beam or cantilever upwards until it level with 
tlie flupporta: thn& treat the beam or cantilever as simply 
loaded with the prop-force which oansei the known deHeotiotL 
Equate to the necessary deflection formulae, and the load in the 
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prop will be obtained, (ii) For an dadk prop, the level of it 
will be below the support levels, depending on ita elasticity. 

If the prop U to be below the supports p treat the beam as 
having one concentrated load causing a deflection, which is 
less than the deflection of the beam without the prop bv the 
distance below the supports. 

lUu^traiive Problem 186, Cantilever loaded m in Fig. T2. To 
find the reaction P, 

dhi 

GOf-a** + ^ 


* = 0, 


^ = 0 

dx 


\ A = 0 


Ely = 30 ^* - B 

K as 0, y = 0, B = 

Ely, = 30 X a* - S* = 1408 


0 





STATIC A LL Y IN DETERM IN ATH PROBLEMS 111 


(a) P acting alone oaus(» a deflection upwards at section 8 ft. 

_ 1^8 
“ “E7 


H7» 

By a previous formula, this will be 

P ■ 8« 


P = 


1408 ^ 

1408 X 3 
512 


ZEI 

P X 612 
3 

tons = 8>25 tons 



Fio. 7a 



Moment Diagram. 
(Foot to/is.) 


100 


(6) If the prop is non-elaatic, at a distance of ^ below the 
Oxctl point, 

100 1408 Pi X 8» 


El 


iEI 


„ 1808 X 3 _ . 

P, - 7.68 tons 


Illustnttivi Preblem 18c. A beam is fixed at one end and 
only free to move in a slide in a horizontal direction at the 
other. Forces of 8 tons and 10 tons act in opposite diieotions 
on it at distances of C ft, and 9 ft. from the fixed end. Find 
the reaction on the slide and draw the bending moment 
diagram. (Fig. 73,) 
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TJiEORT OF STSUOTUBES 


Ttio defection at tlie end of ilio beam with only the 10-ton 
load acting, using the general method for the defection of a 
catiiilever^ and where js — 12 ft. and n = (I ft. 


El!f = 


10(9 - 12)® 10 X 9® X 12 


6 




10 X 9* 

e 


= 10 X 81 X e - 10 X 81 X 1-8 


= 3645 

neglecting the first term as (9 - 12] is negative. 


With only the S-ton load acting, 
,,, 8 X 6* X 12 

Uy ^ - 


8 X fls 
6 


= 8 X :i6 X B- a X as 

= 1440 


therefore the slide reaction will act in the same direction as 
the 84on load. 

To find the reaction* Let it bo P tons* By tha method of 
au{]erpo.^it]on 

PP 

Ef tf ^ 3845 = 1440 + ™ 


3645 =! 144U + P X 


144 X 12 
3 


57fi P = 2203 


P ^ 3*84 tons 


65. A beam of length 2/ ft. carries a uniformly distributed 
load of w tons (wr foot run. It ia supported at the centre by a 
non-elastic prop level with the supports. 

Find the loads carried by the prop and the non-elastic 
supports. (Fig. 74.) 

Without the support, the deflection at the centre ia 

6w£2l)« 

384 El 
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Im»gine the beam as a siitiple beam carrying a prop load 
acting upwards; tho defleeticm upwards 

^ 384 Ei 


P = lead on prop 
P{2lf 

Iheii ift due to prop = 

, pm^ 

therefore 

or P - ^tiF. taf, ) 


1^2) 



US tons- ft. fvn. 


Aui(2l)=Ro 

Ji 




Ra^^v^(zI) 


{llfas A/'a 

S^mpfe bestn. 
I_ unifhrm /oaa, 
ar^d is 

7 simph 

mw c<mrf io&ct P 
at centre^ ^rrd 


5h&ded !s 

Pesuitsint Momefl t 0/^^fw/n* 

Fkj. 74 


Keactinri uX the 3U[>port3 wlien the bc^ntl 3 is propjied 

' {21.) , * * (33) 

The moment diagram is negative, due to uniform load 
acting on a simple lieam ; then the moment diagram is 
positive due to prop load- 
The effective moment at the eeiiiro 

wP 


1 
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THBOHY OF STRUCTURES 


ThjA propped beam b a caae of a beam eontinuoua over two 
equal spang which is discussed in thb chapter. 

Ptobleui' ISc can also be solved by the Theorem of Three 
Momenta. 


Illu^Talive PnMeta t Sd, 

Colculnt*) tlw BItop Irpod P A HD that tlir ilrflectinln of in zeni. for the 
lystem pvcn in Fig. 75. Find alaij Ilia miiiiient at Ha Hi Cciiatatit. 
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is a beam direction fixed at B and simply supported at 
i4. Jf is a couple appbed at a point distant c from B. 



when eonsidering the prop miasing at.4; 

EI&^ = PP/3 

a'hen the prop load P is at .d and M missing. 


For 





If c — f the moment at is and it is equal to 






STATWALLY iNmTERBimATE FHOBLEMS 116 


Therefore if there is no dJsplacement of the point J w^hon 
the moment M h applied at then the moment at £ is one- 
half the applied moment at A, but of the opposite sign. 

If c = ^, the elope of the tangent to the b^m at A b 

_ 

“ AEr 



Fio. 7a 


Afisuming the couple M is applied at the point ^4, the eolu- 
tion for the moment at B by the Theorem of Tliree Momenta 
Fig. 76) b given by the following method — 

By Theorem of Three Mommie, 

The Apan BA^ is made a reflection of the span A 

and AI are at the eame ieveK 
By the theorem, 

MJ + 2Af,(l + l) + AIJ ^ 0 
23fi = - 4 J/a 



is equal to 31 in the previouB solution and therefore 
3/a = - ~ when 31 b applied at A. 
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THEOMY OF STBUCTUMES 


lie 


EXAMPLES 

L A ooivtinuoua compound it carried aOnMS tw'O aptiw^ each 

which ia 20 ft,, tlio throo aupportg being at the loveh Tlifrre ia A iwii- 

ronuly-difltribajtetl loftd of S Uma per foot mn* indy ding tliA Ti^eight of the 
girder. The moment inertia of the girder taction ia 12,&S1^ in inch uniia, 
irtd the depth is. SC in- CoJcultto the maximum iidenait3^ of flange atro»> 
neglecting tlio effect of the ri^-ot holes, ^lak^^ a dimenaioned akotch diagram 
f^hdiring the distribuiion of bending moment on the girder* and find the 
pOiition of aero bending momeilL (I.hLE.) 

2. A continuoua beiwn has three apans, the outaids apatui being each 

IB ft. and the central span 20 ft. Draw the B.M, and diagranu, if 

the lotkl on iha centiul and one Outside apan ia 11 tona per foot nm and on 
the third iptm ia i ton per foot nm. ^I.Struc.Eng-) 

3. A Htoal bar 2 in, mdu and i in. doep ia fixed rigidly at. the enda ; ita 
effective length being & It- It ia HUbjecled to A uniformly.distributod load 
of 4000 lb. and, in addition, there ia a concentrated load of 2000 lb, at the 
Centre, both loads acting in the plana of its depth. Calaulato the bending 
momtint at the ends and At the ocntn]i uf the bar, aliO find the maximlini^ 
intensity of atrOM, 

4. Write down the theorem of three moments when the ^ans are or 

anM]UAJ length and ara loaded with the eame uniformly^tiblributed load. 
Apply it to find— _ _ 

(o} The valuo of the fnaximum negative bending moment tn a beam 

with ftKod enda _ - l « l 

(BJ 'mia maximum negative bending moment in a beam with ono end 
fixed and the other freely supported, (l,C.E.) 

6. Use the tboorom of three moments to prove that, in a beam uniformly 
IdwJ^ And support^ St its two extroniLtiDS, and continiious over an inter- 
media^ pier at iia centre ot the Bomo level as tho two supports, the lo^ 
taken by thts pier is flvB-Bightba of the total load on the beam. (I.C.E.J 

e. A bwn of npan 10 ft, is rigidly fixed horizontally at bctli endfl. If a 
uniform load of I ton per foot rmi, InctiKllng the weight of the benm, ia 
applied, and the centra] dedaetioa uf the beam la found (o bs |im^ given 
J? = 12^000 tons per aquore inch, calculate— 

(fl) TU9 fixing moment. 

(fcj Tlrt moment of inertia of the boara. (U. of B.j 

7, A continuous beam ABGDE^ 50 ft. long, ii iupporlcd on four props, 
at. A, B, C, and D. The beam ovcrhaziga at I>. jIB, M7, (7/> are 16 It-, 
soft., and 10IL reapoctlVOly, Each of the» spans carriE* a uniformly- 
diatribiited load. On the IS ft. apart* 2 tons j on ihe 20 ft, span, 1 ton; 
and on the 10 ft. span^ and the overhung purticin 3 tona per foot run. 
Lkrtermino the reaction and bending moment at each of the four props. 
Skstch roughly to scale complete bonding momant and eiirST diagram. 

fU. of L,) 

A eantdover 12 ft. long carries a uniformly-diaLributed load of 2 tons 
per foot rUEI. A prop tfl inserted at a point 3fL from Lho free end SO that 
Ihe cantilever at this pobit ia level with the Liuilt4n end. Find the load 
on ilia prop. 

0, A steel joist has Ortfl end .4 built horixontolly mio a vertical wall, ths 
overhanging portion forming a cantilever 33 ft. long, and carrying a uni- 
fomily'diatribuW load of 5Wlb. per foot. A tie rod ia atUiehed to- the 
DuLr/end B of the joist and ia anchored to a point in the lacs of the wall 
10 ft, veriically above the joist. If the tie rod is SO adjusted that B ia at 
the soma level as A when thd load ia on tha joist, find the tension in the tie 
rod, the resultant rcaotlon and ths bonding niomeui at A, |U^ of L.^ 
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Distribution of Shear Stke.ss 


56. Definitions^ Shear Stress exists between two parts of 
a body in contact when the two parts exert equal and oppoeito 
forces on each other in a direction tangential to their surface 
of contacts 

Let a = area of contact in square inches i 
P = total tangential or shear force ; 
q = intonsitv of shear stress in tons per sq. in-; 

P 

( 1 ) 


g “ tons/sq, in. 
a 


due to shear stress. 


Shear Strain is alteration of shape 
Considering the side CD fixed, Fig. '77* a 
square face ^ BCD of a piece of material ^ 
under simple shear will suSer a strain as 
indicated by the new shape CA*B'D. 

is extremely small, and it 
practically coincides with the arc of a 
circle of radius G.4 with C os centre. 

The shear strain — radians ^ angle 
through which the edge CA has rotated 
on application of the shear stress. 

44 " 

6 (very small) = radians 
The Modulus of Rigidit^t or shearing modulus, 



Fm. 77 


( 2 ) 


is the 

modulus expressing the retations between the intensity of 
shear stress and the amount of shear strain. It will he 
ilonoted by the letter G and has dimetmoii^ of force p&r unit 
area. 

Let q ^ intensity of shear stress in tons per square inch. 
Shear stress = shear strain x O 

q = BG 

q ^ shear stress 


0 (ton. per in.) - f 


(3) 


For st«6], O is about ^ 

then G = 12 X 10" lb. por sq. in. 

U3 


fT-i+S®) 
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THEORY OF 3TEUCTUEES 


57. State of Simple Shear. A BCD b a rectangular block 
of unit thickness to the plane of the paper. {Fig. 7S.) 

A $hear strees q b applied to the surface .4^ x 1| then 
along CD there will be au equal and opposite intensity of 
shear stress q. 

Total shear force on each face = qAB = qCD. 

These forces acting alone would tend to rotate the blockp 
the tnrtiing couple teing qAB • BC units. 


A —^ 3 A —B 



ecu) (W 
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For equilibrium^ tliorefore, there must be some couple of 
equal magnltudCj but acting in the opposite direction. 

Hence tangential fortes along AD and BC. 

Let the tangential or shear stress on AD and BC be q^ ; 
the total shear force on each face = g'/t-D = q*BC* 

Tlie couple = q*BC x AB imite^ 
then g'JJC x AB ^ q- AB - BC 

s' = ?. (-I) 

that bp the intenaitiee of shear stress across two planes at 
right angles are equal. 

58. Dbtrihution of Shear Stress in Beams. It has been 
shown that on each vertical cross-section of a beam there is 
a vertical shearing force actings and it b now required to find 
how this force b cibtributed across the section. The vertical 
shear stress at any point b accompanied by a horimntal shear 
stress of equal intensity. 

ABj CD are two sections of a beam 6x apart. [Fig. 79.) 
Moment at J = M 

CD = 31 + 

Consider a fibre of breadth z and thickness df^ at a dbtanco y 
from the neutral axb. 
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Suppose the cross-section le oonstunt and therefore / is 
comtant. 

If /is the longitudinal stress in the fibre for section 

tifi t* II n I* •’ CD 


then / j and /, = (If + AM] . j- 


The total thrust on the fibre, 
at section AB 
= fz-dy 

= -j-t/-z-dy 


The total thrust on the 
fibre, section CD 
= fiZdy 

= - j - ,y‘Z-dy 



fieut/’al 


Axf^ 


n 


Fio, n 


EF ia a line fixed oa the section dmtvn parallel to the 
neutral axis at a difitance from it ; is the distance of 
the outer 39 km from the N.A. 

— resultant thruat above EF for section AB 


VtM , „ . 

— V — , ys . rfy and J?i — ^ - f - — 


Vi 


-ffj La taken as nciLtig from left to rights and as acting 
from riglit to left. Hence the aniall portion of the beam da? 
longp and contained by the two parallel aectiona +-l^ and CDj and 
a horizontal plane EF situated at a distaiioe yi, width ^ 1 + 
from the neutral surface 13 acted upon by two horizontal forces^ 


-► and Bi * - 

The resultant force i?| — Bt tonds to make this portion of the 
beam slide over the horizontal surface JtJ. Thi^ tendency to 
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ftlidfl i» resisted by the shearing notion at the surface, and if 
q is the intensity of the slieariug stress tliere, 

q * x^Ax =: J?i - /f, 

dJil , 

= -p 


q = 


AM 

Ax 

dM 


X V 

Vt 




yz • dy 


® dx 

when Ax and AAl made infinitely small, 
dAl 


or 


but S ^ total shearing force at the section 

8 pt 

-’■9-j^^J^y^’dy . . . {5) 

S p>* jS _ 


(«) 


wherts A = a^ea of the ±jeotiotk between the limits and 
and y is tbe distance of the centroid of this area from the 
neutral axis of tlic section. Ay therefore ziepreaenta the 
moment of the area oom^idered with leapeot to the neutral 

axis. This latter 
formula can with ad¬ 
vantage be used for 
any beam section 
winch cau be taken 
m being made up of 
rectangles^ such as / 
beams and built-up 
/ beams. 



bn&cUh b, InvoaligiitD tin? dintd bytioil 
which tho 9 l»wing ierw » S. fF%. 80.^ 


5D. Exahtles 

A or wet- 

uigiilftr SooUqn^ depth d, 
shear atir^ over a sectioa at 


Knowing z = Zi^ b. 
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and UAiiig the mathematical method given, the distribution of 
shear stress is as showTi in Fig, 8Q. TJie maximum shear stress 
will occur at the neutral axis. 

GS tiS 

wJiere ~2bd ' ' * 

?«.« - 3 i 2W / W 
shear force 
~ area cross-section 

1 ^ [b(jo p_ 

{3) A Lhcutm of solid cLrcuIttr scotEOn is dE dibrnotar iL IdVSiltigAtii ths 
clistributicm nh&ar ilrMi over a tectton at whiah th# aheor forpo is 

(tiff. »1.) 



^ (f sxis 


Fia. 81 


Stress 
Dla^i’am, 


Note on the distribution of ^^e shearing stresses in the ease of 
a circular cross-section. 

It has been shown* that at the boundary points such as b 
and b of the section of width z in Fig. SI the shearing stresses 
are tangential to the boundary. At the mid-point of the chord 
(Fig, SI}, symmetry requires that the shearing stress has 
the direction of the vertical shear force S. Then the shearing 
stresses at the boundaries and the mid-point pass through a 
common point. Assuming that the shearing stresses at the 
intermediate points also pass through this common point, then 

• Stnnfth 6/ litUtriaU, by S. Tiauiihetilio, 
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the flhearing stresses can be determined in direction and magai* 
tude, if we can find the magnitude of the vertical component. 
Further, we oaaume that the vertical components are the same 
at all points in the chord BB: using the method developed, 
this component can be found. After tinding the point of inter¬ 
section of the tangential shear stresses at the tuundary ends 
of the chords, then the shear stresses can be determined 
completely. 

Referring to Kg. 81, it is required to investigate the shearing 
stress along any section of breadth wliich is at n constant 
distance from the nentral axis. 

Consider an elemental strip represented by bb, having a 
length z and a width dy. 

z = 




The moment of the strip z . dff about the nentral axis is 
z . dy. y and the total moment of the area of tlie segment of 

the circle between the limits and y^ is Ay 




S 

Consider eq^uation (6J, q , Ay, 


Here q is a Tertical shear stress and it will be eqiial to 
assumed constant as the yertical component of the shear 
stresses across the strip of tho circle. Therefore for the strip 
of breadth distant from the neutral axis \i‘iU be equal to 



Now 
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The total shear stress at the end of the strip of length k 

S^d fjd^ A 


= 




and there ie no hoH 


Then 


When ^1 ^ % then ia a maximuin^ 

Also at 1= 0, qt mdJ = 'Jill 

5tontal component of the shear stress, 

«tflij ffl 4 T ” ^ j 2 / 3 j 4 ^ ^ 

where A b the of the circle^ see p. 126 . 

In the case of the circlej therefore, the maximTim shearing 
stress is equal to fourth Lrds the average value obtained by 
dividing the shear force by the cross-sectional area* 

2 165 325 

l3j lT^ve«tigai« tlio clistributioo of tho a\'OE«g« vedticAl oompooBiit of atimr 
■Ipw over the built-up McticiQ givm in Fig, 


-B —^ 


.siliil' 



Shear* Stress 
Diagram. 


Fig. 


NoU on the distribution of shear stress in the flange of an 
"'/** ^cc-fiem. 

The actual dbtribution in the flanges of an R.S.J. section b 
somewhat complicated, and hero the assumption that the ver¬ 
tical component of the shear stress on all horizontal sections b 
constant has been assumed and the curve as a consequenoo 
has been dotted in on Fig, 62+ In the case of the web| the shear 
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stresaea are olsriously all vertical ^ and can be determined by 
the method already developed. 

For ifie Flange, — vertical component of the sliear stress 
at a diBtance from the neutral axis. U&ing the form 


ff = and where Zt — 

^ /Zi 


it can bo shown that the average vertical component of the 
shear stress is 


5 /D^ A 


D d 

wliicli Iiolds good for values of y, between — and - 


when yf ^ 


d 

9 ’ 



( 10 ) 


For the \YA. q = shea.r stress at a distance y^ from the N.A. 
and it is vortical in direction. 

q = and zj - 6, 

then ^ X + § (“ - y-') 

d 

and only holds tor values between 0 and ^ 

Wheiis.= ^, ■ • <"> 

\Vheny.= 0, , = + . . (12) 

Notice. Passing from the flange to the web^ the shear 
stress suddenly increases from 

and a conflideration of the stress diagram shows that the web 
takes almost all the shear. 

00. Elastic Energy in Shear Straim Elastic strain energy 
is stored by a material having shear strain witliin the cliistic 
limit, just as in the ease of direct stress and strain. 



DIJSTEIBUTIOK OF SHFAE STRESS 


125 


Consider i cube of side dx^ of which one face is atrainefl by 
an amount with respfict to the opposite and parallel face 
by a tangential force 

T = q .dx\ di/Jdx ^ qfG. 


Then shear resilience = 


%dy,=\id^fdy,^\{dxf 


Q 


^ iwr unit volume. 

61* Deflection of a Beam Due to Shearing. In addition to 
ordinary deflections due to bendings there is a further deflec¬ 
tion due to tlie vertical shear stresa on transverse eectiona of 
a beam, except for those portions of a beam winch bend to 
the are of a circle. 

The shear stress is not evenly distributed over the scctioOn 
but varies from a maximum at the neutral surface to Kero at 
the upper and lower edgea of the Bection. 

In many practical cases the shear deflection is negligible 
compared with the bending deflection. Abo in some cases of 
design to allow' for it a smaller value than the correct value 
of E for the material is assumed^ and assuming the ordinary 
bending deflection formulae, gives a higher value of deflection 
for the beam than that naing the correct value of E. 

62, Deflection Dae to Shear, (Fig* 83.) Let an elementary 
length (d;r) of a beam deflect a small amount 

^ shearing stress 
~ shearing strain 



q _ ^ 

0 dx 

It S ^ shear on the section due to external forces 
and A = area of cross-sectlon, 

3 
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constant over th^ whole seotionj 
dy, S f alflO applicable to / beam \ 
(fa: ^ AG \wheie A = area of the web/ 


then 


(13) 


The Effect of tfr^ SHEAniNa Fonc^ ox the 
Defkection of Beam^ 


■* - -<f j? - - "ip-i 




An additional deflection is produced by the shearing force 
in tlio form of a mutual sliding of adjacent cross-sections along 
each other. As a result of the non-uniform dietribution of 

shearing stresses, the cross-sections^ 
previoufdy plane^ become curbed. At 
the neutral axis the shear strain is a 
maximum, and at the edges it b aero, 
and here the tangent to the warped 
plane is tangential to the beam 
flange. If the shear force b a con¬ 
stant along the beamp the warping 
at all cross-sections is the same, and 
therefore dees not affect the longitu¬ 
dinal strain produ(^d by the applied 
bending moment. Neglecting the 
deformation produced by the bend¬ 
ing moment, under the shear force^ assuming vertical forces 
acting on the beam, the elements of the cross-scctions at the 
centroids remain vertical and slide along one another* The 
slope of the deflection curve, due to the shear force above, b 
equal at each cross-section to the shearing strain at the cen¬ 
troid of the section. Denoting by the deflection due to shear^ 
we obtain for any oross-section the following expression for the 
slojie of t}io shear dcfloction curve — 



Fig. 83 


dx 




m eS 


G 


in which SfA is the average shearing stress g, G is tlie modulus 
in shear and m b a numorical factor^ by whicli the average 
shear stress must lie multiplied in order to obtain the shear 

TFi 

stress at the centre of the crofis-section: also C = —: 

A 

fji = for rectangular sections and -4/3 for circular cross- 
flections. 

The assumptions made in the examples arc that the beam 
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can work freely, and in the ease of the uniformly'loadetl 
aimply-Bupported beam, this condition is approximately satis¬ 
fied ; the condition of symmetry of deformation with respect 
to the middle section ie satisfied. The warpiiig will increase 
with ehear from the middle where^^ = 0. In the case of a 
central point load, the condition of symmatry of deformation 
with respect to the centre will hold good- The centre section 
remains plane, but at sections im mediately adjacent the sliear 


force is 


Warping of the cross-sections of these must, how- 


eyer, take place: and there cannot be an abrupt change In 
w^arping from section to section. Therefore the warping at the 
central section cannot be that duo to the shear forces on the 
basis given. Warping here must be partial^ and the additional 
shear deflection less than that given by the elementary theory^ 
The shear defiections given in the example and based on the 
elementary theory will therefore be approximate displacements- 

^' = ™ for varying q, so that = {17) 

^ for constant q, so that f ^ ' rfs: (18) 


dx AQ 


For the rectangle 2^ = ^ A ; yt = 

A = whob area = A x d. 

1-5 1*5 

It has been showTi that v — ^ 

oa 


For the circle, C = ^ 


(19) 

( 20 ) 


1-5 and ate the factors with which the average shearing 
stress must bo multiplied, to give the shearing stre^^s at the con- 
tmitl of tlie roctanglo and the circle respectively (see para. 59). 


The Approximate Sfiear Dispiacements for 
Grvxy Beams and Loamkos* 

63, Simple Beam and Cantilever, y, = shear deflect ton at 
n distance x below and from a convenient origin. 


For A ruith^rdiflCuBsiaa oj Pjirt by S- TimoBhepkis. 
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Now S -dx = area aheac for™ diagram between the origin 

and j:, and for a simply snpiKirtetl beam 

= moment at distance x from tiie origin—J/j 
for here there ifl no moment at the support (origin). 


31, MjC 

Then 


* ( 21 ) 


64. (a) Simple Beam. With a uniform load over the whole 
length of the beam, 

I fvHx ft \ 

dG\"2 ^/ ” 2dGV"®j 

y I Ojf I 1 ^^ ia a maximum at the centre of the beam, 

' I— j ®|iJ « j 

zz ; t ! i.e. when x — ^ 


*e-£, 1 


x y ^ enjtr&i 

^ Axf&i 

I 

D 

3 

L. 


- I 

^ I 
iU.j 


* Vt 


Uti* 


= for uniform g 

. (22) 

trf*C , 


= for vatymg ? 

. (23) 

Simple Beam. With 

a single 


Fl^- 


concentrated load W at the centre, 


tn 


at the centre : y, «■* = nniform g . (24) 

for varying g • (25) 


65. Cantilever. (1) Uniform load the whole length of the beam. 
(2) Concentrate load W at the free end of the beam. 

The maximum deflection due to shear will occur at the free 
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end of the beam; i,ep tbo defloctioii below iho fixed end^ t«koa 
aa tho ongin. 

f S = n(*ea of ahear force diagram between tho 
support and the free end. 


For (1) Jf.= ^ or 

TFt 

For {3) 


ttW 

26' 

WIC 

Q 


using Equation (21) 
from Equation (21) 


66* For a symmetrical i bcamp find £7^* or assume that the 
web takes all the shear and that it is evenly distributed over 
the web. 


ProbUm 19. 

In H beam dE / Bectioa fclio tluckpsaa dE tho web u haJf that ol th» 
which letter, te. thicknw cf the flan^p h half thm breadth cf the bcani. 
IE tbfl breadth ol the be^un it ona^thied the deptbp And the mtic oE %}k> 
mtxmnim to laetn thaiuiiig AtiSfce* in th« tectian. fFtf. 64 a.) 

The dimensions of the section will be as shown in Fig. 84a, 
and let them be in inches. 

D 

The neutral axis will be at a depth ^ from the boundaries. 


, D £>* /Z> D\f2DY^ 1 

isjta / 12 


324 


i>* (in.)* 


Area 


D* 


2 X ;rX 5-+-^ = Bq.ym. 


D D , 2D D 

^ X ^ g X ,, 

Let S tons be the shearing force at the section, then the 
mean shearing stress 

s s as , , , 

?inMH ~ ji ~ ~ D^ tons/sq+ m. 

T 


• TTrom Eqn. (12), pfigo 124^ and reEtimog to Fig. 82. 

+‘^1 
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The maxiinum ahearing stress will be at tbe section at the 
neutral axis. Using the method in paragraph 58, E(^n. (6), 


= 


3 Ay 
Uy 


where A is the area of the section above the neutral axis 
y the distance of the centre of gravity of A from the N-A, 




12’ “ 12 “■ 


i^324 12/D D /D D\ D D D\ 

^ Zi \3 ^ e ^ ^3’ ^ 12 j ’*■ “if ^ Ta ^ e j 



15-QS 






15-6^ 


2-6 




1 




Illii^traiive Proble^n 20 + 

Obtain a formula giving iJw mt«n- 
aity oi atneas ab any jmuit m 

a vertical cruafi-BectEon oi a beam, 
luiii uBo it to ^Wld lha ratio of tho 
injuiimiim to lha mmn ahear ctreaB 
at A Bootion of a cASt^iroo \>eijna m 
which Lho top flao^ ia -IS ioa by 
l|in., bottom fiango 14 in. by 2^ in.. 
Mid wob IS in. by 1| in. (Fig. 84ll.) 

The rua-ximuiii shear stress 
occurs for the section at the 
neutral ^x\b. 

I^t be the height of the centroid of the action above the 
tension Range (denoted BBy {See Fig. &4 b.) 

Area of cross-section = (5 K i 5 X 1-75+ 14x2) sq. in* 


= 0l'75s^(+ ill. 

ei*75 X ^ 7*5 X 17-75 + 25 25 X 9*5 + 28 x 1 
yt= 6-65 in. 

/li about the neutral = /pp - 2750 in.^ 


Stii pago IiSe+ 
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Zi = width of the cross-section at the neutral axia 
= 175 in. 

S =5 Bhearing force in tons 

5/1 y ^4 ^ area above the neutral axis, 

5 = height centroid of h 4 above N.A. 




Iz, 


1-75 ( 


2750 X 
S X 177-3 


4820 


7 5 X IM + 1*75 X 10*36 X 6-18^ 

^ . ... {A] 


27-2 ' 


?mfin ^ 

Ratio 


S 


61-75 

9m*T ®1'75 


9m. 


27-2 


2-21 

T 


Working witb the area below the N.A., 
_^ / 

9m„ 


1775 

4320 


28 X 6*05 4- 4-05 X 1-76 X 2-34^ 

, , (S) see (.4) aboTe. 


S 

27-2 
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EXAMPLES 

1. A rolled iUMi joifft hna tho following oro«a-t^tioii: depth of Boction^ 
4 in. ; width oE 1 j in. t ttuclm™ of ilong^F i an, ; of web* in. 

Thifi joist rests frwly on two mpports, >10 iiu apart^ and oarrios a lo^ of 
If tona in tho Oontro of tlio fipMl, Calculato tlis iim^tifiiuni ioten^ity oE the 
■hear In tons |M?r Bf^uaro itiolu ^how by a diagram ilio omual dia- 

tHbntioii of tfw? ahrar atrvAl. Find tho ddloction of the beam at tJio contfo 
dU 0 to jiiirar. 0 = J2 X 1<>* lb. |>oraq. in. (tl. of L.J 

2- A oaat-iinn i^eain of olhptioal fcKtioo ia simply aupportod u^ton two 
sujipdrU s ft. aporb^ tho irisjar asia being hoHzontaJ!- Tim groaLoot width 
of tho iq 12 and iia doptb Sin. Tlio bemn is uniEormly 

toodk^ with n Eotid of 2 tom per foot rtin. 'Pho weight of tho beam ihould 
b& takBu, into acooimt^ Weight of cobio foot of CfiSt'ironp JGQjb, Find tho 
msartrqum ahanr il-fviti Along the tnajor a?da What is tho dofltioUcn of ihs 
beam at til* Ooutro, (o| dufl lo btndingp (*] duo to shfar J (U- of B.j 
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3^ ihKt tliQ IctcEkBEt/ df eihcbr eitesa, frt paint ot the crost' 

floctid^ ot B t^uin ii where F am ehEhBrlng force Bt ^he Section, / 


« moniEmt of inertifr of the crosa'aectianf b ^ breadth o[ sectLon et the 
pomt, d » Brea of crdse-accltorL an the fanher nde of the point to the 
TiBiiitEtJ Bxis, bed y dbtenoB of C.G. af thia atra tram C;he imiitraJ axle. 
Show that for B roOtengullLr croia.*eotiofi the maximura sheaT atrm ia one 
ind ft halt time* the averafp» shear etrcfte. 

4. The vertical orDaa-boctiati at a hDiUAntftl tubular hearn ia 1 foot e Eternal 
and S in. internal (£iameter+ Calpulata the ratio of the maximiiia aheor Htme 
tq mean Hhearatcoaa at the aection where the aheai' load ia S tom. 

^ h 9 in^ by 3 izL wooden bcaiu, epati 10 ft., aupporta a tiniformly^ 
diatcibutod load of 2001h, foot Fim^ Dstcrmme the dodeption m mcheq at 
the eentre at the beam due to ilieer. 11 the beam else aupporta a load of 
O'4 Ion at the eentre,i determine the defioctioti at the centre of the beazn due 
tc ahEMLT whdn the two looda are carried. Tabe G = ^ X 10* in. 

NoTE.^Far cast-iron take E ^ 0^000 toai/jH|. tn. 

0 » 2^!^ tana/aqr in. 

5. Take the beam section of Pioblein 10, page 120. The beam ia simply 
lupported over a span L. It iif loaded with a unifcfrnJy diatrLbutcd load. 
Find the ratio of LfG at which the maximiun doflaoUon due to shear la one- 
tenth thb maidmiim deftection due to handing. Take Q ^ 2/5 E. 

7* Show tliat the defieotion due to slvenr at a soetlan X distant z Crom the 
ailppart of a cantilever ^ equal to 

wc r _ icu^ 1 

L ““J 


for b Iwaam untfamdy loaded o^er ita whole lengtli ; and 


for a beam with a conceutmted luud W at the free cud. 


VI 


Columns 

67, Long and Short Struts^ A length of material^ wlueh may 
be of solid section or which may be built up, and which is 
aubjoctcd to thrust loaila axially or non-ax]dil>% is a column 
or strut. 

6B. Short columns fail by the stress exceeding the yielding 
stress of the material in compression; long columns fail by 
what b known as buckling, and between theae two extremes^ 
failure occnts by a combination of direct compressive atreas 
and buckling.* 

69, Enlefs Theory of Long Strata. (Fig. bsa.) Long i^ivuU 
fail by buckling, or lateral bending, and tbo determination of the 
buckling load really bccomee one of stability p The Euler 
fomiiila tries to find what end force will cause a bending 
moment which will make the ratio of (increase of deflection) 
to [increase of load) equal to infinity. It neglects the effect of 
direct compression and only deals with the bending momenta 
aa a cause of failure. For usual shapes of colurtins it gives 
results which are far too high. Eulor’a sfdution is generally 
the one uaed in strength calculations of very long stnita. The 
Euler strut is homogeneous^ of uniform crexsA-section, very 
long in relation to its oroas-ficetiojial dimensioiiB^ and tho load 
is sup[} 03 ed to be applied perfectly axially. It is also |>erfectly 
straight^ that is^ there is no initial defleotion due to workman¬ 
ship^ etc.^ w^hicb would cause an initial moment to be applied 
to the strut. The end condithnis greatly affect tho strength to 
resist buckling. 

* Calunuw made brittle niateriaJft, iuch m w-ill fait middcnly 

in Hhear. Short feolid specinieiiB of a ductilo tnMwiaJh huiJi aa mild Ateel, 
squuh or |9atten oat {BeCir to toxtbodlui on ^mngth pf matccifeJA far 
dkikgTBLnu and phoLograplie of failurea in oomprftBMoiLj On Ipadmg a long 
coloHin Ol dkiotile matcriaU for R amoll addition o[ load, tho enlunm will r^-mam 
straight. On forther oppIvixiK loud il wilt es\'oiituiilly i.n>gin to iMiiid latotnCy^ 
at biidkb, until just idKJVo «si]U’ rritlc-at toiwl it wilt oontinuti U> on bondEiij; 
imiW ihm huul until it tht* fiiilmjr ^nici^tli of tho iiiiitorBid Sti wuprras- 

fl 40 h+ wlioi'i. it will fait HudtIoiiH* by biacklin^^, 

'rhy kind ol fail lih? dopolids on tliu typo of column. In deal izijf with cduran* 
tlurrerorp, large dolleetionji of tlio body m a whole have to be dealt vnih. 
(Photograpba of fail ufOB of oKjwfiniental aeroplano ^ Btraie aro given la a 
paper ran the ** J-Jevelopniorai of Metal CanatruolidEl in Aircrafl^ by hlajrar 
J. a. NicliQlMKi. O.B.E.. £:Bjin*crinsr, Marcb I2t1i, IStb. and 26th. 1920.) 
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imSQ COLUMN OB STRUT, PIN-JOINTED AT BOTH ENDS 

Let of leDgth I be BU€h & Btmt, pm-jomted at A and E, 
i.e. it hna practically free motion about these points. 

Conidder the top joint A as the origin ; take 
X downwards aa positive ^ and let the stmt 
under a load P deflect as shown in Fig. &5a^ 

. oc 

\ 

- I 

I 




y 




^ Let y be the amount of deflection of section X 
distant x from A. Let y be positiroi as the 
strut bends concave upwards towards its 
original position^ 

Moment at X ^ Py will be of Uie negative 
sense. 


Fio. SSa 


P_ 

dx^-~EI^ 


( 1 > 


Solving Equation (1), 

whore A and B are conEtants depending upon initial conditions. 




0, heuee B = 0 


aiBy~ * 

ar = 1, jr = 0 

0 ^ ^ am 14-, I 




A cannot be zero as if so no bending w ould take place, and 
the critical load has not been reached. 


therefore sin 


Jei 


y p 

^ . I therefore = 0, tf, 2itj etc. (in radians.) 
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Clearly the zero value b inadmisaible^ and confining our- 

rp~ 

solves to the smaller of the values ir at which sin • i = Op 
then the crippling load ia obtained from the equation 



Critical load ~ 



= Euler load 


(3) 


70, Long Strut or Column Fi^ed at Both Ends. (Fig* ^5n*) 
Owing to the end-fking conditions* there arc fixing moruonts at 



Fici. S5 h 



Fio. 8^ 


each end+ When these at^ equal, the slopes dyfdx at each end 
are zoro^ as also at the middle of the strut. At the quarter 
pointa C and there are points of inflexienj where dyfdx is a 
tnaxinmm. 

Ijet J/* and be the end-fixing momenta t normally 
and for wluch eoiidition the pointa of inflexion 
arc the quarter points. Howevert conditions alter if 10 
greater than Jl/*: the unbalanced moiuent (J/p — 
to overtiim the oolviuin and tins calls into pby the horizontal 
foroee F at each end of the coluuiUj such that FI = Jf b — 
C!!oiisider normal conditions when = ti. 
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)3« 


Then the bonding moment at JC, distant x from A, is 

{Ptf is taken os of the negative sense.) 


Then 

Let 


PfEI = and ufP = a 
d^u 


_d^ _ 


As before, x = A sin »jt cos mjt 
y - B — A sin na; 4- cos na; 


Differentiating ^ = «/l cos nx — »B sin na: 

when a; = 0, dyfdx ^ 0; as previously cos tut = J 
/. y - fl = 5 cos n;t 
Again if x = 0, y ^ 0: B -a 

/. y ^ a =: - a cos na: 

y =£ a( 1 - cos na;) 

If a: 5= /, y = 0 

0 = b( 1 - cos «i) cos ni ^ I 

Hence nf can have valueH 0, 2n, iw, etc. 

By previous reasoning take the value 2n= id 
-■- «“ = and 
P p ' ' 


/. A ^1} 


(3) 


Tl^ vidue for P gives a value four times os targ^ os that 
obtained in tiie easo of the piii-jointod colunin considered in 
paragraph 60. Tiie ond-fi.ved column tJius has four times the 
strength of the other. 
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It can be shown that the points of inflexion occur at the 
quarter points: the distance hetween these points is 2/2 and 
this length le caiied the effective length of the strut i it is an 
equivalent struts pin-jointed ut the 
ends. Using the formula for this 
strut 

p _ p 

And replacing i* by i^/4 
then P = 

obtained by mathematical analysis^ 

11. Long Column ot Stnitj Piii- 
jointed at One End and Fixed at the 
Other. (Fig. 85 d,) The pin-jointed end 
is considered as being able to shde 
freely in a frictionless guide* the nor¬ 
mal reaction at the guide being <3; 
this normal force is balanced at the 
fixed end^ 

Take the origin at the fixed end A, 



Fifl. sritj 


Eld^u 

B,M, at sss ^ Py -]- -#) — " 

, Q{l-x) ^ 

"da:*- A7 

«» ^ PfEI, and s ^ - *)j 

. . . . ,Q 

dhildx- = - «*2 and ^ ^ 

and dHidx^ = d^fdx^ = ' «*? 

By the general solution z ^ A sin tw: + ^ cos 

so thatj 35^ “ - a:) — A sin na: 4 " ^ ^ 

ic “ 0, y — 0, H ^ ~ p- 


Ijefc 


Then 


when 
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Difforciitiating 


^ _L ^ 

dc'^ P 


-j- + -a = cos nx - nB mn nx 


Wh™ 
So thatp 


a: = 0, dyfdx = 0 
QjP = nA^ th^isi A = QfnF 

Q,, , Q ^ Qi 

- " a?) = ^ am M ^ -j; OOS fUi 




^in nx-l nx 


) 


Wlien X = I = 0 0^ 0/P(sin «i/n -1 cos mi) 

Simplifying tan Jif = 0, 


The solution of this equation—^most cosily corried out by a 
graphical method—^for the least value of «Z* is tan nl ^ 4-493 
radians or 257-S**. 


Substituting »»*l® = (4*493)* ^ 2-047;** 

P 2-047n* 

” EI~ P 

P = 2-0477i«B//1* . . , (4) 

The result for the value of P shows that a strut pin-jointed 
at one end, and fixed at the other, is just more than twice as 
strong as a pin-jointed strut. 

The efiective length of the strut is approx. f/VX 

72. Iiong Colnimi fixed at One End and Freedom of Ullove- 
ment in Any Directitm at the Other. The strut bends as shown 
in Fig. 85o, and its shape is similar to tliat of half a strut 
pin-jointed at Ixith ends. Its efTective length is 2h 

Cnpplmg load p - . , ( 5 ) 

73* It has sIiimTi that areas hsve maximiini and 

mmiTn iim moments of inertia; thereforoj if a etmt ia free to 
bend in any direction^ it will bend about that axis for which 
the moment of inertia is a tninimum. ThiSj obviously, makes 
P a minimiim. The strut may be conatmined to bend in a 
given direction ; in tins cases take the required /, which can 
be found by m?ing, say, the momental ellipse in Chapter II. 
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But secondary failure may taka place due to tha piinimum 
value of /t unlesa precautions are taken to prevent this by 
aide supports or other means. 


Euler formula. 


P = 


Ci^EA 



( 6 ) 

m 


where / ^ moment of inertia for the axis about which the strut 
is made to bend, 

G = constant depending on the fixity of the ends 
= 1 for pin ends, 

= 4 for fixed encla, 

= I for I fixed and 1 frea end; 


A ^ cross-sectional area, 
t = radius of gyration. 


For a constant oross-seotional area of strut, 

p(^) ” constant * . (S) 

Plotting P against y- a rectangular hyperbola is obtained i 
which is the Euler curve. (Sfic Fig, S§.) 


74. Rankiue Formula lor Struts. For very short strutSp 
the failing load would ba d/f, where /, U the crushing or 
yielding stress of the materiaL and A the oross-scctioual area. 
For a long strut* the Euler buckling load 


Ctt^EI 

p 


{See Eqn, 6] 


C a Constant dependiiig on the fixity of the ends^ 

For struts wliich are sufficiently long to have some tendeucy 
to buckle and yet arc not long enough for the direct com ^ 
prft$iiivo ^tre$s to be negligible, it is clear that the ultimate 
failing stress must Jie between the two limit<s 

P = d/, and P = “f~ 
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Afatiy formulae ha™ been suggested, but the moat uaed one 
is that known as the Rankine foritmln. This is 


P = 






1 + X 




Cn^EI 

It is often written P = 




IV H where a = ^ 


1 -f 




where is the effective length of the stmt = 

If I is very large compared with 
^ AJ, Af, 


Vc 


»('r)‘ 


it^£I 




'E 
(theo.) 

(9) 


If 1 is very short, then 



will tend to become small and negligibls compared with 1 
when P = Af, 

The value of a for some materials has been ascertained by 
experiment; but the theoretical value, though not eo good 
as the experimental, is very useful where a practical value 
has not been obtained. 


The Bankine curve for a duM steel tube, where a % 
is shown in Fig. SO. 


j 

7600 


Rankine's Constants, 


Uatorial. 

/g ten* p« Hqivn ingli. 

a. 

Mild steel 

. 21 


Wrought-iron . 

16 

T Lhll’ 

Cast-iron 

. 36 



Ae r increases in value, the Rankine and Euler curves tend 

^ I 

to meet. Above the meeting point val lie of ^ , that is, valuta of 

^ greater than this, use Euler values for the failing loads. 













if 


FlQr flfl 
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For struts of a channel section, it haa been found by experi¬ 
ment that for 

I 

Mild steel, values of 160, Fuler curve holds good. 

High tensile steel, values of ^>^120, „ 

Duralumin, tsJucs of ^>170^ 


75. To satisfy the experimental curves of j for the 

intcrmcdiato lengths of strut, Tarious other empirical forutulae 

have been developed, chief of which is 

Je B. Jolmson^s Parabolic Equation. {See Fig, 55^) 

• • ■<-> 

= Yield stress of the material in lb./8q. inch ; g is 
a constant of sneh a value to make the parabolic curve 


tangential to the Euler curve at some 


fairly high value of j- ; 


I is the exact teat length of the strut. 


Mili> Stuel (American con<sfdnto)* 

Itnd conditwM. /, IIl/w]. in. j. LimiL of ^ 

Pin ends. , 42,000 0*97 150 

Flat ends . 42,000 0*62 IflO 

I 

Notb.-^W hen -^ = (? | ^ = 42,000 lb. per sijnaro inch ia leas 

than the yielding stress of mild ateel, a'hich is about 62,500 Jb, 
per w:]uare inch. 

Note. — For a strut ahaolutdy freely hinged, and to make 
the parabola meet the Euler curve tangentially, g muat be 

theoretically equal to 


Note on J. B. Johnson’e Pai{.\I]Olic EguATroir, 

The maximum load which can be carried by a stmt is P„. 
Then, by Johnson’s equation 

^ ‘ F*) ' * 

• ThB eonffbuita ia 75, 7«i ftruJ 77 Hra fnnin ^truciurai Mtnibirs 

qiflii Cpnti£€iWn*^ by Hoal mini Kiaa4 
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where C is the fraction for the end oonditiona. 
Or, if P ie the sefe w'orking load 


A ^ 



4€n^E 


where x = 


A 

Jt* 


X is a constant depending upon the shape of the erosB-seetion. 

The formula for A m one which can be used for design 
purposes. 

The corresponding values of Pm arid A on the Euler basis 
are 




C:^‘EA 



A W* 


{B) 


and 


A =. 


p/ xf,H^ y 
f,[w^E) 


f II 

If for a column design is equal to, or b leas than. 


1/2, the Johnson formula is true; if this discriminant is greater 
than 0^5, the Euler formula is true. 

The Johnson formula is an empirical formula to change 
from Pm — ^/c true for short columns^ to tangency with the 
Euler curve, at the point where the strength has fallen to ono- 
half that of a short column of the same material and section. 
Used in its proper range, it fits the maximum loads (engineer¬ 
ing strength) with surprising accuracy^ It is a good design 
formula for long columns, whose prohabb strength Pm b 
greater tlian one-half of Af^* 

From equations {A) and (P) if 





A 


(1 - 2 ™ ^ - CntE ' 


and 


/ /•- 
V Cji>£ ■ i- 


1 - 414-3 ^2 


Therefore for values of ^" I 
Johnson formula for calculating *nd for value* of 

J A > V2. calculate P^lAf, by tlio Euler formula. A 

T Lr?r Tj k ’ y ' % ■ 

curve of against l ^ ^ plotted which is 
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suitable for ti^ for the design of the practical column^ 

Fig. 86 a,) The change for the Johnson curve to the Euler curve 

V f if 

Q' Yg . V2. 


T6. American Straight Line Formula. (See Fig. 66.) A 
formula easy to work with, and giving approximate values of 
P 

— p useful for preliminary calculations. 

j=/.-s(f). ■ . .(10«) 



The point of tangency of the straight lino with the Euler 
curve ia the limiiing value for which this formula can be used : 
ft and g are empirical oonstantsp so chosen so as to make 
the formula fit the results of column testa ; 

I is the exact test length of the strut. 


Structural Steel (^nicrican Values} 


Eiid ^luditiGrui. 

/elb./«q. b. 


Umit of 

Flat ends 

. 52,.’i00 

170 

195 

Hinged ends . 

. 52,500 

220 

150 

Hound emls * 

. 52,500 

234 

123 


CAST-mon 


Failing Hircs.s = — =£ 34^000 - 88 
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77. Other Straight Line Fonuulaie. 

(A) Atnerican Railimy Association for Working Loada— 


P 

A 


Ib.y'aq. in, ^ = 16,000 70 ^ > 14,000 Ib./sq. in, (II) 



Flo. 8 Ta Fiq, S7n 


(B) Bridge Co.’s Fomiuia for StmciuTal Sleet 

^ ^Ib./sq.m.j = 10,000- 100 ^ > 13,000 lb./sq. in. (18) 

I P 

i.e. from ^ = 0 to 60, ^ = 13,000 in. 

78. Stmts—Eccentrically Loaded. In Fig- b7a, the load P 
18 acting at an eccentricity e from the centroid of the croas- 
sectional area of a column. This force P is equiTalent to a 
couple of magnitude Pe plus an extra force acting downwards 
at the centroid. 

The couple will produce bending, and consequently com- 
preasiTe and teneile stresses in tlse material; whilst the addi¬ 
tional P (thrust) at C will cause a direct compresaivo streas 
of equal intenaity over the wJiole of the erosa-scction. 

79. For a Short Coltmiu. Cn ss-sectionalarea A (Fig. STb). 
Maximum coinpressh'o stress for P applied at an eccentricity 

e on one of tlie two principal axes of the crosS'Section. 

P , ^ ^ 
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Maximum stream on the other edge distant yt from C 

-L ^-L.f 

~ A ~ I ^ A ■ 


( 14 ) 


If 


I 


a resultant tensile stress will be developed, as 


Hhetvn in Fig. 68. 

G 



Referring to Fig. 88, 

A BCD = normal stress distribution 

P 

AEFB “ Btreas diatribuiion when — 7 -* <l"r 

1 A 

AGKriBK ^ ^‘ > J 


80* Loivg Stmts — Euler Fonu. Pin JoiNfa (Fige 80 )^ Let 
P act on one of the tw'o principal axes at a distance e &odi the 
centroid of the cross-aeotional area. Lot ^4 he the origin. It is 
required to find the deflection y of ssome ^^ction X distant x 
from the origin^ Take y as posltiYO. 


Moment at X = “ P{c + y) 




or 


dh/ ^Ptf^ Pe 
d*i + El **■ £I 


= 0 


. (IB) 
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The solution of thb diffetential equation ia 

j, + e = .4 sin . X + £ coa . x 

X“0, !^ = 0, B = e 

tip , I 

= 0, wlien X = — 


Ii7 


m 


dz 

A 


e tan 


/- - 

S + e-«l.n(yi. + 


■Vi 


Particular values *>( J -g^ that make tan 


{ 714 ) 


{IT) 


infinite 


will also make y infiDite« The only intorpretation of thm mathe- 
matioal infinity ta that the cKiIumn ia uii:^tabIo for raLura of 

aatiafying the equation 


J 


±* 

/~p 

1.0. values jJ gj' given by 


V 


PI ji Sn 

S/ ‘ 2 "" 2' T’ "2 ’ 


The load at which instability really appears is the hist one 


given by 




71 *EI 


i.0. the eritiea] value of P is = ” v»'hich is the eame as for 

the axially loaded Euler column. In this case, the strut bends, 
however small the load, and the dedeotion h correotly given 
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by the equation for y before inatabLlitv is reaohedp but at the 

Tt^El 

particukir load gi™n hjP = —^ the rod is really unstable. 

If the length is greatp the stress in the rod may become so 
greatp before the load is large enough to produce instability^ 
that the stmt just fails aa a beam would fail under transverse 
loads. 

If this is possible two separate calculations are necessaryi 
■ p one to find the safe load assuming instability 
impossiblej the other to find the buckling or critical 
load assuming the stress do not become unsafe 
before buckling begins. The smaller of these loads 
ia the safe load for the stmt or oolumtin 

From equation {17) the deflection y is obtained 
for any value of x* 

y is a maximum when z = ^ 










Fio. n 


cos 


Thsn l/mmr ^' * 

If/ 


(18) 

(IBa) 


PI 

£77 . A iii it U accurate to assume that 

Jai 2 


OOS 


V jE/ ' 2 ' 


PI* 

8EJ 


in the numerator and = 1 in the denominator of equation (ISo). 
Ptl* 

Then . or varies directly as P. 

This coincides anth the expre^sinn for the deflection of a 
beam bent by couples Pe at tlie ends. 

For other cases, equation (18) will give the dispiacemeivt 
under a load P. 
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The moment at the centre h 

Piym,M + e) = Pe fiec ^ ^) 

The maximum compresaivo stress in tlio material at the 
centre will be 

+ . (10) 


(This latter, aasumitig the elastic moment form holds good for 
all values of and = distance from tlio N.A. to the outer 
compression fibre—see Fig. S7 b.) 


P V 

The mimmurn stress wiJl be y-^ 

-*1 / 


which may bo compressive or tensile. From equation (1§) 

Know ing the ultimate compressive stress of the material, the 
probable failing load P can be calculated for a given strut. 

SI. Faliure of the strut will occur ■MswaUy in the compression 
Hange when the maximum compressive stress reaches the 
ultimate stress of the material. 

With built-up struts, failure should occur by the compression 
dange buckling; if not properly designed, it may not do so, 
but fail m a secondary manner due to rivets failing or webs 
buckling, etc. 

82. Professor Pippard and J. L. Pritchard have shown in 
their book Aeroplane Structures* how the Rarikine formula 
for axially-loaded stmts may be adjusted to apply to an 
eccentrically-loaded strut. 

For a short strut ecoontrically loaded, the maximum com¬ 
pressive stress developed is 



From w’^hich 



* Striictares, by .A, J+ Pippapd and J. L. FHlcliKrd. iLoTigniaM, 

Qwu At CO^) 




150 


TNKORY OF STRUCTURES 


In Rankiiie’^ foriniilaj replace in the numemtvr 



then P ^ 



83. Combined End and Transverse Loads. In certain 
structures, nietnbei:^ acting its struts may also iiave transverse 
loads applied to them, e.g. members of the frames of an 
plane iving* In these cases a compressive stress be 
developed in the stmt due to the end load P, the moment 
Py (ft^here y is tho deflection of the strut), and the moment 
caused by the transverse load. 

84. Case I- A concentrated transverse load of W acting at 
the centre of the strut havu^ pin-ends. nAssume the strut 



¥ta. ^ 


elastic to failure atid that it will fail by hurklingof the compres- 
Bion Hango^ find tho approximate axial end load P to cause 
failure. 

Tho strut is constrained to Ixsnd in tho direction of ono of the 
principal axes. 

Let A be the origin, (Fig. fin.) 

W 

Upward reactions at A and B due to IF = — 
z to the right positive; y i low u wards positive^ 


then ^ = J/, = _ ™ 



122 ) 
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Tho solution of this equation is—■ 

. (23) 

a; = 0, y=0, B = 0 


, I dff 

when x= ^. ^ = 0 


ir 

2P 


"-Jm (yii •?)' 

_iL /?? 1 

^ ~ 2P’ ^ P ' f I /T\ 

‘ jJ El j 

_£ iw H"-JB ^ 

2P ■ V ^ ’ /i I 
*“^2 V 

An equation givhig the deflection for any Talue of i, 
know'ing P and IF, 

y is a maximum when ® ^ 


(24) 




The bending moment will bo a maximum at the centre, and 
will be of tile negative sign for known values of P and IF. 


elastic conditions hold up to failure, the critical 
load for will be that value when tho maximum totnpres- 
eion stress becomes tho failing stress of tbo tnateriil =/** 
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^ distance of the compression flange frcjtii the neutral 


axis. 

There will bo an equivalent load P acting at the centroid to 
complete the couple Pymtii 


/. 



(27) 


Knowing/j, IVj Aj and the Equation (27) can be solved 

to give the faiUng value of P, 

86. Case t^trut pin-pinted, end load applied axially^ 
with a uniformly-distributed tmnsverse load (over the w'liole 
length of the strut)* OL) TJie strut is constrained to bond 
in t lie direction of one of the principal axes. 



Fio. 91 




Tlie ijoluiion of this equation gives 

»=-* *’{y£ •*) + "«® (V£ ■*) 

wLc 


El 


2p + 2P 


A7 

when 1 = 0 , lf=0, 


when 0 :=-^, ^ = 0 


(28) 


{ 2 &) 
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when 15 =—, = jnaximuai 


wEl 

J/mmT ^ i 


-a VS) 

““(i VSj 


El 


(fva 


1^ 

■ 4P ■•■ 8P 


wP 

pa 


SP 


The moment at the centre will be a maximum 

wP wElr (I /^\ ,1 

- == + T ” ■p“L “^(2 V^ 7 / M 

Assuming elastic conditions to hold to failure, 

/, =5 fniUiig stress in compression of tlie material. 


(30) 


(31) 


86a, If P, = Euler failing load for the struts flith 
transverse loads, 




El or 


I 


Vei Vp, 

Sfl, Case 1, Concentrated transverse load at tho centre of 

the strut, _ 

, W I iP, , /P \ 3 /. . P 

It can be shown* that if P < P, 

p in irp P P, 
then/. = 3 + :^ + 48^/ Z P.-P ' 

where Z = lly^ 


(32) 


(3‘2b) 


■ Maitriai* OflJi SlnitfM™, Vol I, hy E. H. Sfllnion. 
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The longitudinal load F iiiopea^Mis the dcfiection duo to the 
lateral li>a<i, in the ratio : [1\ - P). 

87. Case n. Unifoniily-dLstrihuted transverse loads, 



m 


Tt cBTi l>e shown* that if P < P^ 



where Z ^ 

The longitudinal load P increases the defleotion due to the 
latend load in the ratio P^ i {P,-P), 

Knowing w or W ^ ^ P. and A t P ean be ascertained from 

equations (32a) and 

llhi^rfUive Profj^lem 2U 

I 4 tha thick] 3 jf?i& of n mild tubd S m. in iiitemiiJ diam^tor, 

12 ft. long, I* support an m-lal load of Ifi lona, T|m iijba w 0 ared ftt its ends. 

Talking a factor of oafety of 4, 

Let i>, ^ external (Immeter in inches 



I = 144 in. 

the effective length = = 73 in. 

Tnke E for mild steel = 13,000 tons per sq. in. 
Using Killer's formula, the buckling load is 



72 X 72 


Take jt* = 10. 


£>/= 1345 
I>, = 0*06 in. 
006 


then / = ^ 


* Jrn/rn43l« and SirariurtM, Vo1+by H# Snlincft.^ 
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Bankin^^s FoT7nvla, 
sqimtie incln 

a = 


Tukke /j for mild steel ;i3 22 Usm per 
1 

TWO 


22 X 3®) 



Solving/>j = -^/40 ^ 0-32 in. 


The thickness of the tube therefore^ = <V10 in. 

--= 15‘2* Rankine 
k 

I 

^ 15’S. Euler 


Froftfeirt 22. 

Ad I be«jn, 12 in. X & In,, ^ Ih, per fNkt length, IK ujed 04 ft honxeniftl 
fftrut hing«d At Wth eiiida^ and ia 2^ ft long witTv lo centre. Tfao \kMiI io 
Arranged with iti web bod?^tal. The IcAitt innmjHnt cl maitift ifl 2^-3 tn^K 
Then io atl ftxiftl lead oE 24 tom, and a vertical Inad or 1 ton at iht centre 
ol th4 longtli. Cyculato the moxiniitm bending iDoment approximately^ and 
End iJia nw^cimmn and. iDiniTnuiU normal HitvAtfiS. (U. cf Lri t9v3*) 

Cross-sectional area of the beam is 15-88 aq- in* 


(1) Neglecting the n^iglit of the stmtp the masimum 
moment is (see Equation 26) 



Note 


t IP . . 


in radians. 


Take E ^ 13,000 tona/square inch, i to he in inches. 


^finar tons-in. 


I n 3*000 X 28-3 240 / 24 

ly 24 ‘ 2 V ® 3,000 X 28^3 

= 86-6 tonadn. 


Mas. compressive stress = 86-G x 



24 

15-88 


9'24 + 1-51 = 10-T5 tona/sq* in, * 
Max. tensile stress = 0^24 - 1*51 = 7^73 


By tvqn. (32<^)/, => 11 OS toiw/aq. in. 
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Allowing for tlie weight of the beam, it can be sbo'nm tliat 

-M. 


mig lor iJie m mu ± 1 , ■ 

= 7I7) “ l] + jV/T - ton 2 


that is. the sum of the maximuin moments due to a tra^- 
verse concentrateil and a unifurm traiisverae load acting 
indiTiduaily in oonjunetion with the end load; 

«r = 54 lb, per ft. run = 4-5 lb. per in. nin = sir. ton per in. run 




1 13,000 x28-3 

500 ^ 24 

SO'fi tons-in. 
= 109-0 tonsdn. 


1 + acc {SS-S")^ 


Max. compressive stress = 109-0 X + I’Sl 

I J.6 -|_ 1.51 is 13-U tons/aq. in. 

Max. tensile stress = 11'G - 1*51 = 10-00 tons/sq. in. 

lUustratire Problem. 23. 

A Strvn flOdaisting of « bukI tiibo * oetnidfl dinmetjr and A 
ii loBdiii] bIocu! on wbII*! t* wntm lino ftiwJ J m. (nwn it. _Tho 
bubo i* 1*0 liiloiifr. The yield strew ft! thn Btoel ie 2a tww per stpiuffl inch. 
Pind bti« enaJiina loo<l of tli* rtrilt. fTl» method BOJutum of ^ 1 ^ 1 ^- 
lion you dovbe must be e-lcilty indEcfttwl,) (U. Of L.. 

Take the strut as hmged at both ends. 

Using the Eubr form for eccentric loading (Eqn. 20). 

28 tonS'Sq. in. I = 120in. = 

13,000 tons/sq, in, = 2 in. e=|in, 

/ = 4*12 in.* 

A = 2*27 Bq. ill. 

*2= 1-S2m.s 


fwnAt 

E = 


Pe|^5ee| 


/ 


1-33 


“-'’v^4T2“'(y 

r . JL 

= ^ 3-S6 2-27 


13,000 X 4-12 


X oo 


U-- 


By trialj P — ‘nearly 30*5li tons. 
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Hy UftiikiiieV fomnila for eccentric loads, 

U-i 


P =: 




1 


P = 


Taking « = 

2S X 2-27 


r 1 i 20 Mr, .1 2 1 

L> + 7050 >'-r5FjL*+8’'n52j 


= 26 tons 


Eccentrically-Iosided strut : failing load 

is 30*56 tong (Euler metiiod) 
and is 26*0 tons (fiankino formula). 

Euler’s Critical Load = P = = 36^6 tons 
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examples 

L Find Ehe biickling load qE a oKannal soctiofli stmt L3iii. x 710, X ! in., 
leiigtli Iflit.p both ends rigidly fised. by RanLina^j form^a, Chcok your 
Mult by BuJeria formula and, it there ia any discfapandy between iha two, 
state which resutt you consider to he the me™ neiliabK nnd why t Draw 
the Euler and Kankine curves, 

2. A strut, whoBo length ia 100 times its diometerp U oompreased by * 
iood applied axiidly. Describe haw tlie strut give* way, and sliow how the 
lutuni q[ the end coti«lniintB mffecls the Strength. DiMUM the application 
to ihifl cue of Kular'a formula, 

. ^ T tt^E/ 

Limiting load 

Derive the Bankina formula and eitplain its use. 
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9. A tjo^iunn i>l cifClllM 5r^ction+ tbo [ntc^nlAl ihuri dinraDtDra nf 

whiizh 4 Mid D ™p«:lLVfll>\ lift# to support b. non-CiKial loiwJ of 1^' tooB 
irflrtlnK Bt a dii 9 t 4 UlOA x from the ewntro of l-lio cot^IlI^Il, Find tbu Vaiuu of X 
m onl&r thfit thoro miy *» no tension in tho mat>i3rinl, (LC.E.) 

4, A Htnlt ia formed by ti^o elntnnrilit 7 in, X in, braced hflok Lo 

bock, ftnd 3^111, aparlv TWir flan^a arc 0-5 in. and th« w'^b 0-1 in. in tliioh^ 
naaa If tfifl strut Lk 20 Tf. long fthd hinged at tins cmls, flnd tho loadp 
given that tlm aafo working load on a column with mdif 

6 A 


1 + 


U’ti.ootiA' 


when A El ttio crosa-pootiionol Bron of file atrut; 

L iH iLi Icngllri t Mtd 

k the rodiui of gyration about an axil at tight onglra to the wobe. 

^ The Vortical ptIUr of a orono il of T edction, in, doop^ ana 22 iq. in., 
maximum momont of Inertia J150 in inch imtw. Fitid the maximum 
iatarmltiiH of compresaLTo Btid treiuiSo itreoQ in the pLUar, whon a load of 
0 torw—aofcing in a plane tjontaining the lengthwise centre Uno of the 
LB being dyrlod at h rodiui of l2ft from ii» contm of ihe seclkoiu 

“ (I.M,E.) 

6l a bar of atecl under a tenBion tesb ii gripped so that the lino of pull 
la I in- from tho axis of the bar. Lt w 2 iru diamotor. tVhat is tho maxlmnm 
Stress produced m the speciman when the toad registered by tho teBting 
machmc is 10 tone I any formula you use. (U. of 

7. A aliorb timber prop S m. dtometor is loaded with a load of 10 ions 

■Jemg a line pomlEol to the oxia and at |iii. from it. Find the maximum 
and minimum etrsfla in the section of tlio prop. (U. of B.J 

8, You are required to aicertaui how the strength of mild ateol hollow 
LuboA (lay, 4 im external and in. internal diameters) used as struta 
depends upon thfr length of the tube. How would you cany out Uwtl 1 
Dcacribe any epecial hitin^ you irotild u». \Vimt kind of curv^e would you 
plot 7 Compare the failure of a tuba L foot loug with one S ft. long. 

^ (U, of B.) 

9*. A iquaro hollow cast-iron column 12 ft. long, sides 6 in., and wiila 

in, thick, is fl-xed at thd lower end and pin-connected at its upper etld. 
Calculate the load the column will sAfoly carry, allowing a reasonahjo foctnr 
of Bafuty. 

= M tone sq. in. Constant = 

(U. of Bd 

10. A oaSt-iron column, rigidly fixed in tho ground^ with ita upper end 

fnw, is 20ft. long; the crasi-Bectiou £d ii hollow cylitKlcr outaidn 

diameter, 8 tlL. inaido diameter. Colnulatc' tho safe load this column will 
cany, 

w 30 bona per square inch. The coitstatit for a column pin con^ 
I \ 

necicd at both ends is (U- of B.) 

11. A round bar 2 in. diameter is subject to a pull of 5 tons along a lino 
parallel bo the axis and } in. from it, l>ebermtno the maximum and 
inuumum strcascB oft tho sccUons of the bur. 

12. A solid oBiit-iron column, 4 in. in diaineter and ^ fk long, is fixed nt 
both ciuls- Calculate the load the Column will safely carry by Rankiiio'i 
and Eulcr^s fonnuJo. 
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In RuokuKi's fcriaula, take a = and sa/c cnmprenivo nlrcM (iftf 

ifihort lAnfftha: of tho matorkBrI ^ 7 inch- 

lii Eilli^r^B tomiu^o, tAko for coBt^iron ~ LO+500 kif^ r>or ihoh. 

(U. Of E.) 

13. CompAro %ho Rtrongtli of ooliiniiis ]?ft. long ooutmiiing Uiq flams 
volume of motiil: frt) the colunm borng rolled BlHeol joijfL of / fleefion 10 in- 
XL 8tn, X fim : (6J Daat-iroEi hollow cylindrical colomn. msiBJ being | in. 
thick. 

Uac Renkina'a formiil^^ 

fcA 


1 + 


<y 


for ftoel 31 


o for Bloctl 


_l_ 

7ft00 


for cost-iron 


for cBBt iron 


_1 

iGoa 


(U. oI L.) 


14. Diiciiag briefly tho IjjfdJts of application of Etilet's snd Kimkintk'i 
fomuda for Btrutft, 

A mild ctoel tube la uaod ns a vortical stmt. It is 2 in. intcma] diam^tor 
Mid the tnctal is yV thick. It li 20 ftr long and firmly act in a foundfttion 
of concTolie^ Tho upper end ia quite free. Making reasonable omumptiemB 
as to constanifi, calculate the load at which it will foil. 

If the strut was reduced to 2 ft. in Ictlglh, whal load could It carry T 

(U.ofB4 

15. Find tho ojttomal diametor and thioknRaa of metal for a hollow itoel 

fltrut 10 ft. In length and capable of carrying an axial thrust of 20 tons. 
Tlie ratio of diamatera to be 10 to fi, and tliD ends of tike atrwti arc firmly 
Exed. Ubo the Rankine formula : = 21 tons per Hqunro ineh ; d 1/7500 

(for rounded ends) ; factor of oafoty = S. (LSLE.l 

16. A rolled sl^sel joist, S in. deep and Oin. wide, is used pis a strut. Its 
moment of inertia is I lO’fi in inch unilSp and the croffi-acetiunal arcB il 
103 in. A eomprti^lve load of 40 tons acU along a line lying in the cemro 
of tbfl web and pomllel to the longitudinal axis of iho joistp but at a distance 
of 2 in. from it Determine the nuLKimum intensity of striMH induectiL 

(LM-E.) 

17. Find the safe working load for a colunui of the Hodion ^ 

indicated in the ikeich^ 20 ft. longn and having it4 ends fixed* U—3— 


using the formula 

6.4 

f 

T 

Working load ■ 


i- 

1 tons. 

3 


^ 2a,(XfQ k* 

L 


where A Ll the croaa-seictional area in oquaro inehes, 

L ia the length of the column* t ^ 

and k U the loHst mdius at gyTalkm about a diameter. (I-C.ELJ 


18. A steel built-up stanchion ii mado of two plates 16 in x jin.., two 
plates 13in. X i in., and four angles 31 in. x 3|in. X i i!n-+thaBMtionfoimingiin 
internal rectangular apaw of 12 in. X 7 im The stanchion is 30 ft. high c^d 
oaded ccntroilv ConsidrfinK the atancliloTi is fixed at both Coda, dotem^o 
the safe load. (U. of I., Ifl23.1 

10. Find the neco^ao' dhimete-r of a mild oteol strut 8 ft. 4 ia. long* Ir^ly 
hing^ at each end, if it hus to carry a thrust of 10 Ions with a powbls 
deviation from the axis of one-oighth the diamctcri tho greatest comprBasive 
BtToaa not to oxceod 6 tons per squarv inch. (E = L3,f>U0 ton*,^iquafe ineh.V 
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20, A mild Itwsl atniE, pin-jointedp 5 ft. long-i. I 10-0 (in.)*i c^rrie* Ail 
miiil ihrtut of 5 tOTti. W\mt lewd can It eairy at tlio «nt« to 

devolop a mftKinmiii fttruffl ol 52 ton* per square incL, th* lirut 

rvmalnii ^aatic Y Croas-aMtionnl ansa dE tho strut, 0-5 sq- in. [iS « 13^00(5 
tons por aquaro loch.) . . , - i . 

3l, If tbo stmt in Quavtion 15 i* pLn-jomtodp 100 in. Ions# 
Dooentriclty i* a* b&foret biickling: load of tho stmt (a) by Euler a 

rathodp (fr) by Ran^o*! method. aHunving tho failing itrow of the *ti!#i ii 
22 ton* per square inoh in oontpree&Jfm. 

22 A fftrutj conKSting ot a *t«J tube 4 in. outiido diameter and m. 
thiob. i* loftd^ alnng an alia parallel to ibe contra ILfto and i iiu Erom IL 
Tbe tube ifl 120 in. long. The yield atresa of the steel ia 2S ton* per aqu^ 
inch. Find enuhing load oE till) *tmt> ^ (L.U#) 

Student^) arc requEMtod ta salve tho prohlemsp whom paegible, by the 
straight lino and parabolie fomiulao, luiing niiy consilanta ncEjemary Erom tbe 
tablofl. 


€JIAPTEH ¥11 

.Structures with Dead Loads 


83^ Framea or Truss^. A frame is a structure which couaiata 
of ties and struts pin-jointed or riveted together ; its bdividual 
members are in tertsion or compressiDn. Tits take pulls* 
$truis take pashes. 

Notes on the i^ames given in Fig. 93. (») the LunviUc 
or A'-gUnJer* or Pratt Truss. Tho verticals are struts and the 
diagonals arc Tics. 

(c) is tho Howe Tnis^ i the verticals arc in tension and the 
diagonaU are in compression. 

(6) and (d) arc respectively the single and double Warren 
girdersp both ties and struts being inclined, usually at angles 
between 45^^ to 




aaaaaa 

X.VIxM'iNMsN WVVVWWWx l 

e iaaaaa aaaaaa/m 


Yia. C3 


(e) and (/) arc hog-backed lattii-c girders or lattiee bow 
girders, 

(ff) to (n) are various types of rooMrusses, (y) and {h) 
being used for small spans up to 30 ft. or bo ; (i) and (I) for 
large spans of 45 to 50 ft* ■ (»} is a French trnssp which is 

lei 
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used for a span of 60 ft. * (m) ia a eommori factory roof^ 
known as a northern light or saw-tooth roof. The abort side 
is glazed to admit a northern light without direct aunahine. 

S0* AH frames in this chapter and the following ones are taken 
as pin-jointed. 

Frames may bo divided into three classes, yiz.» perfect, 
incomplete or ienperfeetj and sfiednndant, 

A perfect frame has just sufficient members to keep it in 
equilibrium under all systems of loading. Frames in one 
plane are called plane frames- The h^implest plane and per¬ 
fect frame is the triangle: the basis of ad perfect frames. 
The frame in Fig. 04 is a perfect frame. 

d. h f 

<x ^ c 

Fio. &5 

If the diagonals of the frame in Fig. 04 were removed, tlien 
the frame would be Lncompleto or imperfect. Under certain 
conditions of loading it w ill l>e in oquiJibrium. 

The frame in Fig. 95 has too manj'^ nietubers (by ub and bc)^ 
and it is a retluudant frame. If the diagonals at and be ’^vere 
removed, the frame would lj»e perfect, as shown in Fig. 94, 

Jf ab and 6c are only capable of taking tension and are 
consequently quite light, the structure w'ould be just braced; 
for if E?e and ef were taking tension, then ah and 6c would 
slacken off. Counter bracing as shown is inserted if the 
sign of the shear in the bay b likely to change due to loads 
moving over the frame^ Overbraoed frameworks are perhaps 
more rigid than perfect frames, but the loads in the members 
cannot be calculated by simple processes. Often they are 
divided up into perfect frames with certain common members ; 
the loads in each are calculated separately and then added 
algebraically* This is not an accurate method, but it gives a 
close appioxiumtion In many coses.^ The number of mem¬ 
bers in a perfect frame is 2n - wdiexc n is the number of 
joiiits.f Any number greater tlijin 2n-*^ will represent the 
number of "internal” redundant members. 

• Chiiptfsr IX. 

f Clu^ptor IV far Dutoeoti BU|iportfl mid ndumianti^ 
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^10 Methods of Deterniiniiig the Stresses m Framed Perfect 
(Plane) Stnietures^ The forces^ includlDg the reactionfli actiiig 
on the structiirc being known or caloiilat^, the loads in the 
members thcmseiTos muy be found by ene, or a combination 
of three methods— 

(1) The stress or foree diagram ; 

(S) The method of sections ; 

(3) Hesolutiom 

The 3^up|K)rtit for the fraineii will Iw such thub the mat:tions 
can bo cnkulatod by statics] metliotbi* Tlicrc will be no 
redundant re^traiiita at the supi>orta, (jSee Chapter IV,) 
ilL Stress or Force Diagrams. Probably tlie uiost mim- 
factory method of determining the forces in the individual 




member:^ b by means 
of a stress diagram. 

* The followin-g 
method is given by 
Capito in his 
J/^cAaaics — 

Pig. f^G (fl) repre¬ 
sents a triangular 
link frame with three 
forces Pj, and 
Pj acting respec¬ 
tively at the three Fio. so 

joints in the plane of 

the figure. The fetterLiig of the frame and the forces may 
be as shown in the hgure ; it wUl he seen that every bar 
and force has a letter to it$ right and left w hich a name 
to it. The bare axe named thus: 0^4j OBf OC. This is 
called Bow's notation. 

.■“Vs every force ha$ abo a letter on each side^ they niay bo 
imnied^ wdien taking a clockwise direction round the frame, 
ABf EG, CA instead of P|t Pa, P 3 . Finally the joint$ are 
named OABj OBCt and OCA. 

Resolve each of the forces in tlio direction of iU 

adjacent At the joint OAE^ P, Ls resfdvcd into 8^ 

parallel to OA^ aiid S^ along OB ; ftimilarly for the other 
joints. ObviouHly and tS^ act in the same direction but not 
in the same aensoj, and Himilarly for the other forces^ 


* Apf^itd II. (Oriaiifi.) 
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iU 

Tlie givtu furcca wjJl obviously be in equiJibriaiu wlion 

S, + S, ^ 0 8, ^ 0 S^+ S, - 0 

Choo^ any pole 0 in Fig, 00(6), and draw the three straight 
Ijnea Oa, Oh^ and Oc respectively parallel to the bars OA^ 
OBj and OC^ 

Set off to sinne scale Oa = 

Ob ^ S, = ^ 

Oc = 5* — — ^>ap 

then fft = Pu ^ ^nd ca ^ Pt- 

Aa these three latter form a triangle^ they are^ therefore^ in 
equ ilibrium- 

Note,’ — A t each joint there arc two internal forces (in the 
jiienibore) and one external load ; as the frame is in equilib¬ 
rium, then these forces are in equiUbriuni, and so form the 
aides of a triangle* If there are more than two members at a 
joint, then aU the interna! forces and the external force arc 
in oquilibriumj and the forces to scale must form a closed 
polygon, 

Tlio diagram in Fig* 1® called the force-stress diagram* 

When n coplanar straight lines emanate from a point O and 
an n-sided polygon be drawn whose sides are parallel to* or 
pcrpentlicular to* the corresponding lines through 0* then the 
IKdygoii Lb caller! the retdprocal for the [loint 0^ 

In Fig, 90(6) the triangles Oa6* Oca> and Obc are recip¬ 
rocals for the joiiits OAB, OCA^ and OBC respectively j 
hence the force stress diagrani b the reciprotal force diagram 
for the frame shown. Fig, 9G(6) represents the throe triangles 
placed in one figure. In practice, the cjcternal loadings on a 
frame are given ; for known conditions^ and by means of 
momenta or otherwise^ the reactions may he found* 

A simple frame is sho^m in Fig* 97 loaded with a single 
lead W acting vertically at the joint OBC. The frame is 
supported on rollers at the joints OAB and OCA^ 

Let OH ^ OC, 

then obviously the reactions and acting vertically 
upwards arc each equal to -^- 
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Tbo lettering of the djagmntp an indJeatcd^ start-s at the 
centre ^pace 0^ and the remaining apace^ formed are then 
lettered in a clockwise direction, that ia^ lettering aU the 
spaces between tlie external forcea first and then lietween 
the members thomsolTes (aa also shown for another frame in 
Fig. 98). 


W 



A 



Coivtlimingj for the simple frame in Fig. 97^ draw a kind 
diagram (Fig. 1*7 {h} which in this ctMse w ill be a vertical 
straight lino 6c. The ftJixje-stress diagram fur the frame consists 
of a number of triangles^ 

be = W to soak and acting from b to c; that is. down¬ 
wards. 

ca ^ fZ| upwards ; 

ab^R, 

The triangle nAc in this case is a single line^ and Ac = ca + ak 
Considering joint 0.4 iJ. From b on the load diagram 
draw Ao parallel to BO^ and from a,, co parallel to .40; then 
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Oab is tbe triangle of forces for the joint OAB^ and Oa to 
scale represent the intorna] forces in OS and 0*4 acting at 
the joint. 

Considering the joint OBO, ir b the external force, and 
from the previous triangle one Lntenial force Ob is known; 
i.e. on the force-atreas diagram 6c ^ IF ; 06 = internal utreaa 
in OB. Joining O to c completes the stress diagram, which 
is a triangle 06c for the joint OBC, Oc to scale is the 
internal force in the member 00. 

92. The Kmd ot Stream in a Member, (Kig. 09.) (i) Consider¬ 
ing joint OBC. Start with If' and work round the joint in a 


Member- 


OB _ OC QA 

T~ r 

inection Internal Force 


Di 




Stt^t 

± 


1 


Ccrwpond inJ^ to 

t f , , 

External Loads Direct 



F[o, 90 


clookwbe direction^ On the fnrce-atress diagram, starting at 
tc = TF which iH in a downward direction. 

Consider the member OC; in the stre^ diagram, pro¬ 
ceed from c to o Hiis indicates the mternal force in 

the member OC acting towar<ia the joirit OBC; similarly for OB, 
completing the direction round tho streea diagram 0 to h i$ 

in ^ direct Ion d again iadicatiug an internal force acting 

towards tho joint OBC. The dircetions of the internal forces 
at the joint are indicated in Fig. 97. 

(ii) Consider tho joint OAB; on the strees diagram a to 6 is 

I upwards; b to O b ^ * indicatiiig a force acting 

towards the joint OAB^ 0 to n ia - indicating an internal 

force acting away from the joint* 

(ill) Similar reasoning applies for bars at the joint OAO. 
Internal forces acting towards a joint indicate a strut; 
away from a joint, a tie* (Fig. 99*) 
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With this methodp if there are three unknowns to aoi^e 
for at a joints it fails* It is necessary to find one of the 
unkno^'iis by anutJier method* thos leaving two ivluch can 
be fonnd hy continuing the force-stress diagram. 

94, The Method of Sections. If the internal forces acting 
at the joints of the link frame DA^ DH, and DC are balanced, 
equilibrium wdll not be dLsturbed 
by ctitting the bam DB and DC 
(Fig. J00)p provided that the necos- 
sary estemal forces be added at the 
pewnte where the bars arc cut. The 
twn latter forces and force BC must 
balance; but only BO is known. 

Asp howererj the resultant of any 
two of the three forces acts in the 
lino of the third foree^ we may ehoosc 
anv point O in the lino of action of 
one of the unknown forces., say UBf as fulcrum* and measure 
the lengths of the perpendiculars P| and let fall from O 
on the forces BC and CD irapcctively. We have thuSp 

X external force BO — Pj H internal force in DC. 



Fm. m 


Henoe, force in 2>t7 — X force BC, 

By this method, known aa the method of sections, all the 
interiittl forces in the bars may bo determined. 


A 



FlO. 100 A 


IRtisiraiii^e Frobkm 24 * 

A loRfled friuno i« givm ill Fig. 100 A. It i* wqairtjd to find the fonw and 
kind ol fttn* in tho nn'mlx'rt PH and AJ, 

tiku a (llvidmB line, m that when Iftking mornfftt* nbont n pomt 
0, the unknown for™ roquifwl will be the only ufilaiown foiro Iieving a 
moniBnt about this point, Tlws reartiona OTO equal and el d’6 Ojna etujii. 
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To Fisb the Force is DH, The di^^ding line will cut the 
members AJ^ ///* Dfi as indicatoci in Fig. J01(a)^ Thb ixor- 
tioii of the beam b m equilibrium under the loading shown. 
The force in DH is required^ Take momenta about the joint 
AOIUf i.e, point Y, Then from the diagram, 

7*6 X 6 ((^)= D// X 6 

Force in DH ^ dh ^ 7-5 tonSj, and it acts away from its 
joint EFGIJP^ thus indicating a tensile force in the member. 



Fio. LOl 


Similarly for the Member AJ ^ 

Moments about the joint Fig, 101 ( 6 )^ 

Theu X 5 Q) = 7-5 X 10 ((^) + 6 X 6 Q) 
= so (^) tODfl-ft. 


Hence the internal force in AJ = 


50 

0 


= 10 tons ) 


and it acts towanls the joint AOlfJ and. therefore, the member 
b a strut. 


The frame may be cut also indicated in Fig, 101(c). 

In this case take moments again about for the left-hand 
portion. 
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95* Trns Force tx thb: M iiimber JH ig found from the mc'thod 
of R^olutioD of Forces* This method consists in resolving the 
resultant force at any point in a strs^cture or ueroHs a partic- 
uLar section! ^long the membeni of the frame meeting ac that 
point or cut by the section. g 

If there are more than two 
niembem meeting at a 
point;, then all the re¬ 
mainder must be knowit 
in order to obtain the loads 
in the remaining t woby this 
method* Fig. 101 (a)* 

At the joint AJHO^ four 
members meet. It can be 
ahown by the previous 
method that the internal 
compressive force in the 
member AG is 7-5 tons. 

The joint is in equi¬ 
librium, thereforoj the 
algebraic sum of all the 
horizontal components of 
the forces in the members 
must be zero^ and ^^imilarly 
for the vertical com- 
ponentSi 

The members AG and AJ horizontal , GH Terticah and 

Jn (from the dimensions of tlie frame) is at an angle of 45“^ 
to the homontal. 

Let tensde forces be positive and cornprCKHive forces negative. 

Resolving horizon tally ^ 

7-5 {.4f?) - 10 (^4J} - (horizontal component) JH 

Horizontal component in JH + 2*5 
and JII must be a tie^ 

JH cos 45^ ^ 2-5 

thereforej tensile force in JH = 2-5 ^/2 tons* 

The vertical component of the force in JH ^ + 2*5 tons ; 
therefore, the vertical force in the member GH is - 2-5 tons : 
as these are the only two inemben? acting at t lie Joiat ¥ ; 



fd) 
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OH b strut hftYing an intern£il o^:^^npre^M^ive force of 

2-5 ton^i, 

[Note. — GJl takets the shear force (10 - 7-5) tonn — 2-5 tons 
in the sccoinl hay from the left-Jjniul sMp|HJtt.] 

UG. The method of resolution is not bo elegant as the tivo 
previous as a whole. Where members meet at right angbs to 
one another, however, it is often the quicker methocL A 
combmation of the tneihods may be the most useful. 

Problem 25, (Fig* 102,) 

Th« |l^fd(yr ihown In mS ia loodod at tho joint A wit-h b loud 

ot 50 iom. Find tho Idroofl in. lha m^mboirei ntniing th? kind ot 

The force-stress diagram is shown in Fig. 102(6): the arrows 
on the menabers in Fig. 102 indicate w^hether the member is 
a strut or a tie. 


TABLE OF FORCES 


Ut^mber. 

Stmt fS) 
Tin {Tl 

In Member. 

T4>i|i. 

1 

Strut rJ»> 
■or Tie m. 

j Vatet In 

1 Tool. 

BE 

S 

- 33*5 

DE 


0 

BE 

S 

- 37-5 

EF 

T 

-3- V5 X ST-ffl 

BH 

s 

- 25 

FO 

T 

-?■ 12 5 

BJ 

s 


OH 

B 

^ V2 X 12 5 

BL 

S 

- 125 

HJ 

- 

0 

BM 

S 

^ 12^5 

JK 

T 

+ X 12 5 

CM 

- 

0 

KL 

3 

- 12'B 

OK 

3* 

^ 12 5 

LM 

T 

+ y^2 X 12 5 

CO 

T 

+ 37-fi 





Determination of Some of thr Forces by the Methoo 
OF Secttons, Take a dividing line tlimugh the three mem¬ 
bers in the second hay from the left and moments for the left- 
hand portion of the girder about the joint FBHQ^ 

37-5 X - GC X 15 (^) 

Force in OC = 37-5 tons and acting away from its joints so 
that GC h a tie. 

Taking moments of the forces to the left of and about the 
joint CGHJK to give tlie force in BIL 

37-5 X 30 ( (^) + 50 X 15 (^ ) + J3// X 15 Q ) = 

or 37*5 X 30 — rm X 15 — till X 15 = O 


O 
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in Bfl ^ 25 tons and nctiitg towards its |oint, tlierefore* 
negative ^ 

so tliat BIl is a strut- 

The F^rcA in EF by the Mdhod 
qJ Resoluiion of Forces. 

The force in BF can bo shown 
equal to tons. 

Horizontal component of force ^5 
in EF + force in BF =? 0 
EF cos 45 + { - 37-5) = 0 
therefore^ force irt EF 

= ^ = %/2 X 37-5 tons 

COS 45 

and EF is a tie. 

Illustrative Problem 25. 

A WATfen gird{?r, 30 ft. epan« liaa tHiw 
equal tuyA in ill? lowier boom. All tli? 
cliAgonaJ^ ar? inclined at 00° to th? hori- 
%nntiil. There ore loadir n£ 15 toiiA at each 
of the two jointe in the lower boOm. yitld 
the fe-rcea and the kind of force in tho 
memberB of the girder^ (F%. lOS.) 

All the members are 10 ft. long* 

The force-stress diagram is given in Fig. 103(i)* 



TABLE OF FORCES 



Tie (DM 
Stnit ^S). 

Tqtvx tn 
Member. 

Jletdbef. 

Ti* mof 
Strut 

Forcfl Iti 
M enilMirr 

4F 

S 

30 
" V3 

EF 

T 

30 

^ V^3 

AH 

s 

30 

" V5 

ro ' 

— 

3 

BJ 

T 

15 

OH 

— 

0 

00 

T 

30 

HJ 

T 

30 

BE 

T 

15 

; V3 

JA 

S 

30 

“ Vi 

AE 

s i 

1 ,1!?- 
“ V3 
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The student is naked to check the forces by the use of tho 
{^dhcr methods. 

lUuAtraiit^ Pr<Alem 27 («)* .(Fig. 104.) 

Find tho frtrTiS8i4?4 In the of tho tnisa ui Ihc^ sketch, duei to the 

ImdSf indicated, and dutininiiiih which am and which compcoAivo. 

(LC,E., im.\ 


Member: 


AH 

CJ 

DL 

EM 

M6 

kg 

MO 

MJ 

JK 

KL 

LM 


s 



Strut C5) hjrcein 
or Member^ 
r^^tn Tons. 


S -2^7 

S -2*2£ 

S ~2 2B 

S -2-7 

r +2 2S 

T + hB 

T H-2‘25 

S -0 3 

T +0 6 

T +0 6 

S -OB 



Scale ^4<ncK » tTofr* 


Fio. 104 


For the given tfifldiiig, /?i, == — 2 tons. 



Sirut fSli 

Of tli Ifl 

Force !a 
Mroibff. 
Tqu. I 

Mfmlwr. 

f|2 

or Tii {31- 

Wqp^ In 
Ufifflbrr 
Tvai. 

BH 

S 

- 2^7 

J7<7 

T 

+ S'2fl 

CJ 

3 

- 2 25 

HJ 

3 

- 0-S 

BL 

S 

" 3-25 

JK 

T 

o*s 

EM 

S 

- 2 7 

KL 

T 

+ ths 

MO 

T 

+ 2^25 

L.\f 

S 

- o-a 

KQ 

T 

+ J-5 
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Illuslrative Problem 27 (A)* (Fig. 105.) 

TIh^ iru88 in FroUpiu 2.7a k fixed nb on© end eind tin rollora on iha otlief. 
Wind louda, iiidieiUed in ant nn the roof. Find the reACtiona 

olid alno the rorc£» in Iho murntx^f^ dtx?i In UkiA landing. 

Thn reflidtantr of the wind loudiii 11’^ S inns will norrmily to the 
aurfaee at Iha joint BCGl\ Hia roof irues k ia GquiLihfituti ulider ll'n and 
tho two nuMStions : hanee tbo thi90 foroei muat form the three aidu ol h 
triaivglo. at the rollers will act vertically upwaitls. Draw the irion^e 
of external foreeflk inEJudlng the reoctiona na oliown in Fig. 10^. 

ad ^ t tons: as =* Id ton ; tlien dv h in fnagnitude and direction. 
to. = Rj^ = Id ton j ate *=i /?» = l-SS tono. 

Draw the strw dia^am as beforvp st^riirkg; at the left-hand reuction. 


-1 



Illustrative Prohleni 27 (c)^ (Fig. lOB.) 

The roof tms.=i in tbo provioua problems 2!7a and 27ft ia loaded with the same 
dead looik and wind Joftcls aqtlng toother. Find the toi™i in the nsembera- 
Method I« The two looda bCt Independontty and AO obtain a lorce-atreas 
dingmni for each ; add algebmicAJIy the torom in the Enmibera due to the 
two kinda of loadii to i^ve the rcffultant Eotodi in 

Miih^ 2. On the lett side of tlie n™ in Fig. I06o, find the remdiMt 
londB and their LLnoa of actien for the dead ondf wind leada At eaeh |oint 
separately, Aa tho cxtonml leadfi and the reaotiomi are in equibhrsiim, it 
does not lontter the type of trtiBB. Divide it up into singla triangles w OIuh- 
tmted. Working from the ridge Joinh draw a foroe-str™ diagram (for tlie 
newly^rranged Itubs^^ wMoh will evEntually be cloAcd by the reartione which 
ran bo taken off to aceie^ Draw the foree-fftroBa diagram for the original 
tnisap tite load polygon for which will b« ab&te/g. 

The diagtfttufl are given in Fig, 106, 
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07. Root- Tftuss, With Thbkk Unknowns at a Joint 
(Fig, 107). Calculate the reactionu in tlie usual way, starting 
from tha left-1 land reaction. Draw'hig the foree-atreBS diagram, 
the forces in the members f7A', A/1 are found. Proceeding to 
either of the joints CPMLK or KLPA, it is found that there 
are three unknown!; at each joint. 



Diride the truss into two parts by a dividing line through 
tile ridge joint and the member PA ; then the left-h^d iialf 
of the truss is in equilibrium under the external loading, and 
the internal force in P..4 = T = jja acting ae an external force. 
Then from momenta about the ridgo joint, 

Z {momenta of the external forces and -f (pa)A = 0 
In this case, T will act away from the joint, and so P.4 is 
a tie ; pa is thus found, leaving two unknowns at the joint 
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Force in KL ciin tfc founeJ, leaving two unknown^^ 
at the joint CDMLK. Pnxjced ivitli the eompletion of the 
ptress^ diagram by the ufnial methods. 

07rt. Notks on Wind FKK&srnKS* 

P = Intensity of wind pipessiire on n plane normal to the 
direction of the wind. 

P„ =. Nonojil Intensity of w4nd presauro on a plane inclined 
at an angle 6 to the iiorizontai 



Fjo. 107 


Form 01 -A K for 

(!) ^ Psinfl. (See Goodman^s /Ippfied AfecAomcj.) 

2 sin fl /Dachemin^s formula: see Airors 

m “ 


p. = p 


l + ain^fl'^ \ 


(3) 


Handbook by A. Hunter. / 
ii „/Hutton'a formula; ^Appti€d\ 


The tangential component of the pressure P on the surface 
inclined at the angle 9 to the horizontal Is assumed to exert 
no pressure on the plane. 


REFEREKOES 

il) Mechanics tPaft Cftpito. GrIfiVa & Swi,) MoihEidfl aiad 

far fhwliiig: laadi in fTwrwi 

(i) Applitd Meehank*^ (McftQIlan,) Fwrthi-r Dx^plf4. 

(5) EUmtni* a/ Spragu#. E^Bjnpl^ 

(4) Jfw/j and Bridfff*, Merrimail find Jjwcby* (Wiloy.) 

Graphic Siotics (Part llK Mflthoda «nd #XflJupie«- 

( 6 ) Theci^ af JEjni^son. (GnMn.J Furttwr t’XampUjti 

(fl) Airor* 4art4 Stntclvral Er%srintsr*t Handboa^i A. lluat«f. KotM 

on wind preanma^ and icUltUn^ o-f rotif piintipAlir 

(7) aj itfodem fiUcl Slrurlur^t I* ^^riiilor. (MtlcmlllfKll.) 

(SJ Maictn Framcitt Fairt L Skinpb StTH^etu™, Johuj^l, Bryan and 

TnnHiBuro. (Wikfy.) 
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EXAMPLES 

I. ir ti of ^CKthq oE which am incIjiiLd. to Iho vrrtical!^ act 

(HI a. hlngi^ BtruGtum, and ihv difWlion of iho reaction at ona point qf eiip- 
porl ifl k^owRr ihaw haw tha inai^itada of both fr^ielionfl and li'Ki dimctiou 
oE thu ono at thb ollior point oE anppoEt can bo EouncL 

Find tho atreasoa in tlio mcrnwr# oE Lh^ tniaa in Fig. duo to tho 
looda Indicatod, and ahow whloh am tobJdoaa and whioh cooipmOBLOua 




3r If t^ho loEt ojrtmmit j in tho akotch in Fig- 109 ia hinged and tha right 
can sEido horizontally, fmd tlio alresa&a In the metnbtMii duo to a wind of on 
iutenoity to 40 ibu per b^uOm EoOt On a vortiqal Eurface blowing Erom 

left to right, 'rmaaoa iQ ft. opart. (LC.K.) 

4. Draw ft meiprocal diogrun giving tho fomoE o£ the monihers in ilid 

framed eontilover shawn. (Fig. lOU.ji iLD.E.} 

5. Find the itrew« in tho mom bore oE tho trius in tho sketch dua to tho loads 
inJioatad^ and dutinfruiiih whioh am tonmleand which compre^irc. (Fig. 1)0'.) 

(LC.F^) 

0. If tho right oxtmmity of a truss of tho dkrncnaions in the abovo ekotoh 
(Fig, i 10} iahingodp and the left one ia capable of sliding horiKOnUdly, find I he 
Htmoaos in tho members dtie to a horizontal wind of inlcniity cquEd to |b, por 
squom foot on a vcrtic4il surface, blowing from left to right, APSumlEig tliat 
the total wind pronaum on the inclined eurfaco ie oquol to its normal 
camponent. Trusses 10 ft. oentroa, 

7* W a rooE tmaa, aa in the shetch (Fig, 111 h is lofidod as indioaledp draw 
the Eirott diagrftm to seale, showing whioh slressos am tendons and whJeh 
cocnpma&ioxiE, 

8. If trusses similar to that In the sketch (Fig, III), and loaded qe 
shewn, am placed ID ft. apart, and the support at A is hinged and that at Hewn 
slide horUontallyp and a wind is blowing harkontolly from the right-hand 
aide with a force oE 30 lb. per aquore foot on a VErtLeoli Eurfoce^. draw tlio 
SLrOBS diagTam. (LC.Fp.) 

D. In t)ha broeod eontifover shown (Fig. 112), the three mem hero of the 
lower chord am each LU fb III lengthy and tlie upper shard Is Elmiglit and 
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iDjDcrtji the v^Jrtical faoo dE thno wall IS ft^ nbevu tile towwr clicwcL Tlie diagorLBl 
hriwingH ans Mtaehed Ifl lhii> iiippcr ebord at pointe vertacmlly Btx>ve thfl centre* 
of tlw three mcjMiber¥i: of tho lo^or chord. Negli?Clin|ff Ibp of the 

4truetiicop dtair the cocopleto HtT'oon diogmu for it» oiaJ detanaine t>lu rcBctioM 


Fto. in 


Fig. ns 



al D nnd C, distinguishing bet^^n tensidns And com preeeione when InadQ 
of & ioiu Biid 10 tans dm eusponded frewn the jointa A tind B rewpcttivtly. 
Tabulate ihn slrcsada in tlte monibons, (U# of L.) 

10. A Wwereu girdof hoB two boya in the upiiojr and three in tlie lower 

bwnL, It oArrioi ft l4?ad of S tons at Oftch pftuol point bl tli* upper bdoni. 
Draw, to KaleK the atreoa dlftgrnm for iho dirtier. 113.) (I.S.E.j 

11. Determifio tlm rMefeion* uid the forws aoting in the memhors of tho 
vortical freine ahown in Fig- IH- 



Fxo. H4 
















CHAl-TEB Vm 


Deflection of Pekfect Frames Under Dead 1/>ads 

9S^ It bas been shown thatp iliie to lofnle acting on a frames 
tensile or compressiYe forces are induced in the various inem- 
bers of the frames causing lengthening or shortenhig of the 
members. Assuming that the strains are within the elastic 
limits of the material, then the resilience* of each of the 
members can bo &ho wn to be equal to 

IF^L 

2AE 


where F is the total Faroe, L the length of the member^ A the 
cross-sectional area^ E the modulus of elasticity^ 

Let ;rin. be the ext-enaion or compression of a member 
L in. long acting under a load of F tons. A is the cross- 
sectional area, 

F 

X A FL 

L " E ^ “ A JS 

F 

The average internal load acting through the distance ^ is ^ 
therefore the total internal work per member 


" ~ 2 .4 ja 


99. CastigUano^s Theorem. For any franio^ assuming no 
work done by the reactions p 

Total internal work — E internal work of all the mcmlxnrs 
= total external w^ork. 


Consider any stnicture (Fig. 115) loaded w^th a number of 
conccntratOfl loads» 


W, l}\, 11 ^, - \i\ 

Total external work dune on the stnictiLro 

— f/ = H" + ■ W 


■ KwiJiofico = straic {vide iirt. 40), 

L7S 




DEFLECTION OF FEEFECT FRAMES 


170 


j/p yif etc.» are ih^ di?Hec]tiQnj& of the efcnicturs at the 
load pointa and in the &ame direotion as that iii whieb the 
loads act. 

Now kt \V be mcreascd by AWt 
then the deflections under all the 
loads will be increased by dy, 

etc. And a small increu^ in 
extema] work=d[/=internal work 

= Wdy + - dy + lf|dyi 

+ H',dy.+ . (2) 

Now let the leads W + dlf* IK^t 
15 jj eto.^ bo appbod initially i then the work done 

^ b\^UW + dW}(y + dy) 

+ my, + &y,}+ + dy*) + ... 

- lWy+ idTF.y + ilV ^dy 

+ idW + iW,dy, + . . . . (3) 


m 

+ 

ly, tVj W4 


¥ i ?3 i¥* 



u"' 




Subtrjict (i) from (3), then 
U^- V = &V dW‘y + ifr ■ dy + 

+ + . ■ - • • (^) 

Divide Equation (2) by 2 and take the lijnit, then 

dU 

^==lW dy + \n\dt,, + ili\dy.^ + ... . {S) 

Subtract (5) from (4), 


i.e. 


dU 


dU 

alv 


(in the Jimit) 


[0) 


Thiii bi known aa Casliffliana'^ Fimf Theorem, which postulates 
that in any beam or trutui^ subjected to any set of loads, the 
deflection of an arbitrarj' point X is equal to the first partial 
derivative of the intemnl work of deformatioti with respect 
to a load W at the point acting in the direction of the deeired 
deflection. 
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ino. Examples. Consider the Warren frame or girder in 

Fig. 116. 

(ce) Let t\\ be the only external Ick^d acting at the joint 
DEFGC. 

Tho force-stress diagram can be drawn for the frame witli 
only this load acting. 

The force in any inemberj say^ BE ^ ^ j 

where is n numerical eueJficlent. 

SitniliLrly I lie force in member F'-'l — iV* — i 


w here ky is a nuiucrical ooeRieieiit. 



Fiq. 116 


ITse similar notation fur 
tho forceij in the other 
members. 

(6) Let another load JF* 
act as indicated at the joint 
CGHJ B ; a force^stress 
diagram for this load 
acting alone can be 
drawTi. 

Let the force in DE 


due to IFj acting alone be 

Forte in FA due to l\\ ^ ll'^ - where k^ is a 

cfM-'fiictent ; and piniilarly for the other members* etc.* 

and A'/* etc., are niunerieuL coetfieients. 

If a girtler consists of a number of bays and there are loads 
acting at several foiritSp then forces are devele|}ed in each 
member of the frame doe to each load actmg separately, 

{c) Consider the joint w hore 1F| is acting j imagine another 
load of unit magnitude at tho same joint. A force-sirebtii dia¬ 
gram can be draw n for the load of 1 ton acting alone^ and the 
8 hape of this diagram is the same as for IF^ acting alone. 

Then force in BE due to 1 ton acting alone wUl be 
therefore p 


Fipr ^ ki X Ij becanso 1 replaces IF^^ 

Therefore A| h the force in the member DE for unit load at 
the point of application; Ai*^ foree in niember FA due to 
I ton acting alone Instead of 1I\; and so on for all the other 
members. 
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(d) Tlie total work done in any member 
1 FH 

— .—, where F = total force in the member due to external 
2AE^ 

loads 

— "j" 

(e) Total work done on the wliole structure 

~ ^2AE 

1 F^i , ^ FH 

therefore ^ 2 'iE ’ ^ ^ 

^ V = ^ -rmTf fto that tho deflection may h© found for tme 
if ^ ALW 

load from ttiia equation, 

1 F^l ^ 

if) ^ S 2 Afi “ + * • - 

+ I + + . . . W «)* 

4 - . . . etc. . . (7) 

(y) To find the deflection y of the point of application X 
of any load lf\ which is one of a numbor of loads acting on the 
Btructure diflerentiato U partially iivith respect to the load W^. 

aU ^ ^ 3F _l_ 

3\i\ “ ^ 2 ■ air,* AE 

— “h I ”H ■ * * 

+ ki'{Jt/jF, + iv»'i+ • ■ ■ 

+ . , , etc. . . * (S) 

Now {kJV, + k^t + ktli\ -K foiw-strvaa 

diagram for all loads for on© member ^ (t/ S^ i + i + a) 
line on force-stress diagram for all loads for another 
member j and similarly for all tho other iiiembers* 

fJti, ki% etc,^ are forces in the members due to I ton at the 
point of application.) 

7 -4T.5«b> 
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from oqn. (6) 
dU 

but = y the deflection in the direction of IKj, 

V rF I 

^TotalforoeinaiiiemberY force in a metnlxjr \ 
V due to external loada Adue to unit load at X / 

- at —- 


VJ. ^ ± 

^ 'dWi'AE 


where u 


dF 


{9fl) 


The displacement at a point where no load is acting 
= Eero. Jt'i Wi = 0 ; 

llierefore Ai is not equal to EorOp but equal to the force in a 
member due to unit load acting at Hie |>oint where ^ 0. 

The procedure to got the deflection at any point on a loaded 
framed structure la (1) find the load in each bar due to the load¬ 
ing on the structure; (2) take a unit load acting in the pven 
tlirection and treat it as the only force on the structure and 
find the force due to it iu each bar; then (3) use equation (9), 

In solring problems for displacements^ it is best to draw up 
a Table as outline below. 


U) 

(S) 

(3) 


fJ5) 

(S) 

m 

(SJ 

Name or 

No. of 

Force i n 
Htmhvt 

Force in Mom^ 
bor due to 

Product 
(2) X (3} 

; 

A 

1 

X (7) 

Member 

duo to bU 

lowSs 

unifr load at 
jploeo ‘^horo 
deflaotion iro- 
qiurod 

SF 

dw^ 

BW, 




i 

dw^'A 


Sum TqUI of (8) . , X 

wquimJ - 

A 


III bridge frames or girders the loads on the bridge are 
generally transmitted to the main girders by cross girders at 
I he joints, and the dead loads act vertically downwards; it 


















BEFLECflON OF PEEFBm* FBAJ^IES 


183 


h only therefore neoe^ry in the^ cas^ find the vertical 
displacements^ 

101 * If at a joint the load docs not aet vertically downwards, 
the loads in the menahers can be found for the loa^l acting in 
its true direction* unit 
load will act in the 
same direction, and 
the displacement in the 
direction of the load 
may be found. This 
displacement can be re- 37.5 
solved vertically acid 
horizontally. ‘ ' 

Tho horizontal and 
vertical displacements 
can also be found by 
imagining unit hori¬ 
zontal and vertical loads 
at tlie point of applica¬ 
tion. 

The displacement In 
the direction of tho 
load may be found by 
compounding the two 
component displace- Fra. 117 

ments. 

To obtain the displacement of a single point in a trws, the 
equation 



Stress Dla^m 

diue to 
at At 

See Ft£,lf7A'^r 
Stress 
due to 


will usually give the xeadieet elution. To obtain the simuh 
tancous displacements of a number of jwints in a truss, the 
Williot diagram is the simplest and qui^est method. Thia is 
a graphical method of constructing the deflection diagram. 
Space does not permit of the discussion of thLs diagram and 
reference ehould be made to it in other w*orks. It is largely 
u^d for truss deflection problems in the field of statical 
indeterminancy. 


lUu^futive Problem 28 . 

Pari /* latttco girder sliQwn bi Ftj^. 117 If loadMJ Bb the joint A 

with A load of GO toiiB. Find tho Bmaunt of doSodtiOfi of tha g^irdor At 
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th? point A. Tllo 0£Ut«9 tho membcrt id tllD loft-hedld llaU of thd 

gilder lndica>to tiui croiB-BOCiLacibl ima of the member m sqimre mobH (end 
nze iha iHim» far the rigbt-b&ad half), E » 13,000 loni per iq-u&ra inchr 
(LSt.E., 1023.} 



|frsf = i X y X BO 


= estomal work 


Tbo force-stress diagram is as 
B 


in Fig, I Ha (i). 

For the deflection 
of^ vertically down¬ 
wards, as only load 
is at -d, y is tha dis¬ 
placement ; 



_ 1 ^ 

” 2^AE 

F = force in a 
member due to 50 
tons only aating, 

(See Table I, page 
ISO, for forces, etcin 
the members,) 

F^l 

V — ss 158,000 


Fio. liVi, 


totia-in, units 


1 

2 


X 


I 

SO X y = 2 X 


158,900 

13,000 


^ , 158,900 1 

y(mches) = *i;P55 -X^- 


^245 in. 


pqrf IL Far the |^vefi G«ndiU-rmE of loading of tha glrd&r in Fig. in, 
Rnd tbfr dontclion of tba jamt Ag. In thia eue. Imagine u s'urtieui IdacI of 
I ton Ht j 1|. Fmcl Lho forces m the membem due ta thia unit load- Next 
drav np a labte be given in Tabid 1[. 


Let icneile forces be positive and compressive forces 
negative. 

T U for tensile and 0 for compressive forces in the 
following table. 
















TABLE 11 FOR PROBLEM Si, PART n. PAGE IM 



F 

Fore* la I’oaa du 
to LcuuJ ricl&d)' 

Fon»ln 1 

TOtti jtW 
to 1-Con 
LOftdiit 

aadklactlir 

imm 

JJ-a, 

it 

M. 

IlL 

j 

1 

A 

i 

" 1 
4)Ka). 

(l>. 

(2). 

M- 

aii'i 

13). 


_ ifyJt _ 

<d). 


- 

BM 

^ s C 

-*6 0 

+ ISIS 

lao 

12 

15 

+ m 

BF 

- 37'5 C 

-SC 

+ J8-75' 

m 

12 

15 

+ 281 

Bli 

-2S C 

^ 1 G 

-1- 25 

m 

15 

12 

+ 300 

BJ 

-25 C 

J € 

+ 25 

190 

16 

12 

+ 300 

BL 

- 126 G 

— -5 C 

+ 8 25 

ISO 

12 

15 

+ 94 

BAf 

^ 12 5 C 

-SC 

+ fl-25 

ISO 

1-4 

IS 

+ D4 

CAi 

+ 0 

0 

0 

ISO 

10 

11 

8 

CK 

+ !2‘5 T 

+ *S T 

+ 0’35 

ISO 

n 

IB 

+ M 

CGiDO) 

+ 57-a T 

+ -5 T 

1+ ia-75 

1^ 

12 

15 

+ 281 

DE 

+ 0 

0 

0 

ISO 

10 

18 

0 

EF 

+ X 37'S T 

^ 2 

1+ 37 5 

150 

15 

12^2 

^ 838 

FO 

+ 12'5 T 

- s a 

^025 

ISO 

12 

15 

- 04 

QH 

- -/a X 12-5 C 

+ ^T 

-12-5 

X ISO 

10 

lSi/2 

- 318 

HJ 

+ 0 

0 

a 

ISO 

0 

30 

0 

JK 

+ -i/2 X 12*6 T 

^ a ^ 

+ 125 

v"2 X 110 

10 

18v^2 

+ 3L8 

KL 

- 12*6 C 

-sc 

+ 8 25 

ISO 

12 

IS 

+ 84 

LM 

+ V'S X 12-5 T 

+ :^'r 

+ 126 

V2 K ISO 

15 

12v^2 

+ 211 





Tc 

tkl t 

Im + 

2573 
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TAHT.B FOR PRORLKM 28. I, PACK 183 



EIimI. 

Jf^aroE Ia AIcnibrr. 
TPBi - K 

Ikn. 

Avi. 

in. 

F". 

i 1 

F*l 

I ^ 


Slrut (3)^ 

- 37 -6 

ise 

12 

iJOfl 

15 

31,100 

BF 

s 

- 37'fi 

ISO 

12 

1405 

15 

2i1l00 

BH 

s 

- 35 0 

ISO 

16 

625 

12 

7500 

BJ 

s 

- SSO 

180 

15 

625 

12 

7IUVI 

BF. ' 


- 13-G 

180 

12 

156 

15 1 

4 kW 

2340 

BM 

3 

- 12-S 

100 

12 

156 

15 

2340 

CM 

TiofT) 

0 

L0O 

10 

0 

13 

6 

CK 

T 

+ 12'5 

1$0 

L2 

156 

15 

2340 

CO 

T 

+ 37 5 

im 

12 

1406 

)5 

2 MOO 

DE 

T 

0 

ISO 

10 

0 

IS 

0 

EF 

i T 

+ V2 X 37’5 

Va X ISO 

15 

28)2 

12^2 

47^700 

FG 

T 

+ 12-5 

ISO 

12 

150 

)5 

&340 

G}£ 

e 

- V2 X J2 5 

V2 X ISO 

10 

313 

ISV'S 

7950 

HJ 

— 

0 

iso 

5 

1 0 

36 

n 

JK 

T 

+ V2 5^ 12-5 

i/2 X ISO 

JO 

312 

181/2 

V 

7050 

KL 

S 

^ lS^S 

ISO 

12 

L5@ 

15 


LM 

T 

+ ^2 X I^G 

X 180 

15 

312 

)2-/2 

8300 








lfl8.«W 


Non.—T«uit9 larcoB pilu, oonipmMve forcM imiwi, btuI F* ii jilwAy^ 
pgaitivA. 


(Problpm 26, Part II, continnedJ) 

The unit forco-Btress diagram for 1 ten only aetiag at .4i 
U given in Fig. 1 IT (h). 

Sum of column (8) = -f- 3573 tons-in. unite ; 


therefore, deflection of the joint .41 = 


2573 

13,000 


in. = "!fl6 in. 


lUuslreUive Problem 20 . 

A girder 30 ft. apoa threw eqtml htkya m tlie lower boom. All 

the diegonoJi ifO indlllfid ftt 60* to the firiimtiU, llmrei wts toftdi pf 15 
Umn At mch al tha two joltiLif m the lewdr boom. Tlie ^trosn \ti tlib tetidon 
rnamberfl ift G tpn« per aquore mEh, uid in the oofnprcqalan memEiere 3 lOnA 
wr iquora ineh. Find ihe defiDeUpn At the peint* oE Application of the 
ithuia. ^ « 13^000 t43rLffi'Hq. Ln. All inembbni atq 10 ft. Jong. 19^3.)' 

For the calculation of the loads in the members due to the 
external loads of 15 tons acting at the two lower jointa, sm 
Fig, 103 (Chap. Vn)g and Table, page 187. 

The girder b symmetrically loaded; therefore the defleo- 
tion at the two lower joints will be the same, so that 
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Mtmlwf. 

Tie or 
StiVt. 

Fom la 
UoDilwf. 

Jliu 

Awq. 

Inn. 


1 

IH 

A 

AF 

S 

so 
" V3 

m 

10 

ya 

300 

isya 

3000 y a 

AH 

3 

SO 
‘ ^^3 

ISO 

10 

ya 

300 

isya 

aoooya 

BJ 

T 

15 
^ VS 

120 

a 

ya 

75 

40 y 3 

3000 y 3 

CO 

T 

SO 
^ V'S 

120 

0 

y3 

300 

20y3 

6000 y 3 

DM 

T 

la 

^ v^3 

120 

a 

ya 

75 

4Qy3 

3OO0y3 

AE 

S 

" 

120 

10 

ys 

300 

i2y3 

3600 y 3 

EF 

T 

50 

V3 

120 

0 

ya 

300 

soya 

6000 y 3 

FO 

— 

0 

L20 

— 

— 

— 

— 

GH 

— 

0 

ISO 

— 

— 

— 

1 — 

HJ 

T 

30 

^ va 

120 

6 

ya 

acM) 

soy 3 

ioooya 

JA 

3 

50 
^ V3 

120 

LO 

1 y3 

aoo 

isya 

3600 y 3 






ft 

Rijm-j ■* 

38.400 y 3 
Lofu-in. miitf 


11 I F^i 

+ gW'ff “ total external work = 

^ total internal work 

. .1 I I 38,400^1 

that iSjgX 1 SxsH“ 2 X loXy 13 000 

38 , 400^3 . 

»“ “i5oo5irTo“ '’‘"'- 

The deflection of each of the lower joints is equal to ■ 171 in. 
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llluslrativt Probhfn 30 . 

TIki in the previous preblcm is loodod with L5 tons at tho left joint 

in tho lower boom and whh 10 tom at the right |oint. Find the deflection 
pc the joint loaded wilh tlio IQ Unu, the orow-nootLonal aroa« being the SAme 

The force-stress dingram.H required are given in Fig. US, 
and the enlculiitions in Table III. 


TABLE III 


llHqbaf, 

Eli. 

Vma 

In Tou 
to 

lH-^uiil 

lO-tQA 

LoaiIa. 

F 

Forca 

Ln Tom 
diw to 
l-toa 
Lnid At 
thft ID-Ead 
P odot. 

(3h 

- slf, 

^2) K m- 

(4). 

IJn, 

f5>. 

, A «, 

\n. 

(6). 

A 

p#y X 

5iFi'3f 
t*I >« (T). 

AF. . . 

- 15’4 

- -4 

+ B Ifl 

ISO 

10 

V3 

12V3 

+ 126 

AH . . . 

" 13’B 


+ iO-S 

130 

10 

V3 

12V3 

Hr 224 

BJ . 

+ ct 

+ 4 

+ 2’72 

130 

3 

V3 

40 V 3 

+ l&S 

Ct? (QDj . 

+ IB-O 

+ -a 

+ flW 

126 

0 

V3 

2QV3 

+ 3LL 

US -i * t 

■1- 7-7 

+ 2 

+ 1 74 

120 

3 

40V3 

+ 120 

AS. , > 

- 15-4 

- "4 

+ 61S 

120 

10 

t/3 

i2V3 

4- 129 

SF . . . 

+ 16-4 

+ -4 

4^ 616 

120 

6 

V^B 

20 V3 

+ 213 

FQ . . , 

+ J‘6 

^ 4 

^ 0 

m 

B 

V3 

40V3 

- 42 

an.. . 

- I'O 

+ '4 

^ a 

120 

3 

40 V3 

1 ^ 42 

HJ . . . 

+ 1-9 

+ '7a 

117 

120 

6 

\^3 

20 V 3 

+ 41 

JA . . . 

- IS 9 

™ -75 

+ iO 5 

120 

10 

V3 

12V3 

+ 216 






Sum ©f [SJ ™ 

up 

Iquh-ui. 

unit* 


Note.—T etiiile toreoa plim. Qompreasive foreoe ininuj^ 
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Thi^ deflection of the girder At the Joint with the 10*ton load 
U87 


= ‘114 in. 


1^,000 

101a. In Chapter Uii paragraph 40, it was shown that the 

r3r-.dx , 

work done on a beam by bending = U = j (between 



forcc'Stresa Oiairan* Force-Stress O’agram 

Ar foadtcF t Tin^ , with of J5;5as 

dt iO^Tfrt. 70 Tfens 

-1 Inch * 1 Ton. Scale - \ Inch « 10 Torts. 

See T^bte for kinds, ofsirvsses in t^e fmmbers. 

Fig. ]]8 


the required limits) where M = Moment duo to the est'emal 
loads acting at a section X distant x from the origui* 

Consider a beam ]oRde<l in any manner: it is required to 
find the deflection under any load F. By Castigliano's Theorem ^ 

= » = (^’^t>eing constant.) 
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Now M will bo o! the form (for u beam, irregularly loaded, 
and working from the left support as origin) as given below, 

W{l-a) . Tr,(f-6) 

I / 

inf-al* W, F 

+ ir(*-a) + \l\{«-b) + . . . F(x-it)-, , , 

where W, Ws ,... /’.etc,, are nt distances <i, b,c,. . . n, etc., 
from the origin, and where n < 

„„ SJ/ 1 X (I-si)* , ^ , 

1 hus = --i--hi X -n). 


aF 


I 


= Moment nt the section X, due to an Lmagmary 
unit load acting at the point of application 
of F, 


= m. 


Therefore, 



(Moment at the section due to aU the real 
external loads) X {Moment at the section 
due to nn imaginary unit load at the 
point of application}. dx 


El 




M . m , 


the integration being taken between the required limits. 

If the section X considered lies nearer to the origin than the 
point of applieation of F, then (x~n)\s neglected^ as n would 
be equal to^ or greater than, x. 

If it is required to find the dedeotion of tho beam at a point 
where there is no load, place the imaginaiy unit load at thl$ 
point, 31 will be tho moment at any section due simply to 
the real Mtemal loadc and wi the moment at the same section 
due to the imaginary unit load at the point for which the 
deflection is required. 


Example- 

K beflin AC Bupport^ a*id cE I wHei a load of H' t<ms af 

B a dJitanew rU from, A. OdcuMio tli? dcfIccUoa (L) under tbe load bD B, 
and at a duitant = from 4 and bctw^Kri A and #. El ^ constant 

(Fig. USA.J 

{]) Moment at any soction X between .4 and B due to If (.4 
as origin) = - W (1 - n)^. 
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Moment at any section between B and f7 (C as oripnl 
= - Wn * 1 * 

For deflection at B, 

80 that i Try = ^ " "'*** * ^ J^lv^hw • d*i] 


W 


7&nfS 



toW ^ ' -'L___I_ Wat B 

at 3 


An equation from which y can be found 

w o-2»+”-) 

WP 

(2) Deflection at D, distant z from A. 

T. *(I- *) 

Reaction at At due to 1 ton at />, = — ton. 

z 

Rea^ction nt C due to 1 ton at D = j ton. 

Moment at any Section X between A and D (J aa origin) 

j t . . r. 1 X (i-2)3! 

due to unit Joedi D — -^—— 

Moment at any section X^ betv^^n J? and if (d aa origin) 

due to unit load at i) = — 

Moment at any acetion Xi between B and C ((? aa origin} 

I X 2 X 3F 

due to unit load at D = - -^ 
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Deflection «t D {by Caatigliano'e Theorem) = 

= y, = ^[^in!-«)*. *.<«*+ J1v{l -n)x , . 

, xt - (Jf, - e)| rfar* +J^WnXi . ^ * i^JiJ 
Solving the integrals, y^can be found in terms of ir, 2, f, and n. 
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EXAMPLES 

U Explain CoBlrigliana’a Theoreni ndtli referenCa id the deflcolioTt of S 
Htructure due to a systdlil of focCM noting on itk and give b proof of some. 

{[.aEO 

2. PlOVO ilukt tho dol^ec'tion in the diredtien ot aniy one ol 0 eyelenn of 
farcea applied id a ■trOcttifO St tIC point of Application itt equal td the dif- 
feraniiol ooelhcicnli oC Gw total work ddne on Gie stmcLiim unth cosiiecEr ta 
the particiillBr foroc. 




A Wormn girder fFig. 1|W) has four equal bays in the lower boom, and aU 
the triaoglc^ am oquHAtcniJ. 'niere are loedi applied at the pond points 
of the lower hoam, as aliDwn^ The ecotionjil arci of oJI ilw mombers t9 the 
Same. Delenolna the deflection at the cenlm of the girdi'-r. E =x= toOfi 

jwr Etq. in. (IJ. d^ B.J 
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3. In tUo (fonw Bhiiwn (Fig, ISOJ. £icd t\v> diaplawmcnt of tho point O 
perpendicutor to tho b« jtB* Tho lengtlia of thn baia sro »B fqllown— 

AB, BC. BD, EC, 13 ft. each : DE. Iflft. ; EF, 27 ft- 
^tTeas in CddipFeiisicni mpEnbers = 4 totui per gqtiaM ^th. 

Strefis ill tcneion niombsTa “ S ions per iquore mcb. 

E ■» I 2,ODO tails per square idcli. 

Angle between DB and CD=^'^- 

4. Shw bow to find the deflection at a joint in a pin-jointed slrucinw, 
duo to tho octlon of n number of fore™ on it, ^Tcprwscd in lemis of vlio 
Al^DBiies In its mejinborfl due to tho acting forces, ojhI tlioao^ due (fl a fore* 
applied ai tlio given joint and in tho diroctioa the doflectiQia ia roquii™- 

(LC.llid 

^ Referring to Fig. 112 (Chap. VU}, page 177. bnd Uie dofleetion of tlM 
braoed oontilovcr in tlie dirocliotl (oj of tbu &-ton load, (b) of the lO-tflfi 
ABSiiisie if A for toiiiion luembon* ** &0, and for eompcBaaion inrambort ■ i.4. 
® 30,(M10,()CH> lb, por sq. iu. m-? c j 

Ql Taking the Warren girder in Plg+ 113 (Chapn VII}+ page 177, find the 
vertical dofloction of tho centre joint ol iJie top boom, and b 1» oi the joints 
ia tlio lower boom. L^gtJi of bay = 10 ft. E = 30,0€0,000 lb. ptt 

7, A WaTTon giidot 30 ft, span has threw equal bajp^ ifl the lowor boom. 
All tluo diagonals are indined at 60* to the horiiatit*!, loads of 

U tona at oaoh of (he two joints in tho lower boom. Tlie m thn 

tension mentbere ia S toas/square inch ; in tbe comproeaiou inomberfl, 3 t^ni/ 
aquaro inch. Find the deflection at the poiiita nf application of tlM loads. 
£ 13,fHX> tons/squaje inch. _ , i r ^ 

8r A beam airaply supported is 20 ft. long and carrif^s a load of 4 *t 
a point 12 ft. from tbo left aopport. Calculal* the deflection (uamgiho meUiods 
In Chapter Vlll) of tl» bcein under tho load and at a point & ft, from the 
loft support, 

E Ht 12,000 tons per sq- m. 

I >= 100 in. unite. 


6^ If the beam in tlie previous oxamplo {9) is rigidly fined at both enda» 
ikiid ihe loading is the same, ealculato the deflMtions of the beam under the 
load and at a point 6 ft^ from th* left support, ^ 

(Check the results of questions 9 and 10 by melhods given m t^nhapters lil 


10. A^riangular tniea rests on two supports A and B fit th* s^ine 
--I is a hinged immovable supportn and H is a hinge on fjHctionI* rellew. Tlw 
8t«n AB ia 20 It, llio monibore of the truss are AO^ CM^B, D/l and (7iJ. 
AC = aB= 120 in. AD^ DB^ 134 in- CD = m in. Ilia ereaa^ti^al 
nroM bra: ol AO untl CB, 3 sq. in.s cf AD DB, “y 
4 Bq. in. A Vofticul 1««J oI S.OTO lb. and A hor^nUll Umd of 5.0W lb. in 
direotioa A to B act at the joint Calonlmto the horizoutal dsfloetiona oi 
B utul C. Tak« A' » 23>IKM,000 lb. per Bq. in. 


€KACTKR IX 


The Principle of Lex^t Wore—the DEXERMiNATray 

OF THE STRES^Ee^ TST THE MESd^ERS OF RedITNDANT 

Frames and of External Reditsdant Restraints 


102. The stresses in redundant frames canDot be determined 
by the ordinary metbcxls of graphle or analytical stabica. 
The usual procedure has been to work by the method of 
superpo$?ition, by wMch the redundant frame is considered 
divided up into a number of superposed firm or perfect frames, 
and the load divided between tliem^ the stresses in common 
members being added together* The results obtained by 
this method are fairly accurate. 

An analytical method is that dependent upon the Prik- 
ciFLE OF Least Work. By this ruethcKl the cross-sectional 

areas of the members must be 
initially known. The agieement 
between the two methods depends, 
therefor®;, upon these areas.* 

103. Consider Any Stmctoie 
with One Redundant Member. 
Let AB ho the poaition of the 
redundant bar before loading arid 
after loading* (Fig. 121.) 
Prom and drop perpen¬ 
diculars on to S at C and D. 
Let AG = jfij BD = and these are the components of 
the displacements in dilution .tdiJ* 

T tons be the load in AB after loading : I = length AB, 
AB after loading will be strained by an amount y,— Vn 
Tt 

which will be equal to w'here A = cross-section of bar and 



Fio. 121 


E = Yomig^fl modulus. 

Tl 

t/i J/t ■ i ^ (1) 

Now let the bar AB bo removed and replaced by loads Ti 
and Ij at .4 and B res[iectiTely* acting tow^ards B and Tf 
towards A ; tbe loads in the lemaining members will be 

• An analytical znotbed on l}t^ Law oi Virtual Work ih givnn in a 

(npOf by the AutFi^r, vide RoleranCD (0), po^ 220. 

1^4 



TH£ PMINCIPLE OF LEAST WORK 


m 


unaltered, so that ?i and T^ may now be censidered external 
forces at the points of application. 

Tj Trill be e^ual to Tj = i’, as equUibriuni exists. 

Let U ss total internal work of all the mam bore oscept AB. 
and y, will be of opposite senses : 

Pi will be in the direction of Ty, and positive 

y, „ „ opposite direction from and negative 

From the last chapter, and usmg partial differentials, for 
tlioro are two independent variables, 

SV Tl 

~ ■*■ *^* ~ ^AE 

^ ^ ^ 

’er, + 3T,“d7 




Now as 3‘i = r, = 


t^) 


(S) 


r dU dU 

’ . dTi + . dT^jJ on total diff erentiation 


But 


iw_ n 

*'* dT~AE 

AE^dT\2AE) 


W 


(5) 


1 TH 

--te. — work done in the redundant member. 

2 AE 


dJ 
^2 AF^ 


dV 

<t i 


d 


f\Tl\ 

\2Ae) 


dT 


^ 0 


m 


or 


dT 


= 0, or 


{ ^«= N 

<f f lot*] work don* on the roflmbeim I 
Xincludinf; the reducidiJlt taetaber/ 

dT 


= = 0, i.e, a miDimiuD* 

o-i 


(7) 


* Thfl Principle cjI Leoat Work is « «tatoriieiit of the proctieeJ fwt that il *5^ 
elaatie gtructura ia in a stoto of Stablo cquiLibriiim under Bdiy foroet whatever, 
then the wxirk sloretl is anmlluat nmouilt possibUi, It is a parLiouliir case 
of Cu^gUaiio^e i3<?cond TIjwivjh, 

vrhoro ^ ia ffc hiuiiII stmln or difplaccment within the elAUtia Imiit. 

(See K^feFenrrQ (3), pego ^02: aifio of ^nj^rw-rrm^ SiruduTw^ l>y 

A. J, Pipp^J iind J. Y. Ikiker (Amoid ^ OoJ.) 
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104. Thu^t if an olaatic structure Is in stable equilibrium 
under any foroca whatsoever the work stored is the least 
possible amount. To use this method^ replace all the redun¬ 
dant members by loads acting at the required joints for one 
bar* T 2 acting at the uecesaaty joints for another bar, and so 
on. The statically determined system which results from the 
reracival of the redundant bars is cnllod the base or principal 
or [lerfect sj-^tem. 

Althougli it is difficult to prove that each partial differential 
of the total work with respect to one unknown force when 
there are several such forces each unknown, amounts to zero, 
it may be taken as true; 



The number of equations will be the same as the imiubcr of 
unknowns. 

105. For one redundant bar, = 7\ == Force-pair T \ so 
that as before (Chap. VIll)^ 



(g) 


where A:|T| and kx'Ti the loade in a member due to T =* 3^1 
actmg at one point of application and T = acting at the 
other : Z'ltH'' is the load in a member due to aU the external 
loads acting on the perfect frame^ 

±= load in a member replaoLtig by unit load 


(at one point gf application) 


11 


at the other 


Differentiating Equation (8), 



where Fj = ir,T, + Jt,T, + IkW ^ + ZkW 
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and A'l = load in a member due to a pair of unit loads aotUig 
at the |}oliits of applieation, i.e. at the joints of the Euperfluoiis 
bar, 


or 


+ *i') _5^] + ^ - 0 w 


or SKfT, -J-^ + rx,m L + - 0 

or SK,‘T, 

, .. . W‘'i 

where Aj m -j-^r = umty 

^AE 


( 10 ) 


. {IOb)^ 


frir iu the stresit in any member due to the given leads with 
the redundant member removed, and = stress in any mem¬ 
ber due to a pair of unit forces acting on tbe structure, in the 



direction of the redundant member, and at the joints of the 
member. — unity for the redundant member. The de- 
iiomiiiator of tlio right-hand side of the equation (lOa) includes 
all the mombera in the frame: the numerator all except the 
redundant, one. In effect the mcthcni of solution is as follows: 
Imagine tho superfluotifl l>ar is cut and compute the resulting 
relative displacement y' of the faces of this cut bar. Determine 
the tnic Htreas in tho liar, by the principle that it is equal in 
mngiutude to the force pair required to bring these faces into 
uontact. A [»air of onc-pfjuiid forces w'ill move tlio faces a 

• In iKiuBtinn (lOoJ, jiU ) oorrespondfl to F, nnU h\ to U in Muotton {tWiJ. 
pa^ 182. ThenBfero 11 Ob) can be wiiM onl'i” — LF .ii. tlA E. 
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distance of and therefore to moTo the face^j through a distance 
of y' will require a force pair of (1 x yV^j) 1^*. — 5^| lb. 

Equation {Ida} will abo apply for the deterramation of the 
redundant reaction of a trusii which is simply supported at the 
ends and is continuous OYer a third support which is at the 
same level. (5ee Fig. 121a.) 

Let JSy be the redundant force whose value it is desired to find* 
ThenJf, 

where 2^K^lfAE is the deiloction of the truss at point due 
to unit luutl acting at ^ in the direction of ifjj, when the 
redundant support at B is removed. As this support of the 
actual strucLure does not move then there is iio allowance for 
the redundant leaotiou in the denominator of the right-hand 
aide of the equation (106). 

tif' is the stress in any member duo to the original loads 
with the redundant reaction removed» and A" is the stress in 
any member due to the unit load acting at iJ. 

106, For two redundant bare, replace the bars by act¬ 
ing at one end and acting at the other end of 1 redundant 
baCp and iiy acting at the two joint ends of the other bar. 

and Tj are in the directions of their respective bars. The 
redundant bars have been replaced by force paiii^ and 
respectively. 

^ load in a member due to unit load replacing Tf at one 
joint* 

i'/ = load in a member due to umi load replacing T* at the 
other joint. 


Then Ui = + I-,r, + )* 

. { 11 } 


dU, 

then ^ = 0 


^ 2.-1,L' 2A,E 


+ k,'T, + M'. + i-.T. + rft »'){*, + 


,T,l, 
+ j7£ 


(12) 
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Equation (12) cnn b6 ^mtten 

as IfAE + . UAE 

+ EKiiEkW) 1}AE = 0 
or IfAE + . IIAE + EKj!iEk\V)llAE ^ 0 

(A) (B) (0) . {I2a) 

has the same deinitiou ^ in paragraph 105, m the force 
in a member of tho principal systeiUp due to a unit force pair 
replacing the redundant force pair Tj. 

The factor (a) Ln equation (12®) Jnchides all iitembera of the 
base frame, and the one red^indant ineinber stressed to 
The factoid [ b ) and (c) include otdy mombera of the base 
frame. 


= -f i/r, H- k^T, + i‘,T. + ^kW){k, + 

TJ 

+ * * (13) 

If tbe end of a redundant bar meets at a support pointp in 
this case will be ssero* 

Equation (L3) can be written 

. IIAE + T^K^HiAE + EK^{EkW)tlAE - 0 {13o) 

A gonerat method of uTiting the equations (12a) and (I3q) is 
J/* = 0 ^ y/+ . . (126) 

yu = 0 = -h + 7sS^iiii ♦ ■ - (136) 

ALhio from MaxwoIFs Theorem ^ i/oa* 

The Inierpreiatum of Eqwiium (126). 

The statically determined system which resnU« from the 
removal of the redandanta and Tj is called the fca^e or 
princip€U system^ If now we imagine the rediindante and 
Ij to bo entirely re moved ^ and the specified leading applied 
to the base frame, then there will result a certain relative 
displacement ^ ZKy{ZkiV)llAE of one of the equal and 
opposite forces with respect to the other. If we now imagine 
the specified loading removed, aijd the force pairs Ti and 5P, 
applied to tbe base frame in turn, it is found that the relative 


3od 64; sifio Roforvuca (9), ^^0. 
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movement of one of the forcos Ti with respect to the other 
force iTi la ^ T^SKt^ IfAB 


(where i& thu aixiouDt due to unit loading, and includea the 
unit oxton«ion of the redundant member) plus a fiirther amount 

where ysM is the relative movement of one of the forces Tj 
due to the unit force pair acting at the points of application 
of the force pair acts at points A and at points B. 

Similarly for Equation (136). 



Scale' aTswi&* \ fneh. 
Fto. in 


lUu^traiive PrMem 31. 

Find ihQ l^reoa m Uia nifittibcrs nf %h9 frftmti given in Fig. 1S2. 

To find the forces in ttie redundant membera by super¬ 
position, make the frame into two perfect frames, and in this 
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case eaeh perfect frame t^kes the whole By mcaru 

of stress diagrams, find the loads in the members; for any 
member wliieh occurs m both perfect frames p take the mean 
of the forces in it due to the two loadings to give the 
approximate actual force in the member^ 

Solution 13 by the methcjd previouialy detailed 

JSTj^Jtiand V = 0 

for there is no displacement of the force acting at the support. 


TABLE FOR ILLUSTRATIVE PROBLEM 31 



aw Fo™ 
4lefi to _ 

2^ usd 4^ 
Actiluf OA A 

r«Wet Frarat. 

llOA 

to Lend Al 
Jottil il) 

■ *1 

lEA* 

A 

«|Ja. 

i 

A ' 


*''1- 

Clndudilifl 

rt^diandAui 

Dscmtitr^ 

BO , . 

- 2<i* 

~ 0-55 

60 

5 

1 20 

+ 22-0 

-h eo 

C<? . . 

- 0-2 

« Cl-cc 

51 

3 

17 

+ 30 

+ 15-s 

DE . . 

- 3-0 

- 0 75 

72 

3 

24 

+ 54 0 

+ 13-3 

EA , . 

+ 1*7 

- OdS 

oa 

1 


- 7&-S 

+ 22-1 

, 

— 

+ O'TS 

SI 

1 

M 

- 130-0 

+ 470 

EF . . 

(redimdOJIt) 

(Hi) 

los 

I 

LOS 

I " 

+ 108 0 






ToteJ . 

^ 13S-S 

+ ei&* 


Yrom equatbia (lOa) =t - 



310’4 — I3S’^ 

Ti = + -SS tgcQ (totuilfljr* 

t ComprsflBivo force - ; Ustiailc + - 


AcTCTAL FoaCES tlifi MaHBESa* LVQLPDl?fP TJU HEPPFTDAlNrT SfKMBXR 



Jd.^lZr9 4^ ^ IIA 

^IF, 

t.Ti 

llHAttAnt Fo^rtw 
bj i^nclpteoi 

F - aw + tiTi 
tCJAJ, 

Bj SgjhTfpaaJlioo of 
^^*el FTHEnPlI.* 

i Tom. 

BQ . . 

- 2-0 

- 0-30 

- 2-56 

-S-0 

CO. . . 

, 0 2 

- 0 00 

- O-SO 

- 1-45 

de. . . 

- 3-0 

- n 50 

3 50 

- 3-0 

EA. . * 

+ 1-7 

1 - 0-53 

1-38 

+ 1 05 

EO . . 

■ - 2’2 

+ 0 SO 

- 1-70 

- I-l 

EF. . . 

— 

+ O'Oa 

4- 0 06 

+ n 


ii' due to A foree aotlnfl at thA aupport in wrtt for a 11 tnembera. 


=• The posSti™ Higii indicAteta tliAt ST^ Acts lA tbs diTAclioA. ol tbs Applied 

imit l<VAd^ bad vio9 vcw» , _ 

t Each pAifccfc fmm& takca th® v^htAe looduig, and tbo twiiltant fore* in 
II mtnuber u Uie meAii of the twa forceA, 

The betw™ the for™ in the mma loeinber dopMd* upoa the 

■^rfrav of tliD nLeinbeiift j in one cajms, knewii 4 Sa the Aeoond p iin.kn.Qwii. 
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JUuntrative Proliiem 32, 

Find Uto forcw In (liu iHCmb&lB of tbc l^^odcd Frnzno gil^n in Ft^. 

'Hifr CilloulaitOiiB Ana in ilia ttireQ lablea shown an pagaq ^^3-204, 

Thft oma^sactionsl nir>&ni af thn momban am given in the fliat tabln on 
pagB soa. 

I)" la thfr ii&m« far ti]l m^tnbairfl. 


B^y*t 00 in. longj beighi OOiu. 



107- Work Due to BeEding^ Using Monients Instead of Forces* 
In Chapter III it waa ahown that the internal B'ork stored in 
n beam between two llmite of af i= 0 and x = due to 
bending was 

I 2EI 

fc/ 

By similar reasoning as for forees, if the total internal work 
done by bending 15 a niinizniitn^ and this w'ork depends upon 
eome unknown factor, then difforentiating the total internal 
work with respect to the unknown factor, the result nuisfc be 
equal to zero. 

108, A diroction-fijced-eiided beam carries a contra! load of 
ir tons. 

Find the end fixing moments. (Fig. i>ago 204.) 

Moment at a section X between the nrigin and IF 



where 3/(j is the end fixing moment. 
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TABLE A FOR ILLUSTRATIVE PROBLEM 32 


Totuiile Foroos ; CampreBsivB Fences — 


Mrcnlwr. 

(■5^ Bue yraiDfl 
DIhgnin.) 

inorcs 
to &£Cd.l3Kl 
L^i^Lvcn 
the Bm 
iiYttlner 

Form dEW 

Ui farec 
pulr of 

1 Ida 

ictliaeLD 
dlffi^tlAbdd 
fODH mlf 

at TLjoflDie. 

Kt (dhO- 

i Fofoa duo 

1 %a fapu 

pair Of 

1 lOD 

Kilng In 
dlHCtjda of 
force pftit 

afTplomUp 
JI| lOOf. 

1 

In. 

j 

HI- In 1 

tfA 

AF . 

* 

_ 

50 

0 

0 


30 

30 

AO . . 



5^0 

0 

0 

m 

25 

24 

AJ . . 

+ 


BO 

-0^70 

0 

60 

30 

20 

AK . 



SO 

0 

r 0’70 

00 

3-0 

20 

^Af . . 


- 

7-0 

0 

0 

60 

25 

34 

A2^ . 



70 

0 

0 

60 

20 

30 

BN . 



0 

0 

0 

eo 

10 

60 

CL . . 


+ 

7-0 

0 

-0-70 

60 

15 

40 

DH . 


+ 

50 

-0-70 

0 

60 

1-5 

40 

EF . 



0 

0 

0 

60 

10 

60 

FO . 


+ 

7-0 

0 

0 

65 


85 

OH . 



30 

-0-70 

0 

60 

1-0 

SO 

HJ . . 


+ 

45 

4 L OO 

0 

1 B5 

1-0 

85 

JK . . 



0 

-070 

-0-70 

60 

I-O 

60 

KL . 



15 

0 

4 100 

85 

]-0 

65 

LM . * 



1-0 

0 

-0-70 

00 

1-0 

60 

MN 


4 10 0 

0 

; 0 

85 

10 

85 

]^4duikdjl£lt (]} 




(1-0} 

— 

85 

1 20 

43-5 


* 




(1-0) 

$a 

2 0 

43-5 


Uembflr. 

E,' ! 

1 

ff.-A, 


{itwyMt 

AF , 

0 

0 1 

0 

0 

0 

AC . 

0 

0 

0 

0 

0 

vlJ . . . 

+ 0-J50 

0 

0 

4 5^ 6 

0 

. 

0 

4 0-50 1 

0 

0 

4 5- 0 

AM . 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

BN * . , 

1 0 

0 

0 

- 0 ' 

0 

€L - 

0 

4 0-50 

0 

0 

-4-S 


4 0 00 

0 

0 

— 3-5 

0 

EF . . . 

0 

0 

0 

il 

0 

FG . . . 

0 

0 

0 

0 

0 

ON . . . 

4 0-50 

, 0 

0 

4^1 

0 

HJ . . . 

4 l-O 

, ^ 

0 

4 4-5 

0 

JK . . . 

4 0-50 

4 0 50 

4 0-S0 

0 

0 

KXr , . . 

0 

4 1 00 

0 

0 

4 1-5 

LM . 

0 

4 0-50 

0 

0 

4 0-7 

AfK . . . 

0 

0 

0 

0 

0 

Rediuidunt Tj (1) . 

(10] 

0 

0 

— 

1 ^ 


0 

(1-0) 

0 

1 — ■ 
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afH 


mmher. 

}r/.i 



1 itlilV} K 

E - L 


ToUl 

Fotm 

Ifl tlw 
UenitHr. 
Totu. 

AF . 

0 

0 

0 

0 

0 

- 5 00 

AG . 

D 

0 

0 

0 

0 

- S-00 

AJ , , 

4- JO-0 

0 

0 

+ H2 0 

0 

- 6 40 

AK . 

0 

+ IfrO 

0 

0 

+ U2'0 

^ 7-94 

AM . 

0 

0 

0 

0 

0 

- 7-0^) 

AN * . 

0 

0 

0 

0 

0 

- 7 00 

BN . 

0 

0 

0 

0 

0 

0 

€B . , 

ti 

+ 20 0 

0 

0 

- josh:^ 

+ 7^06 

m . . 

+ so 0 

0 

0 

-140 0 

0 

+ 6 S4 

EF * , 

0 

0 

0 

0 

0 

0 

^■0 

0 

0 

0 

0 

0 

+ 7 00 

OH . . 

+ 300 

0 

0 

+ 1200 

0 

^ 1-46 

HJ , 

+ &S0 

0 

0 

+ 3SS-3 

0 

+ 2-30 

JK . . 

+ S0(J 

+ 300 

+ 30 0 

0 

0 

+ 1-eo 

KL . . 

0 

+ 

0 

0 

+ 127-5 

+ 1-44 

LM . 

0 

+ 30-0 

0 

0 

+ 42 0 

- 0-04 

MN . 

0 

0 

0 

0 

0 

+ 10 00 

Hedun4ant f^i (IJ 

{42S^ 
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— 

— 

- 2-20 

nt2) 


(420) 

— 

— 

— 

^ 0 OO 


+ 217 5 

+ 217-S 

1 

+ 30^ 

+ 4S0-3 

+ S5-5 



217-03*1 + 307*, *1* 4S0-5 = 0 
atT-as*, -v 303*1 + ®s-s = 0 


On Solution 3*1 = - 2-21} toru) 
r, = ^ O OP ton 





Total internal work duo to bending 
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The redundant quantity is Jfa, and the total internal work 
must lie a mimiuum for the application of J/g. 

irz 

Jf, = — units (cf. Chap. IV) 

100. A Oontmnons Beam (Fig. 124) of two equal spans is 
uniformly loaded with w tons per foot run for both spans, Find 
tlie value of the fixing moment Jf, at the centre support, the 

Mg 

w tof^s per foot 


I X\ | B ~} 


Fio, 124 

supporta being o-t the same levels. Fo^ tlie first spanp the 
moment nt a sec lion X distance a! from the origin ia 

31^ wtx 

Jfi ^ ^ +-^ 2 

Trital internal work for the first spniip 

wh:\^ _ 

-i *dx 


2 7 


__ 1 wx^ 5 

^~2ElJ W 2 ■ 

Let -p - = .4 and g = B 

= ^ + BV) • dor 

Integrating and substituting the value a? = (, 

1 / ABP 
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. (IJ) 
'2U. 

Mm is the unknown redimdaDt*; therefotti 

Sift ~ 3 12 “ ® 

^ 1= ^ IV.) 


Substituting for A and B 

1 fAh^l M^wP , M^P\ 

^~2El\ 3 3 ■'■ i J ^ 

£/( =2 total intemal work for the two spans ^ 


Illustrative Problem 33:f 

TVa vurtifia] poila ] 5 ft. Apof t tmd 15 tt. mod^ oE fi iii. x 3 in. Biittali 
H|And&fd be*m SDelionB, aro hinged at thoir bfliKfl, luiiJ ih«r caps aro con- 
ni>ehsd by a bocun qI the samo wetion ngklLy atlDchcd to oaoh. If thii 
boom mrHoa a oaniral Vertical Joud of 1 uhi, Esatimate tha mAximiim (xinding 
mpiniant on tliti beam and on the (Fijgk L2S.]I 


t7bn 



The structuro of Problem 33 ia an example of a rigid frame 
stmeturo, whore the members oonalat of Ijoams and oolutuna. 
The joints of the coiumua and beams are aSHumed rigid, i.e. 
the rotation of all the bars meeting at- a joint is the same. 

* Chaptar TV. 

t Ftobicm mi for soluhon^ Morltyv d/S irticluft*. A j^ctnl lolu- 

tian of ihs type nf Atmetnro giv*nn in this problem haa been stat^ by E. H. 
BAtAmom in tn* 
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The bflsea of the columns muy be fiied or binged. In the 
example given, the frame is wade up of two columns and one 
beam which is centrally loaded. There will therefore te two 
couples of equal magnUude, which will act at the horizontal 
ends of the beam and will oppose the to rotation of the ends, 
so representing the action of the vertical bars on the beam. 
The end beam couple if* can be considered as the only atatio- 
ally indeterminate quantity (see Chapter IV). The Muple Mj, 
will also act as the couple at the end of the vertical posts 

bending the bars. , 

As the beam is rigidly fixed to the poets, the fixing couples 
at the ends of the beam will cause a horizontal force at each 
of the base hinges; as there arc no horizontal in the 

svstom, these will be equal and opposite (and their direction 
h shown in Fig, 125). The vertical reactions at the hinges 
W 1 

tt'ill bo each “ ^ 2 

The diagram of forces and moments is shown in Fig. 125. 
Neglect work done due to direct and shear forces. 

The total work done by bending on the beam and columns 





(If, 

2Ei 


E and / the same for columns and beam. 

= 2821 /, + 


Ijet if, bo the unknown redundant,^ 


then 25 J /,-28 = 0 

Ma= 4- 1T2 tons-feet 

Maximum poaitive moment on the columns = 1*12 tons-ft. 

,, beam — » 


• Sm CbapUsT rv, pagfr 78. 
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Maximum negative moment for the beam 



10£k^. The Solution of Statically tudeterminate Stmetures 
from the Moment Defleetion Method. In para. 101a it vfm 
ahown that 



where J/ moment at any aeotiou of the structure due to the 


specified loading and m = moment at the section due to an 


imaginary unit load applied at the point at wlueh it h desired 
to find y. In the following exanipb it bo shown how the 
above equation ean be applied to the solution of tho statically 
indeterminate problem in general. 

ExATjpnE. 

DotormiiiG' tho r^Bction of tho oentre nupport of b oonttllUOUi gicUer 
A EC rwtln^ on thm wupporU all at thd same lovel. 

Romove the centre support and imagine the simple beam 
AC acted upon by the specified loads. Calculate the displace¬ 
ment at the section B. Imagine now the reactiori at the 
centre eupport Ba only applied to the simple beam AC. TJien 
will be of such a magnitude that the displacement of B for 
only on the beam will be eq^ual (but of opposite sense) to the 
displacement of the simple beam AC under the specified leading. 



1 / Mt + BufOt, 


where 3Fg is the simple beam moment due to the specified [oads 
at any point of .^tC, and is J^i, times the simple beam 

moment of any {xiint in AC due to unit load applied at B, 



TOji* . dx 
El 



Compare equation (106), 
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The general equation is of the form 

= 0 ss yj' + (see also Kquation (lOa) ) 

Generally, if a beam ABCD is csontinuouB and rests on four 
rigid supports all at the same level, then suppose the reactions 
ffa and Mq at the intermediate supports arc the redundant 
ones, aitd roforring also to Equation {12&), page 199. 

ya ^ 0 = pB* “I" -SEyBfl 4" • (1*^) 

and yo = — Ife + Sa&vu + > (Ifi) 


In Equation (16) above yp' and ysp havo the same definition as 
in the previous example and 



.dx 


= deflection at B due to unit load only acting at 
C on the simple beam AD. 


Similar definitions and forms apply to yc', yes. and yce- 
Also, y™ = yw? from MaxweH’s theorem of reciprocal deflec¬ 
tions.* The equations can therefore be solved for J?* and 
The foUou'ing problems illustrate the above method for 
singly determinate structures. 

(o) Tfie Continuous Ginhr of Tim Eqitol Spans and Carry¬ 
ing n Uniform Load. (Fig. 12®.) 

El — Constant 


lo per t/mt length 



Fm. 126 


Treat the oentro supi^rt as redundant and take the origin 
at A. Working from A{x = 0) to a; = L 

, , wx- , X 

il/, != wLx — 5“ and nip s= 


* Sc* 64, and Kefenenco (tij, pofip tW- 
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~ El Jn ” 4 ” 24iS?/ 

2 ^ 2 r^‘x^ , 

y.^ = Tii T-^ 

u 

^ 6i,7 

, fi 

« Vb S * 

= --— -- yr- = - ~taL. 

* yta 4 


The si^ ot Rb ueg&tivo which indicates that it acts in an 
npw'urd direction. 

3 L 

3/b = - ^tsL X L + wL X ^ 

wL* 

= {c/1 Para. lOD.) 

( 6 ) P^iai Fmim. 

A gienera! Bolutiou of the portal ahown in Fig* 127a by uaa 
of the equation (16). 





Tho homontal reaction is treated as nxlunclant^ and the 
effects of longitudinal and shear force strains arc neglected. 
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The fundamental equation is 




Jfj, ,m^.dx _2 


El ' E'h 


^ElJ, 

^ hH 
£?/; “ 3 i?/i ■** Elt 


2 r“ -P* . j Eu* 

rT-f I * h * dx -- — p r 


~ '8EIf 
_ 2 ^ hH 
~ 3 EIi"^ Elt 


Phi* 



mj} . dx 



8£j, 


pp 



2_^ 

3 Ell '^h 


8/, when E is the some for all 
2h^ hi members. 



The unit load was applied outwardly i the minua ajgu shows that 
Um. acts inwardly. 

The moments at tho joints are obTioualy equal to H^h In 
magnitude. 

If the properties of the column and beam of Problem 33 
ate inserted in the equation for it will be found that its 
value is - 0*076 tons. 

(c) Portal PramA wilA Sida ifeftsontol Load P at the Top oj 
<me Column. (Fig. 127b.) 

Neglect the effect of the axial and shear forces. Let be 
the r^undant quantity. 



Jf j = 0 for AB; Jf* = for any section distant x &om 
the origin B for beam BC. 

M, = Px for any seotion distant * from the origin D for the 
column CD. 

m* = 1 X for the columns with origins at A and D. 

^ 1 X & at any section of the beam with origin at £. 
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Ms. m4, <£r^ f‘ Phx K^dx f Pz *. dx 

m ~Jo M~ir 

_ Ph*l Ph> 

~ !£?/, 3Eli 



Tio 127n 


^ f ^dz f' h* .dz 

-y ‘EiT+J, 

_2 m 

2 ff/, 3 & 7 , P 

’’■ "* “ “ kH 2 jP “ 2 
£/; **■ 3 m\ 

value is also given by the usuat approximate formula 
for F acting at the top of the column, and for no axial shorten* 
ing of the member. 

109 A. In connection with the solution of rigid frames and 
oontinuouB structures, special a]ml>iiical methods of solution 
have been developed, and the rcatler \vho is interested is 
referred to w^orks dealing with these methods. Well-known 
ones are the method, the 

method sponsored by Professor Hardy Cross, the Slope-distr^m- 
iio» method of Goldberg, and the 





















213 


THE PEiSfCirLE OF LEAliT WOEK 


method of Bateman. Also in certain cases, solutions cart b« 
obtained by the use of the theorem of three moments applied 
to continuous frames. 

Consider the frame given in Problem 2 of the exan»ples at 
tiie end of this chapter. As AS b shorter than DC, there will 
be a dtsplacoment of B relative to .d and C relative to D. 
These displacements y will be the same and imagine the move¬ 
ment takes place to the right. The distorted frame can then 
be imagined opened out as in Fig. 127o. 

£ tfie s^ine ftr j// 



As there are hmgt» at -4 and D, no moments can oc<mr at 
these points. Let if* and if, be the hogging couples at B and 
C. {Soe equation (24), Chapter IV.) 

Considering members AB anti BC, 




315 J ^ *^315 


37&ir 6Ey 
fO X 31S " 8 


(H) 


Considering members BC and CD, 



375 ir 

10 X 315 12 ' 


( 18 ) 


If // is taken as the horizontal component of the reactions 
at the tiinges A and D, then 3/p “ Si? Mq ^ 

Substituting in equations (17) and (15)t eliminating y and 
solving for H, it is fonnd that // — 0'234 ton. 

lOJte. E. H, Bateman has shown tliat the strain energy 
V in an elastic bar AB, of stiffness 

is bent by any distribution of transverse loading and by end 
moments Jf* and Af*, is given by 

GEK^^U ^ {M, - F,)* - (ilf* ^ F.) 




( 19 ) 
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where E is Young’s Modulus, and are the end moments 
at A and B which would be produced by the tranaverse loadinga 
if the ends of the bar were fized in direction, and 0 is indepen¬ 
dent of 3ft and 3 / 5 . The determination of ft and Fg is simple. 

For a concentrated transTerse load P, at a point distant x 
from A, 

Ft != Px(l -x/i)» Pft s= Px(l -x/i). x/l 
and for a distributed loud 

F^ = £ wx{l - xtl}*,dx, Fa-* £ iPX{l-xfl).xfi,iix 
where w iii atiy fuuQtiou of as. 

If Fl is taken acting in a po^aitiTie direction, then it ia a 
positive number^ and F^ acting in a negative direction k a 
negative nnmbor. K and 31s act in the aame directiona aa 
Fi and JFbp then their ^igiifs are the if they act in the 

oppositive direction, then they are of the opposite sign. 


Sigjis of Momenis. 

End moments and end-fixing moments are all positive when 
operating in an anti-clock\il 0 e rotation. Downward vertical 
forces acting on horixonfcal members give a positive fixing 
moment at the left-hand end of a member, and a negative 
fixing moment at the right-hand end. Similarly for a vertical 
member, if the applied force acta homontally in a left-to-right 
direction, then the fixing moment is positive at the bottom^ 
and negHtivo at the top of the member. 

The complete solution for the portal frame and loading given 
in Fig. 127a b now easily doiiv^ by the application of OiMati- 
gliano's theorem of mminmm strain energy. 

Considering the beam BC, we have, using equation (10), 

6FV/.17« *: {M, - F,}» - (3f. - F,)(+ M, - F,) 

Let 3/, be tbe redundant we wish to find. Owing to symmetry 

3/g = -3/# in magnitude and F# = -Fg aa the beam is loaded 
PI 

at tbe centre. Fj = — 
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^15 


tEi^i • J ~ y + t) 

/ Pi\* 

^ “ ^-a "1’ 

Corutidering the columns AH end CD, the fixing oouple at 
the end B of column AB Is - ift and at the end C of column 
6’/> is d- ifoi as these membora carry no toinsverse load then 


^ P, = i’c = F„ ^ 0 

Also dfa = 

There are no fixing couples at the hinges. 


Then dEJJk , l/n = Jfa* + Cjii 

and 0 jEi/i/A . Vcd = A/j,* + 


Adding together 

6i:. u = ) + £( . Y + 

C»o + *1" 

Solving for Jfi 


3P*in 

04 ) 


• IS; ^ V ’ /r^ * 4 " 


J/,= 


SPP 

8/i /'+ h**' heam 

2 A ^ - for coL BA } 

A 


J/p = — JJJi, when considering column AB. 

87 

77* — - (See equation for ou page SI 1.) 

3A ■‘’A 

Pro6(««. The solution of the Portal Frame loaded as in 
Pig. 127 b . 

Referring to this figure. As there are hinges at A a^d D 
there will be no moments at these points. There will he ^fixing 
conples at B for the column AB and for the beam BC. lot 
these #>uplcs be + tliere will l*e equal ooupics at the 
end C of beam BC and the top of the column CD: let these 
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coupli^ be + iVc- ^B Me nifty be ngerded as the unknown 

quantities: they are not independent, for it can be easily 
fthoa'n that M% + = M = PA. Let J/j be the redundant 

couple it is desired to find. The direction-axing couples F for 
the three members are aU zero for the loading used. 

Strain energy equations for the columns are 



The strain energy equation for the beam is 



The total strain energy for the portal is 



The equation of equilibrium between the external forces and 
the terminal couples is 

J/b + Afg + J/ S= 0.(20) 

where M is the moment about D of the horizontal components 
of eh of the external forces, in the direction of a positive ter¬ 
minal couple. Since and are not independent, only 
one equation wdU be required to establish the condition of 
minimum strain energy, and this is written 



Also wo Lave from equation (SO) 



Then equation (SI) becomes 



Abo, J/o = *-A/B-Af 


Then 
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Now 


+ Ph 
J/„ = -PA/2 


Considering the column AB. 

Let H be the horizontat tlimst at the hinge which is 
balanced by an equal and opposite shear force H at the top 
of the columns. Then Bh + J/j ^ 0, 
jp 

Then Jif = — and acta in the opposite direction to P, i.e. 

towardfl Bh ia poaLtive md thb couple pof^itive 

ftenac (and therefore sense of miration is anti-cioekwiee), TJic 
aame procedure is adopted for Portal Frames haTing fixed 
column bases: the general solution for such |iortaIs when all 
the members are loaded transversely has been given by 
Bateman in his paper in the Philosophical Magazine^ May, 
1934. From the general solution^ the result for any kind of 
loading can be easily aseertained. 

Solution of ProbUm (2) Examples, page 220^ by the Previous 
Method. 

There will be no couples at the column bases, hut there wdli 
be equal and opposite horizontal forces acting inwards equal 
to H. The terminal couple at the top of column will be 
Sff and at the top of column DC it will bo 1| X 8JS = 12H. 

Let S// = 31 which is the terminal ecniple at B of the beam 
BC : the terminal couple at O of the beam EC w ill be - 3/2df* 

As the beam BC is centrally loaded, tho direction-fixing 
couples for B and C wdll be + F and - F respectively. 

The strain energy for the w'hole aj^tem can be w ritten 







^ si’ll + c 


Cftnoelling 6E and differentiating, 
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15 

M =: , \ F = — tons-ffc. M = 1-81 tona^ft. 

153'a 4 

8// =5 1'8S /- H. = 0-25 ton 

anil acts from loft to riglit at bum of Column 

{Cf. 0'2M by continuoiia beam mot hod.) 

For the solution of i>orto!$ and continuous frames haring 
built-in or fixed column bases, the student is referred to the 
papers by E. H. Bateman, which are noted io the reference 
at the end of the chapter, 

109iii. Meehamcal Solntion-* Experiments on models of struc¬ 
tures to determine the redundants of reactions or stressee for 
the corresponding full-scale structure. Only the outline of the 



Tia. 127d 


method can be g^vaii^ by showing the application to the con¬ 
tinuous beam of Pig, 127 d. 

In thb metliod the fundamental structure is not the simple 
structure vdth. all redundants removed: it is the structure 
obtained by the removal of the tedtindaut it is desired to find, 
and no other* Let it be supposed that in the above girder it 
is required to find the value of the reaction Zb for a unit load 
at any point E on the beam. Tlie support at B is removed and 
the girder ACD is considered and is our base system. Let i 
be the deflection at any point on the beam, then 



where in general Am jk the deflection at B due to unit load at E 
on the girder ACD, and is the vertical deflection at B 
due to unit load at JJ, 

For solution, a model of the beam h made to scale, and by 
means of suitable arrangements it is supported and hinged at 
the corresponding pjints .4, C, and /J, The value of 1 of the 
beam is proportional to that of the actual girder* The model 


* A fiiJI diAaufiBidn of ihim oolution is giv'vn in ivo puper^ nf re^-nrenoo 
(0), page £SO, and io the paper of reference (S), page 219. 
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is displaced at the corresponding point B by an amount yt* 
the direction of A',: the amount of displaoement of the model 
at the corresponding point E in the direction of the actual unit 
load i» then nieasurod. This is equal to jip which, is equal to 
It has been shoivn that the model ratio of deilections 

— = — is equal to 

for the fuU'ftcalc structure. Thus, in general, the ratio of model 
displacements is equal to a force ratio for the actual structure; 
and if P^ is the load at a point E on the fuU-scale structure 
and A, is an unknown redundant (which may be a cou[ile), 
tliisii 

_ ^ 

S^HD -Pm 

Good results have been obtained by the use of relatively eimplo 
and easily constructed modela in celluloid- Cardboard has b^n 
used for model making, but as it is not a homogeneous material, 
it is not recommended for use in cases where the ftiU-soale 
structui^ is of homogeneous material. Care must be taken in 
the design of model members to eliminate, so far as poasibio, 
axial and shear force strain effects where these are neglected 
in the analytical discussion- The reader is referred to papers 
dealing with this subject^ a few of which are given in the 
references which follow. 


REFKREXCES 

(1) Prindph of Wi>rk ilarlEii, (Publi*hffl by En^meriny.) 

(2) PrK^pjiu in Antdrewa Otlsflr mothodfi iar Siidicg 

iFtn?!»ca Ln framll* and lAOm^nta- lor porUdfi^ ■otcij 

(3) Mtehaaia of /rtternqi W<rtk. CKurnb. (Wiley.) Coroplote tJwory and 
many «:campifa- 

(4) ^’nnc^pfo of Ifirtuol PtfewifiM ttFid !tt to the Theory oj Elmite 

Strnctarto, E. H. Lamb, D.Ss, (Pai»r So. IC, UroottdiJtyt ilUfifuto oj 

CiifU 

(5) Aef^plam Pij?p*rd find FdteliatiJr (Longinftas, Gr&en ^ Co, 

Appendix ; Principle of Lefiit Work. ^ 

(6) StalieaBu IndetermijWte Simetura, PjUmI and Mpey. (John * 

Sen*,) Incltldcii aoicngst numy metbcKifl, diKnmioa of Slopordcllm:tlon 
Method. 

(7) Piira're in PhitonphittU Magittiltr, E. H, Batonuui. Lumber. I&33 Itai^ 

1934, joniiMy, 1935, na '‘Tbo Strain Endi^ JIfthod in Elnatic Sal work 

(8) JW Am. Con. InrtUule, VoL XVIU, pp, 59^82. Profwaor Begg. Sola- 

tion J nd^t^^milnntc FtoblamB, iifl#ohBmEjAlly* 
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{9) Ay gnat nnd Cktobor, 1U30^ H- W+ Caiiitu and 

W K Lawlon. Discufsion of mccimnieal solotron ol Statically lod^tcr- 
Eoinato Structural. 

(19) "AnillyBiA of Continuous Fmini;ra by DiaLribiiEing Fixed ^-Bn^l 

Hardy Cro«. o/ Sociiit^ Oitni Vu3. 99, 

pp. I-IM. 

(LI) CortliwiOM# #'ixinw o/ /fcin/orced Concr«f 0 ^ Cnooi und Mofgim. (J. Wiley 
&: Sons.) 

(L£) '"Wind Straa™ Ljy Slnpo-dcfloction and Oonvci^ng ApproximftUoas/' 
J. E. Goldberg, Arr^ Soc, CM. Proceeding#, 1933. 

(]3) ^'Tho StnssB Analyjia of ContiflUOllA Frames/' A compariBon of ^arioua 
metliods, E* H- Bataman. A Paper in whieh ia given til* Hemoinder 
Distribution Method. Sirut^tumi En^nerr, October und Novcnibcp^ 1939, 

(14) TAfortf of Sit^J Vo3. 11+ IndotermLnato/* L. K, 

Orintar (Hfecmillfin.} 


EXAMPLES 

1, A horismiLal beam oL span I is rlgi<l1:y conneotod to two columns a( 
Icngtli h. wlikli are hingsd at ihoir lower ends. Tlw uiomcnt of inertia ol the 
raclioh of the beam is and of the eoEmnns it The beam carriee a mii- 
fonnly-difftriLTuted load of w tons |?ef foot run, Negleetlitg the cHeet of 
tbrust in the coKimns, decormino the bonduig 
moment dtegraMS for the beam and columEia. 

(17. of B.| 

2. The frnrns ABCD (Fig. 12 €a) has rigid 
joints at B and C, Und ia hin^^ at A and D to 
fixed supports. IF is a load of 3 toui applie<i 
at tbe contra of BC. The moment of inertia of 
tbs eross-sectloEia of --IB and CD is 3"JJ m inch 
imits, and that of BC li 313 in inch uiiitik Find 
the bending mOEUeUM at B and (7+ and tlkc 
horizontal thrusts at A and J?. Draw tlm 
bending moment dingram for AB and BC^ 

(U. of L.) 

3. The lattice girder shown in Fig, LSSb is 
ttt tlio jaint H vidth n load of 60 Ions, 

Find the forces in tbe ntcmberie due to tb@ 
loading, Ttie ratio of length to an:?a of crtva-iiection is t lio same For every 
mombt^r. 

4, ff the baoes of the culumns of the frcmicS in Questions I and 2 are 
rigidly flxrd, draw ibe momt^nt diagron^ for the ecilnmut and b^^nm for both 
frames under the resjieetivu loadings. 





Fio. L28m 


Fig. 12»0 


5. Find the foreea in the membem of tho lattice frame shown in Fig, l2Bc. 
Tlie raiio of length to area of the croas^sectioaii Ja the SBiine lor every niembef- 
Ar 12 ft., EE - 10 ft., DE = 10 ft. 
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0. A b€»am is wntinupiae; over tWD itpium of 50 vnd 30 ft. It ia iiin|sly 
fl^ppoTtod at tho tnda and the support* m nl tlio eaino icrTol. There *r* 
tobda ol 5 iona and 0 tons at distoncoa ol 10 and 35 ft, frorn tho lott-hoxid 
support. Find tho fixing mamnnt air tho coiitro support by ibo prineipfe of 
Ifr&fft work (Ghodk Hio roeiili hy the ihwoni of tlirw moiiiPTi.ta| 

E 12,000 tona^sq. iiL, iuld / == 144 lii, unite I« both spaua. 

7, A bouii ha^g the support-a nt the same height and siiupfly BUp|rtift«J 
at the ends, ifl oontlnuoua ovsr three spana of 20, 30, niMi 20 ft. There are 
Loada at the middle poLute ot tho drat, secendi and third spans of O, 0, and A tons 
roapetrtivaly. E « 12,000 tons/sq. in., and 1 = 144 in. units are uoaetant. 
Find the dxing mcnnonts at the oentreJ supporta the principlo oI least work 

8. A beam of length I is Ei*d rigidly at its onda It oarrioa a load nf W tons 
at a disionoo nl (where n < IJ from the left support. Firid thn gonoral 
QKprossinn for the fising monnonts at the supporti^ by the principle of least 
work. 

Et m a rdmataiit. 

N'iyrK+ "iVhen moment diagrams or® drawn, they are usually planed on tho 
tension sides of the vnriou* members 


CHAl-TEB X 


B£Mfs AND Fe.imes with Live Loads 

! 10. Moving Load9« The dctermmation of m bridgT?a 

atul structures subjected to rolling loads is an important ftactor 
in bridge design* It is often facLlitat 4 ?c] by the use ofInfluence 
Lines and diagrams. Sucli lines and diagram.^ will be con¬ 
sidered for bending moment and for sbear. Fig. 120 gives a 
few typical examples of moving loads whieh bridges may have 
to carry. 

111. Deflnitioii- An i nil nonce line for any given section P 
of a atruoture is such a line that its ordinate (to tlie beam as 
base) at any point X gives the bending momentT shear^ Of 
sinular quantity at P when a load is placed at X, In the 
case of bending moment ^ shear force diagrams, etc., for dead 
loads p the ordinate at a section X gives the particular quantity 
for this section X only ; whereas as regards an influence line 
for one particular section, the ordmate at any point on the 
beam gives the value of the moment p shefu-^ etc.^ at the par¬ 
ticular section, aiid mth section ahng Ihe ^tT^ture has its own 
hijiuencc line. 

112. The unit influence line will be developed by consider¬ 
ing a IomI of 1 ton crossing over a beam or frame ; and from 
this unit influence line the moment^ shear, etc., for a number 
of moving loads or distributed loads ean be simply ascertained. 

113. liifluenee Lines for Simply-supported Beams. dS is a 
simple beam / — Unit Lifluence line of Bending Moment 
(Fig. 13(1)* 

To construct the unit influence line of mameni for the 
point P when a load of 1 toi^ b placed at any point on the 
structure dBt 

AP = a PB = b 

(fl) Let the load of 1 ton be at any section X l>etwcen A and P 
distant x from A and t -a: from B, 


„ 1 X (i-ar) „ 1 X as 

™ ^ -- 


S2S 


I 




Railway Bridges. 





L of Lcfcwnotives m abowB. 
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Retaining the ordinary signs of mamcntj 

odb 

The moment at P = - RJb “ - y 


is proporlLonal to x and, therefore, is proportional to x, 
and is a maximum aben x &r 



line for the point F with the load 
between A and P, 


Alaximum value of 
_ ab 
= - T 

When the I ton m at 
0 Mr ^ 0 . 
At F ereot an ordinate 
ab 

PC equal to y tons-ft. to 
scale. 

Join £? to A ; then AC is 
the unit influence moment 
of 1 ton in any position 


ConsidiT the load at 


I 

X 


ab 

t then 


xb 

T 


which agrees with the equation J/, 


xb 

1 


(A) Similarly for the load at any senstion between P and B, 
oomideriiig if as origin and a section Zj distant from. 
Join C %o Bi, and the unit inHuenoe moment line for the sec^ 
tion P is completed for the load at any point on the beam. 


yi* the ordinate at X^ is equal to — toiis-ft. to scale 

t 




Thus, the ordinate of the unit moment diagram for the load 
of 1 ton at that ordinate givo^ the value to scale of the 
moment at the seetlori considered ► 

(c) If a load of a value greater than 1 ton crosses the span, 
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draw the unit influence niometit diagriim and multiply the 
ordinates by the value of the load. 

Let the load = W tons. 

With 1 ton at X, J/, = -y tons-ft. to scale 

With ir tons at X, ilfp =-p tons-ft. 

IFi 

For y “ reaetion at if = 



114. The Moment at a Section P when a Number of Loads 
Cross the Beam. (Fig, 131.) Construct the unit moment 

ab 

injlueiico lino for P. PC = 

Let some of the loads bo between .4 and P ■ and distant 
jCi, a?!, ar,, ete„ from d, the loads being Tf'i, UIt'#, ete. 

Lot some of the loads be between B and P^ and distant 
*!*» »a* fro™ tbe loads being If i*, U't*> 

Let the ordinates to tlm unit line he yj» Jfj, otc., and yi*, 

!ti, ViK etc. 

Considering Fig. 131, 

j/,= ir,y, + irjy,+ wVfi*+ 

due rigatd being paid to the sigti of the moment. 

Let the angle CAP — a. and angle CBP ^ 

Maximum unit ordinate 

^ y ; = * tan a; Ifitf, = tan a WiX^, etc. 

it, = tan a(ir|af4 + lfs*i + • ■ ■) + tan + 
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Therefore^ for any number of loads ort the beams, 
Mf ^ tan a FWx + tan 

where (f represents the loada between A and P 
and ^p P and ZJ, 


and where will be of tho negative sense in the ease of a 
simple beam. 

The aUxiMUM Value of 21, will be a maximum 

when the loads are in such a position that 


tan a£Wx + tan b a maximum. 

It will always Occur when one of the lo^ids is at the seeiioiL 
To find by trial, place the loads on the beam with one of the 

loads at P ; calculate the 
moment. Move on the 
loads to bring another on 
^ to P i again find the 
moment. The maximum 
value can thus be found. 
Professors Lea and 
Andre\vs have shown that 
to obtain a maximum 
mumentp place a load on so that if considered as part of 
I W, then is positive, and if a part of £W\ then 

b£lV - is negative. 
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115. To Find Uie Section Having the Greatest Possible 
Moment under any given Load for a System of Concentrated 
Loads on a Beam.* (Fig. 132.) Let be the sum of all the 
loa^lfl on the beam, and acting at the centre of gravity of the 
system^ distant a: from the support li. It has boon mentioned 
that a maximum moment for a section occurs with one of 
the loads at the section. In Fig. 132, let C bo the iK>int of 
maximum possible moment under If''„ the given load. 

Let 11be the sum of the loads, including (F,^ on the 
portion AC of the beam. wiD act at the centre of 
gravity of these loads, and let it be at a dlstanee b from C\ 
Let c be the diatancre between IF, and IF^. 

Now 


Or lind thq |:kO€itk]iD of Miiy p^vDii |i.hhJ a> tliat this bDliding' 
uiitler it tit tb4 iDazEimuin pcnuiblo Sot thla panic uiAr load. 
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The mooieQt at C = 

therefore, =- ^ + TF|,i» - ^ - (V) 

By hypothesis this is the maximum possible moment: st is 
of negative sign. 

For the given ioadsp b is a coustiint i but both ^ and u are 
va^^^lbles : therefore, i/ „ is a nmxiinuin when xa k a nmximttm. 

Also for the given set of loads, as c and I are constant} then 
^ (x + a) is a constant, 
i.e. X + a = A' = constant 
/. a = K-x 

Let ^ = ax = x{K - x) 

^ = K -2x = Q lor a maximum 
dx 

2x = K = x + a 

For maximum moment, x + a ?=i 2x 
X = fl 

Hence, lor a maximum value of in Equation (1 )* the 
wheel under which the n^aximum moment occurs and the 
centre of gravity of all the loadb must be at equal distances 
from tiie supportJi : tJiis requires the of the team to be 

miduxiy beiween the load u’nder which the fTtnxtmum tnonieTil 
occars uiid the cewire of gravity of the load^. The maximum 
moment at the section under the given load is 

= . - ( 2 ) 

116. In determining the greatest possible maximum moment 
for a given i^t of loadS} it is usually necessary to calculate 
the maximum value for several sections (usually near to the 
Centre of the beam). On comparijig these maximum values k 
the amount and position of the maximum pn^^ible moment is 
obtained} and also the position of the loads causing this moment. 

IIT. Important General (^es. Case I Two equal loads 
of W tons and distance d ft. apart. (Fig. Usitig the 

Rule given in paragraph 115, and rofciring to Fig. LHlj the 
maximum possible nmment is at two sections X} both distant 

- &om and at either side of} the centre 

2W/1 dY 
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Case H. Two unequal loacla irj and H', distant d ft, apart, 
Let ba greater than Il'i, From the example No. 34 it will 
be noticed that the greatest moment occurs under the greater 
load. (Fig. 134.) 


21V 


t 


^ _ 1 

'^Centr^ 0 /5ee/n 
Fta. 133 


& 



B 


Fjo. 134 

The greatest possible maximum moment occurs at the 

d i Wt 

from the centre and is 


section under distant ^ / -fp — 


;) 


J/,= - 


M\ + 
t 

ir, + ii\ 


ir, 


iv. + 

HV 


~--V 

W^2} 


41 

llhisiToiive Probletn 34, 


(t »v Y 
\ W, + wj 


+ 

(i'ig* 135.) 


A bneia il !0 IL and loads of 2 tcnui mid 4 tona, 4 tt. Apart,, mova 

from left to riglit. Find the lUAximum moment at the eentro ol the beam. 

(ft) 4’^ load leading 

J/«(4^ AtC)=e4X5+2x3=26 toiis-ft. 

jU,{ 2^ at G) = 2 X 5 H- 4 X 3 = 22 
therefore, max, when 4^ at centre, 

i.e. l’IF-Z:iF*^ + 0-0 1 

EW - £W* = 2 - 4 = - 2 f ‘““S 
(b) 2^ load leading 

iU, (2* at C 4’^ at 6) = 2 X 5 + 4 X 3 = 22 tons-ft. 

(2* at 14 4» at C) s= 2 X 3 + 4 X 5 — 26 

In both cases a maximum when 4, at the centre. 

SToTa. The groateet moment oeouning tutdor II', will b« when F, is at n 
diatOAu.^ of |( I - ij?j^riF,) “ J ( F, " ' ir, ) 

Ita value will b« ^ ** * i 


V IK, + wJ 
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(IJ) Lqtuls of 2\ and 4^ at 4 ft. cfntnss cross the beam 

Find thn maximum qiOMml^ a|. the cenlra and the load under which it 

J/. (4 tons at centre) *=* 4 x 5 + 2x3 + 2x1 = 28 tons-ft. 
Mf= (Mitl 2^ »tcentre) = 4X3 + 2X6 + 2X3=28 ,, 

Jf, S5S (l*ast 2* at centre) = 4 x 1 + 2x3 + 2x5=20 „ 

Conditions for maximum, 

6riF-nrH‘* to change sign. 



rs) —@ 0 @ 


Fjo. 135 


4^ 5it Centre g - 0 = 8 + 

Mid 2^ p* 4-4^0 

I^t 2^ ,, 2-fl = -4 

A niaxinimii monif^nt for tlio centre wlion either 4 at C 
or middJc 2T at C. 

ill the previous problem for the 2-tort plus 4-ton loads 
crossing the apjm, hud the Bectinn having the greatest moment 
and also the value of the greatest momemt. 

{a} The 2-ton and 4-fcon loads only. The C. of G. of the two 
loads IS at 




from the 4-ton loud. 


The section hsvitig the gTcstest moment will be st 

10 + = 10^ ft. from the left support, 

3x2 

with tha 4^ ioftd iMding irOnk loll lo rij^ht 
or p. ^ 

(tf theloniU ttroiwDlwWD llwn with Hhj 4’ hwd IcadiiiK from ri^ht lollrft. 
UlC iootion i>f Kroatwx mulHOnt will bo at 01 ft, from the left »upport.) 
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6 / 2 \* 
Max. moment — X 4) 


6 56» 

**80 X -^ = 26'13 tons-ft. 


118. Simple Beam with a TJnilomily-distriliiitedLoad moving 
oa the Beam. (Fig. 138.) I^et the length of the load of w toiia 
[)cr ft.-ruii be and let Ij be less than I the length of tlie span. 



^F/t/eftee fir>% 


— -1 
- — I - 

Fi<]. lae 


Tho uiiifc Tnoiiifsnt liii6 for a aoctioti P iiith a maxi- 

mtiJw ordinate — - —m shown in Fig. 136. 

The load on an elemerital length = w tliat moment 

at P due to tp, efcr ^ dM^ = w . ^ . liu^ as ^ is the ordinate of 
the unit djagram for w „ dx. Now" ^ , di is the area of the unit 
inliuenee diagiani above dx; hence total = .dx 
= wx area of unit indusnee diagram above the length of the 
uiiifarmly-distributed moving load, i.e. 

Afj = tp X area CDEFG to scale 

118a. Haxmium Mbruent^ (a) For a tolling load as long as, 
or longer thanp the length of the span, the inaxinuim moment 
for any section will obviously occur w^hen the whole span is 
covered. 

(b) For a rolling load of length leiis than the length I of 
the span. 

J/f = IP X area CDEFG \ for a maximum 0 

dz 
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Accordingly Mr must be expressed in such a form that it 
can be differentiated— 


ab 

T 


ab 

T 


CP = - T'J tan a = -f X =* 7 


Um P “ I 

iCi = AT, 4*. = PF 
AE = (a - *i). FB ^ (i - ag 

^ a 

Hence ED = AE tan a “ (a ^ FO = ((> -i",)! 

Then If, ^ w[area CDBP + area CPFG\ 

w[^|i (o - 3 Ji}| + y] + f T t] 

^substituting == (4 - %)* ^ shown that 

g\26xt . /w\2o(fi-g,) 


dMr /w\26x, fw\2o(fi- 

-5i-— \7)~^+\l} 2 


Hence Jf, is a maxiinuin when bxi — a(ii - *i) — <*■*■* 

i.e. when ~ ™ T 
ar, b 

so that the maximum moment occurs at the section^ when the 
section point divides the load in the same ratio as it divides 
the span. 

119* Equivalent UnilomilF-distributed Load for Moments — 
For Loads Moving Over a Span. For a single 

concentrated load moving over a span, the maximum bending 
moment at auy section occurs when the load is at that section, 

lilul this maximum momout la equal to j 
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wherti H' tons m the moving concentrated load and x is the 
distance of the motion from the ori^Jn; 

that is, for any section = ^ -a;-J 

Tills is an equation where dciicnds on and a curve 
plotting as ordinates against x abscissae will be a 

parabula {as in Fig. 137). 



Wjxfl-jc) 


Cur^e of 


Single Load an\^, 
Fm. IS7 


The ma^timuin ordinate will be at the centre of the span 


in 

4 


it is also equal to the ordinate of a moznent pamhoLa for 
an equivalent uniformly-dUtributed load thus, 

Wt , 2jr 

X = T “^-=T 


is tho equivalent iiniformly-dhitributed lootl for ir. A 
maxim tini moment for a uniforml 3 ^-dktributed load alivaya 
occurs for any section when tiie beam is totally covered. 
For anv sj'stem of concentrated rolling loadst find tho ma^d' 
mum moment for vancus positions of the loads on the beam. 
Draw (a) a polygon on tho length of the beam os hose to 
enebae the maximum moment for different load positions 
when all or tho greater part of the loaii^ are on the beams. 

tfien to find the equivalent niiiformly-disti'ibuted load Wg^ 
take the maximum height (at tho centre) in moment units of 


tit p 

the enclosing parabola and equate to —^ 

8 
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Draw (6), a poljgon to enclose all the tnaximum momenta 
and to include cases when only a few of the loads are on the 
beams, i.e. near to the end supports: then the maximum 
ordinate of the enclosing parabola in this case will in most 

cases be greater than that of the caso (n). Equate this 

* 

maximum moment ordinate to —— 



& 

Loada of onenuat Magnitude. 

Pio. 138 


Tlic student is requested to find the equivalent uniformly- 
distributed load for various lengtlis of beams using the loads 
given in the loading diagram (Fig. 129), 


120. Example. 

Two rolling conoentrat^d crMSang A ipon. Ta drAW tlift OUrVO of 

mbxJmuni moinonts — 

(03 CoDStnictr unit moment inflyfliic* Sine for a. numbieF oE i&GtiofLi, 
Find tba moment for tl^eae aeolioiis with tlie flnrt load leadklk|fft ^7* from 
teft to right and with tho liist at liw seotioiu Canatnict a ciirvto having 
a* onhnetos tho momenti at tlio Bcotion whon tlio load ie at that ae^stiob. 
Now lot the loacb movw from right to left with tlie other or seoood load 
leading. CoMtruct a curvo liaving aa ordinate at a section the iiiooivat at 
that Bcotioa with the second load at the aeotion. 


• Eiampi*3 gfren ti4— 

(o> Arrora Brid^ts ami Sirticiurtd ^rt^*ne 4 r#' Handbook, hy Adam Hunter^ 
M.l.C.E. (Siwn.) Ta paragraph on Moving ]aada—graphioal conalruotian^ 
ib) Struciural PifJt hy J. Hiwband and W. Harby. (Longrnani, 

Ore*n ^ Co4 ^ ^ ,. „ , . 

Also ooiinjh Fapora by Troto^t F. C. L-ea on tiitlyeiioa l-mia m the 
jProc^editV^J of t/iial i&'nyiFwcri. referencai at the end of iho 

chapter.) 
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Leads flf Same Value, 
FiO. 139 


Nuw draw an enveloping parah>ola to enclose the ma;t;imuTn 
momenta which occur at the sections wjtli either of the loads 
at that section. This curve will l>e of tlie parabolic form : 

take its maximum onliiiate and f^quate to 

where w, is the equivalemt uniformly-distributed load* 

For two loads of equal intensity, the curve of maximum 
moment will be m shown in eiirvo Fig* 139* Again. 

draw the enveloping para¬ 
bola to enclose the curve 
of maximum moments 
for the sections. 

Note o>r Fio. 138. 
AFDOB m the onrve of 
momeDte for the flections 
when the smalleF load is 
at the section and lead¬ 
ing from left to right. 
AC DEB is the curve of moments w'hen the larger load is at the 
section and going from right to left. Then, obviously, ACDGB 
is the curve of maximum moments for all Bcctions. If the loa^ls 
were reversible, then the mirve of maximum moments would 
have to be sjnimetrical about a vertical line through the 
centre of the beanie onfl would be ACCiG^B sbowm dotted in 
Fig. 138. 

Note Oin Fia* 139. the curve of maximum moments 

for all sections. It is a special ease of the preceding one. 

121. Unit InfineDee Lme ol Shear Force for any Section of 
a Simple Beam. The shear force at any section of a beam 
is the algebraic sum of tlie external forcii to the right or left 
of the section* 

Forces acting upwartis and downwards to the left of a 
section am negative and positive respectively ; foroes acting 
upw^ardn and downwards to the right of a section are 
respectively positive and negative. 

Let (Fig. 140) be a simple beam ; it is required to 
construct the inllucuce line of shear fur any section P when 
unit load crosses the beam. 

With the imit load between A and P* the shear at F is 
equal to + : 

With the ]oa4 betiveen P and B, tho shear at P is cqiiiil 

ro - i?,. 
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becftiiso in their respective ci^cs they are the only forces to 
the right or loft of the section. 

With 1 ton at if* = - 1 ton if, = 0 

With I ton at if. if» = +1 = ** 

At A and B, erect ordinates AD ~ 1 ton and ifC f 
= -f- 1 ton to scalo- 

Join .-i to C, and if to D. . . *» j 

With ntiLt loiwl at any section X between .d and F, and 
distant x from 4, y is the ordinate of the diagram .diiC'. 



And simikrlv for any section between A and P. Therefore, 
AEP is tlio iinit influence diagram and positive for the shear 
at P when the load is lietwcen J and P* , n *i * 1 ,^ 
Ltd the load of 1 ton just move to the right of P . then the 
single forco to the left of P is P* f ami of negative sc^-. 

Let the load be at any section X% distant tr, from P ami 
between P and if, and let y, be the ordinate to tlie 
diagram ADB^ 


then i 

X, 1 


Si- -T 


= - P* with the load of 1 ton at Xj ; 

therefore, PFB is the unit influence diagram and^egative for 
shear at P when the load is between and P. 
unit influence slicar diagram for P la AEPFB '^h&n unit o^ 
crosses the span. Similarly for any other section Pi 
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influence shear diagram k Pj li. if a load of 1^ tom 
criwses the Bpm, instruct the unit diagram m shown for the 
particular section, and rruiltiply the ordinatea of this diagram 
by W . 

122. If a number of lo^ids cross the span^ then the shear 
at a particular section will be equal to 

' * (3} 



where ll'i and represent loafls giving positive shear at the 
sectionK and ordinates of the positive unit shear diogmm 

re5i>ective!yp and 
representing loads giving 
negative shear and negative 
^ ordinates respectively. 

Tlie sign of the shear force 
will depend on the magni¬ 
tude's of the quantities in 
Equation (S). 


^23. The Position of the 
Loads to Give Iff a xim tuu Shear at Any Point is found by trial i 
that is, take different positions of the loaik, and the maximum 
shear is easily ascertained by finding the largest sum total of 
sliear; it oceurs with a load at the section, and usually one 
of the largest. 


124. 'Die Shear at a Section when a 

^ad Moves Over a Beam [Fig, 141), Construct the unit 
influence shear diagram for the section. As in the ease of the 
lunment diagram, the shear at the section = .dx .dA 

dA Small area ol the unit diagram; 

therefore* the area of the unit shear force diagram between the 
right limits X H? gives the shear at a section when a unifornilv- 
ilistrihuted load crosses the beam. 

125. Case L Length of Rolling Loud Greater than the Span. 
L^t the load cro$s in the direction A to B. It is obvious that 
the shear of positive sense wiU be a maximum when the 
portion AP of the beam only is covered (Fig. 141)* ajid 
that the shear at F of negative sense will be a maximum 
when only the portion PH of the lieam is covered. If AP 
iiiid part of PH is covered, then the she.ir at P will be 
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+ (w X area AHP) - (w X part area of PFB). The sign of 
the resultant shear will dopond on the magnitudes of tho areas. 

Case n. Length of Rolling Load Less than the Span^ 

Let /iP = a i PH — b, and a < b. 

Let the length of the moving load be < o, and moving 
from left to right. 

Then maximum positive shear at F is when the beginning of 
the loa<l is at P, and maximum negative shear at Pj when 



the en<l of the load is at P, Also vice versa for the load 

moving from right to left. . 

Referring to Fig, 141, the maximum poaitivo shear at P la 

= to X Aren PX YE 

r i^jPE-h XY) -] 

= 2 J 

126. inr»*viiiiniii Shears (Fig. 142}. (l) For a single load 

moving over ^ bridg^^ the maximum jiegative or pcKitive ahe^r 
for a oeciii^ when tli^J loiwl b at that ewtion^ For two 

loads rolling over a bridge. the maximum po^tlve or tiegative 
nhefir can be iiscertaiited by the nse of the unit influenoe shear 
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diagrain for the aeotioe : it will occur when ono of the loads is at 
the section. A diagram can be plotted giving the maxununi 
shear at the section, (See Fig. 142.) 

(2) For a uniformlj-distributed rolling loivd over the span and 
longer than the span, the maximum negative or positive shear 
occurs nt the span, when either one or other of the portions of the 
beam made by the section are wholly covered. It has been 
shown that the shear is the corresponding area of the unit 
inHuence shear diagram to scab. In this case, tlierefore, maxi¬ 
mum shear is a function of x*, and conseqTiently the curve nf 



maximum shears plotted against x is a semi-parabola os 
illustrated in Fig. 14£. 

127. Eaiuvalent UnUormly-distTibuted Load for Shear for 
any Section. As discussed previously, iind the maximum 
shear at a section by placing the loads at different positions 
on the beam with a load at tiie section. From the magiiltudcs 
of the loads and the corresponding ordinates of the unit 
influence shear diagram for the section, the maximum shear 
at the section can be found. 

Let -iS, be the maximum negative shear for n section 2l, 
then the negative portion of the unit influence shear diagram 
must be covered by a uniformly-distributed load of value ic, 
to cause the shear ^S^, {See Fig. 144.) 



21 

■""'•(i-x)* 


u>t= - 5 , 
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Sirailarlv for maximum positive shear. 




i — + m«x ■ 


Lines 

GlHDEJt, 


TypJS, single 

liriTtm itli T^'ic? A-_ 



Fto. 144 


W, 

The maximuni possible shear obviously occurs at the ends 
of the structure, and. therefore, the maximum equivalent 
uniformly-distributed load will occur for end shear. 

128. Influence Diagiams lor Perfect Frames of the Warren 
and K-glrder Types which have Parallel Flanges. Influence 
diiigrams are speciaUy appUcahle to frames, m the loads are 
generally applied at the joints i the stresses in the members 
are ascertained by a con¬ 
sideration of moments and 
shear forces. 

Inpluesce 
A VVarbkk 
“Thkotoh" 

members as shown in Fig. 

145. Let a unit load ^ 1 ton 
cross from *4 to S. 

(1) To ascertain the stress in a mmber of the top flange, say 
OE, take a section line (1) - (1) J fhen the force in CL is found 
hv taking moments about the bottom joint /?. i.e. 

Force in CE Kp — moment at i> = Mb 

Tliereroro it is required to find the influence moment diagram 
for a joint in the lower boom. Take R on aide of section lino 
away from the load, then with unit load between A and D, 

=r . BD 

oLho with unit load lictweon D and B, 

M„= Rj,,AD 

Ri and R^ are found in the usual way by the method of 
moments. 

The influence moment diagrams for the joints on the bottom 
flange are the same as those for the different sections of a simply 
evipportod Th8 ordinaU) at O of tli* ufiit influeiiofl 

AD- BD 

dia^m for D is — 


Tlie maxiniuTTi stress in CE 
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(2) The stress or force in a member of the boUom boom such 
ns DF is found by taking moments about a joint (here E) in 
the top flange. {(See Pigs. 145 and 146.) 

Force in DF X p = M,. 

Force in DF ^ so tlmt the maximum force in DF 
depends on the maximum moment at E. 

(o) With unit load between F and H, distant from B, 


Jf*. AE ^ RJ,; R, = ^ 

so that Jfj = —^: this is a linear e<quation in x (each term 
being of the first degree, it is the equation of a straight line). 



Ixst d = length of one bay, then BF ^ and f = wd, 
where n = numlier of bay^ in the bottom boom and = nuin- 
her of bays from F to B, 

WJien tho 1 ton load i.s at P, = BF = n^d. 

ftd n 

At F erect an orrlinatc FO = tons-ft. to scale. 

When the 1 ten load is at B.x^^d and M, = 0. Join G 
to B, then GB is a portioii of the unit inflneneo moment line 
for joint E. 

(6) With tho unit load between A and /), distant from A 
(sea Fig. 145) 

M, = R^, BE ^ R^ = xjl and M, = 
whicli ia again the equation of a straiglit lino. 
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\V ht»n afa — 0; Mg = 0. 

When Xa = (where n, — number of buys from *4 to D) 


V ■ 4 _ ^ 
**'* - ^ » 


At £* erect an ordinate DH to licale — toiis-ft. Join 

// to *4, then ^// is a portion of the unit intluence tnomont 
line for joint JS with the load of 1 ton between A ^d D. 

(e) To find the Influence Line for Moment (or Shear) for a 
section in the bay, when the load is in the bay and transferred 
to the main girder at the bay points by cross girdera. 



AHGB is. tfte unk indtjenc^ mommt 
fine for Vtojomt £i 

Fio. U6 


in Fig^. 146 and 146, when the load is m the bay Hi', the 
load will be applied at points D and F, It is requir^ to con¬ 
struct the influence line for moment (or shear) for any sec¬ 
tion Jfj in bay DF, Lot — ordinate of unit influence 
moment (or shear) diagram for section Jfj when unit load is at 
H j it has been shown that jfi, = let iff — ordinate of 

same diagram for unit load at F, then fff ~ 

1-ton load be betu-een D and F, distant x from D, and let 
DF = d = length of hay. 

The load transmitted at F 


= Beaction at — xfd 

also the toad transmitted at D 

= Beaction at i) «= J?t, = (d - x)/<f 


Let the moment (or shear) at JCj be represented by 
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Then ^ (y,) + f ly„ = ^ Cy, - 

ae yb and y, are ordinates of the unit influenoc diagram for 

Jfj. 

(Proof: If 1 ton is at £>, = 0 and hcnoe = yjj, and if 

1 ton is at = fi and y,, — Jfn + ^ (tf»-ybi = !fr-) 

Aetronlingly, the inihicnoc line fora setJtion in the bay, with 
tho load ill the bay DF, ia found by joining tlic tops of ordinates 
jfi, and tft. The oompJete unit influence raomeut lino for joint 
E is thus AHOB, Force in DF *= 31 Jp, 

129. MayiTniim Moment About & Joint. For a single load 
crossing the frame, the ma>dnuim moment will occur when the 
load is at the tnaximum ordinate of the unit influence taomect 
diagram. With a uniformly-distributed load of length longer 
than the span, the moment is a maximum wlien the whole fiaiue 
is cohered ^ for a load of length less than the span, by trial 
the position of the load to givo the maximum area of moment 
diagram above it can he readily ascertained. For a joint In 
tho bottom flange of a Warren girder, the position of the load 
adll be the same as that obtained by using the form in para¬ 
graph 118 for simple beams. The rule for maximum moment 
for lower joints due to inegolar loading is tho same as for 
simple lieauis. 

Maximum moment due to a number of irregular leads for the 
upper joints of a Wajren girder. Place the loads on tho span so 
that one load is at Fig. 146; find the moment for this cose. 
Move the loads along a little to the right and re-work ; by 
trial, the position of the loads for maximum moment con be 
found. The equivalent, unifornily distributed, can be foticd 
for both cases in the same w ay as for a simple beam. 

130. Stresses in the Diagonal Members. The sttesaes in tlio 
diagonal members depend on tho shear force in the particiilsi* 
bay. For example, consider the bay DF (Fig. 147), To find 
the stresses in the diagonals DE and EF. With the load of 
1 ton between F and B, the only force to the left of /’ is * 
so the shear force in the bay DF k - if*: With the load of 
1 ton between .-I and £>, the only force to tho rigiit of D is 

and the shear force in the bay DF is then R,, 
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ad = «i baya 
FB — ni „ 
Length of bay = d 

With the load at F, = - j X 


n 


j] 





X Mgcftona 



Fio. 147 


At D and F, erect ordinates to ecole. 


DH= + *^;F0^- 


w^tf 

T 


Join .4 to // and B to O, then AH and QB are portions of 
the unit shear influence line for the bay DF. 

Join II to G, and by the previous theory in paragraph 128 (c). 
HO is the influence line for the load between D and F , that 
is, when it is in the bay. 

IlG cuts the bay DF in tbe point J. 

slicar force in bay DF 
The force in Z)£ =--j-Ts- 


Tile force in EF = 


shear for ce in bay .Pi' 
anS 


If shear in bay DF ±, force in DE ±. force in £/• 
where tensile force + and compressive force —. 

Thus, the kind of force in the diagonals varies wcording 
to the position of the load ; that is, negative shear in a bay, 
the left-hand diagonal is a strut, the right hand a tie, and 
vice versa for positive shear. 
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The maximum load in the diagonals will depend on tlie 
maximum shear in the bay. For a single concentrated load, 
tliD maximum shears will occur at the bay limits D and F. 
For a imiformly-distTibuted load longer than the span I, the 
maximum positive shear in the bay DF will occur when the 
portion AJ of the span is covered, and maximum negative 
when the portion JBii covered. For a uniformly-distributed 
load less tlian the length of the span I, and moving from left 
to right maximum positive shear occurs when the front of tiie 
load is at J, and moximum negative shear when the end of it 
is at J. 

131. Maximnm Shear in a Bay Due to a Unifonuly-distri- 
hotedLoad Longer than the Span. {Ste Fig. )4T,) 

By similar triangles 

JF ^ FG y, _ iiyd 

J D HD yo 


so that 


J F 

JD ■{“ ifF -j- n^d 


But {«jd + w^d) = {1 - d) ; and if number of bays = »*, i ^ Tid, 
so that the expression 

(l-d) (»-l) 


Also JD-^JF^d\ hence 4- - - 

d (n - 1) 



It has heen indicated that the maximtiin negative shear occfurs 
when the lengtJi JB = FB + JF is covered by a uniformly- 
distributed load , so that maximum negative shear occurs for 
a continuous loading in a hay, e.g. the («i -f- I)'* hay from the 

right-ltand support when a length din^A- } is covered, 

( Tl \ ' W *“ 1 y 

»i 4* 1 hays are covered by tlie load. 

Similarly for maximum positive shear in the same bay; 
working from the left-hand support, a length of 

baya mmt be covered to give maxiiniim positive s^hear. 
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152. MAriimim Shear in a Bay Due to Iitegnlar Loads. Con¬ 
sider bay DF in Fig, 147. The loads move from left to right. 

(o) Let H’l, be the resultant of all the loads in the frame to 
the left of the bay, (r» the resultant of all the loads in the 
bay, and IIV the resultant of all the loads to the right of the 
bay. 

Ijet ifu Jfpi Vb bo the ordinates of the unit influenoo shear 
diagram at the positions of U'l, H’b, and IK, respectively. 

Then the resulting shear = (iFiyi + irsy# + regard 

being paid to the signs. 

For this position of the loads, this equation gives the total 
shear. 

(6) Move on the loads until the first heavy load I) 

and comes into T^bI ^“<1 l^be resulting shear for this liew posi¬ 
tion of the loads. 

(c) Continue thus until the maicinmm is found. Professors 
Lea and Andrews have shown that in the limit und when the 
loads are very close together 

,r _£il±J1jL±Z? 

* n 

i.e. the maxinrum shear in any bay occurs when If'a, the sum of 
the loads in the bay, is equal to the total load (M i. H- U'b +!!’») 
divided by the number of bays. As a general rule, the maxi¬ 
mum shear occurs in a bay ■when the first heavy load passes 
the general point D. (See Fig. 147.) 

133. Framed Cbrdera with Vertical Posts of the N or Pratt 
Type. (Fig. U$.) The moment influence lines for any 
joint will be the same os for the lower flange joints 
of the Warren girder j and for shear in any bay, 
the influence line will be the same as for a bay 
of the Warrcn girder. The maximum load in an 
upright member ■will be equal to the maximum 
shear force ; the maxLmimi load in a diagonal will 
be equal to 

Maximum shear force where ^ = angle diagonal 

makc‘.s with the vertical 

For shear in the bay h>ad in the left-hand vertical load 
in the diagonal where compressive forces — , and tensile 
furces -b. 
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134. Ftames or iFruases with Cmed Flange. {Fig. 149.) 
Tbo frame in Fig, 149 h a curved Banged frame ; it ia required 
to Bnd ttie forces in the members CD, and FC aa being 
typical of meml>enj in the top and bottom flanges and the 
diagonals. 

^ moraont at F 31 1 

Force m CD = - = — 

Pi Pi 


Force in 


moment at 
P 


C 


P 



AHLJB is th^ i/iiit InfAjienee Moment Dis^rsm 
fb/' the point G, 


I +IKamefft. 


Fic. 140 


The moment influoncc lines for C and F are os for the bottom 
and top joints of tlie Warren girder considered previously. 

Force lv FC, Produce FE to cut BA produced in G. 
From 0 drop a perpendicular to FC produced 


Then the force in FC ^ 


moment about G 
Po 




(1) Referring to Fig, 149, lot a unit load be between D 
and B distant x from B. Let XX bo a dividing line cutting 
the three members EF, FC, and CD, Then the left-hand 
half of the girder is in equilihrium under the external loads, 
including the reaction and the forces in the membere FF, 
FC, and CD acting as external forces. Let the unit load be 
betu'oen D and B distant x from B •, then the only external 


load to the left of XX is B,,= * ^ ^ 
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Moments sbout O, 

5C 

if„ = - -j- X = - j X ff, negative 


as it wUl cause a compressive stress iu FC. This is a hn^r 
equation in z, and, therefore, the unit influence moment line 
for unit load between D and £ is a straight tine BJ, 


where JD ^ - 


I 


1 ~ tt 


Af = the number of bays in BD, 
d = length of one bay, 

» = total number of bays. 

Let the unit load be between A and C, distant afi from A. 
Considering the portion of the frame to the right of XS., 


Uie only external load will bo ^= -j- tons. 

Moment about 0, 

= R,(AB + .40) == + ff) 


= — (1 + ff) and is positive, 


as it will cause a tensile stress in JPC, 


ilfo — i) 

Thb b again a Unear relatian in flo that the unit infliie-nce 
line when the load is between A and £7 b a straight line AN^ 
the ordinate CN being equal to 

dC^l + where a, = number of bays in AC, 

The unit influence moment line for the load crossing the bay 
IE found by joining // to J. 

NA and BJ produced meet in one point w^hich b 
^^ertioally l^elow G. Join A'” to C. 

KOf considered an ordinate of BJ, produced 

(I + (r)ff 
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KO, considered ns an ordinate of JIA, produced 

(i + 9)9 ^ 

=-j-wbcro a?! = - j 

thereforo, K is rertically below G. 

Thus, to construct this particular inHuence line of moment, 
set down from Q an orrlinate OK to scale 

+ 9)9 

I 

Join KA and prwluc<? to mtet a vertical through C\ to give 
tbe ordinate + CIL 

Join K to B \ from 1} drop an ordinp-to DJ to meet KB 
in J. Join // to J* The unit influenoe moment lino for the 
point G will then be AHJB. 

Maximum Loai> in OF. For a single isolated load, this will 
oeour when it i$ situated at the maxLmuiu ordinate of the 
unit diagram^ that is, at the bay pointe^ to give a maximum 
tensile or compressive force ; at ^ a maximum eompreasive 
force will occur; at 0 a maximum tensUe force. 

For a uniformly-distribated load of length greater than the 
span, the maximum occurs vfhen AL or LB is covered : for 
length of load less than the span and moving from left to rights 
maximum jiositive moment occurs w-hen the front of the load 
is at the point Ly and maximum negative moment when the 
rear of the load is at the point L in the bay CD. 

Tests for maximum moments about O and F am as pro- 
vioimly determined for parallel Hange trusses and simple 
beams, 

135+ In deahng with the forc^ in the members of the 
HangeSp care must be taken that the kind of force in the 
member is correctly detenuined. This can easily be ascer¬ 
tained by the consideration of the turning direction of the 
moments of the known external loads about a point. A force 
in a member acting towards a joint indicates a compressive 
torco, and a force acting from a joint indicates a tensile force. 

REFEUENCEIS to pArERS ans WomK3 ok InfIiDEKCE Liniss 
fnfmdingt of IfmituiwnofOieU EtifinttfM, Prtf. F+ C. Lea ; YfA. clxxxv, 
p. 28S I Vol. cIexxv+ p. 577^*^ Influence Linea for Continuous Gird^ra 
ojid Lattice Vol. dxi, p. 1»$4, "Kutc* Ofi EnuiVaJent Unitonnly- 

distributed Loads," 

/VijWfm# in Thior^ and Design of Sirtittufiw, Ewart S. AniiivWA 
{Chapman A Hallr) Influence liitei for twAitiS and tranicfl- 
/njf iitiut Lina, Sprague. {Scottp On?ctirfiood A Sfm.) Includtnjj also note! on 
impact. 
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lUn^iraihe ProbUm 35. 

A Byimnjetrical dwjlt haa rix equal p&nolH and BpftTli 120 tt. 

The depth of each main girder ia 20 ft. If on OAch trtaa there act^ a mufiariri. 
dead lend oE 1 to& por foot run and a imiform moving loAd of 1 tern per Foot 
ruiip debermina the fdreeti for whietl the membera DE^ DK^ LK Ehoold bo 
designed. Aiisufno the dead load la conoontrabNl at i\m top chord piun^ 
jointa (U- of L.) 

Considering the forces in the members due to detid load only. 

Referring to Fig. 150, 

60 toi^s = 



Force in LK^ considering the equilibrium of the portion of 
the girder to the left of the dividing line and taking momenta 
about D, 

(Force in EK) X h 20) = 20 x 20 + 10 x 40 - 60 X 40 
(Force hi LK) = SO tons and is positive, giving a tensile 
force. 

For the force in DE, 

Let a dividing line cut DE, KE^ and KJ, 

Taking moments about 

(Force in DE) x 20 = 400 + 800 + eoo - 3600 
(Force in DE) = 90 tons, and is compressiveH 
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The ahe^r in bay 5 — 00 + 50 = - 10 tona. 

Conaidering the forces to the left of the bay, EK takes thia* 
and, therefore, the force in the diagonal DK will be 

= 10 = 14*14 tons^ and m tensile^ 

cos 45 

Aiaximum forces in the members due to the live load of 
1 ton per foot run. 

The maximum ordinate of the unit influence moment line 
for joint D will be 

- tone-ft. == " 26^6 tons-ft. 


The maximum moment at D will, therefore, be 
-26^6 


1 X - ~ X 120 = - 1600 tons-ft* 

^ 1600 


Force in LA'’ due to live load = 


^20 


= SO tons tensile force. 


Tlie maximum ordinate of the unit influence line for the joint 
„ . 60 X 00 

A IS - 


120 


= - 30 tons-ft. 


Maximum moment at K will, thereforCp be 
30 

“—X 120 X 1 — - 1800 toDB-ft. 

Force in DE due to the lire load, 

- 1800 

~ —— =s - 90 tons, and is compressive. 


The maximum positive shear in the third bay from the 
left-hand support will be (^ec paragraph 131) when 
bays from the left-hand support are covered : maxirauni 
negative shear when ^3 + ha.ys from the right-hand support 
are covered. 

Maximum positive shear in bay 3 therefure 

^ 1 2 \ 20 

Xg-X ^2 + -j-==. + 8toiis. 

[J ^ ordinate unit load influence line with I ton at /> j 
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Maitimum negative aliear in bay 3, 

1 f 3 \ 20 

= otdinatfi unit load mAuonco Jlrie 1 ton at ^.] 

Mas. cotopre^i™ force in -DA' _ B _ _ 

due to the li^e load co& 45 


Masiniuni negative shear causes a tensile force m DK. 
Mas^ tensile force in DA ^ iB 

due to live load coa 45“ 


= 11*S X 2-25 


= 25*43 tons. 


The memberap therefore^ should bo designed to carry the 
follov^ing loads. 

LA, + SD + 80 “ + 160 tons 'i 

DA, - 90 - 00 = - ISO p, > 

da, + 14d4 + 25*4 = + 39*54,p J 

Minimum teiiflile stress m DA = 14*14- 11*3 “ 2-84 tons. 

If the resultant load in a diagonal h changed from a teneile 
force to a thrust, then the bay can be counter braced by a 
member along the other diagonal to take a tensile force, 
assuming the first diagonal cannot take thrust loadCh 


REFKRENtJES 

Dfjn^n 0 / Modern Sled Stmeiun^, L. E. Grintcr, fMa™iUfUl.) 
/CinctiV TAijQr^ o/ Strucinref, Molitor. fMfKrrBw-lIul.J 

See- alao thoao UiftoU at thu end. of CllBptcr \TI, pwi.g^ 1 J.l. 


EXAilPLES 

E A gilder 40 ft, long ia Hupported at iti ond^ and two iieleted toftdfl oi 
10 tom and 4 tOM tmvel ^owty Aocom it ffOfU opps^ite ondi fit the samo 
■peed^ poBsing (MLch Otlwr at tbfl centre of tho fipon. Rraw 1110 o 

maxiiaiun "bending moment and elie-firing fopo* for tbe giider-. [U. of I*) 

2. A load of W lb. per foot run llioviie from left to right over a PrOlt 
girder wldeh ia divided into iV pMwla of length I Show tijat tho maximum 
fillOAT S at the nth panel point from tba left ifi ^ven by the oqiialiOa 

* ~ SIAT- 1} ^1^' ^*1 

3. A Pratt iruai, IC4 ft. apfin^ depth 13 ia divided into 8 equd panoli 
ft carriei a uniform dead load of 0 0 ton per foot run and fi Worm live Toad 
of U ionj per foot run, both impportcd at the jointa of the boUom rhorf. 
Doiermifio tho maiEimtil£l atreisefl in all the membora of the third spd o 
panela from one support* find atato whether these panels rei^iiiro to 

DO tin ter braced^ 
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4. A H&Wfl tnwaad girder of L20 it. triJlUl IB divided into 10 bays of 12 ft. 

The depth of iJlO girder U I S ft., and it ie Bubjeeted to A dead toftd 
of 3 evrt, per foot run. Find lliV rtiaKimilin in eaeli panel when a liv*e 

ioed d[ 2oWt. per font nin rolls over the brid|^^ and the number of bays 
ihat require countcrhracing. Wl^lth of bridge = IS ft. fU- of B.J 

Railway brldgieH IhIVO a jfEfrtt Vfifiely of wheel loads moving over them 
at iliffi^rent Show carefully how yoti woiild dotcrtnlno the equiva^ 

lent load per foot nin for A given span for any typo of losd^ — 

{a} for and filkvarp 

{b) for bending momont at ail polnla of tha girder. (U- of B.) 

fl, An N gicdjw o£ 120 ft. ipan hm 0 equal b&ya in tlvo loirer bonm. A 
roUitig load of 2 tone par foot run passes over the girder. Determine (1) the 
maximum fortra ift the top boom of the ae-ood Iwy from iho left ; (2|[ the 
nieximum fores in the diagonal of tho luuna bay. (Uk of B.) 

T. An y gifdar 16^ ft. span ia loadiMl on the top boom and ia idao aup- 
pdrLod at the cndi of the top boom. It has $ panels* each 20 ft. long. The 
depth of tbs girder is 25 ft. Thoitr ifl a dead load of 0-5 ton per foot run 
and a traveUing load longer than the span of 1 ton per foot run. Detem^ine 
the maximum foroes in the vertieiJ mem bore 40 fh and ffO ft. respectively 
from the left abutment* und also Ln the tliroe membera out by a vertic^ 
section 60 ft. from tlie left abutment (i,e. the threo memberB connecting Ihe 
two vsrticsJ membera). Neglect impact. (U. of L.) 

0. A latiioe gilder of the Warren type haa 4 equal bays of 20 fh in ths 
lower boom and* cortwquentlyp 3 equ^ baya in the upper boom. Tlie 
diagonalB of the girder oro inclined at 80^ U> the liorizontal. Draw the 
innuanee diagrams for the three memberm eut by a vcrticaJ B€!Ct]On 36ftv 
from the loft abufmout; and doterinine in each ease the maxlmimi force 
produQsd in the mem bar when a uniformly-dLstribu ted load of 2 tons par 
foot run* 80 ft. long, passea over the girder {1.3. E.) 

9. Two loadfl of 10 and 15 tons rospo^it^y ot Oft. apart roll over a 
girder of 30 ft. epan. Draw lO BcoJe a diagram Bhowing the variation of 
maxim Lun bending moFnent that oceuro under the load of 15 tona. Deter¬ 
mine the maximum abcaiing forte at tho ocintre and alido ab the end of the 
girder. (B. of I*,) 

LO. -A locomotive^ having whael loads as ohown In Fig. ISh psaac^B over a 
bridge of 50 ft. Bpan. Dotertnino (o) tbo bending moment at the o^tra of 
the girder when the load of L3 tona ia at the central (51 the maximum 
Bliearing forte at the abutments due to th<^ loads. 

11. Show clearly how you would find the tquivoJcfit load per foot run for 
bending moment for the wIkkI loadsahown in Fig. LSl for any Bpan. (tl. of L.) 


T r T 
1^ m fS ID 



Fid. 151 


12, An N girder haa a span of l&D ft^ and has 10 equsi bays in tbs lower 
boom. The girder ia 20 ft. deep. Sliow how to find the Influence diagrams 
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for (1) any booDi membor^ (2^ ftny diogenalr A load confiiHiing of & looo- 
itiotivo having IQ on oWh oE 5 axles opaoed 6f^ apart rolla ovar the 
girdar. NagloctiiiK any impactr factor, find tha maxinnuo fDrt«i in tl)4 
membarq cut by a vortical aoctioa 40 ft. from Olio abutment^ 

I3r The lioqr of a iingle liiua raiiH'ay brid^ is camod OT) oroea girdai* 
which rtrfft on the tmln gird«^r ot tha panol isointo oa ahowti in Fig. 152. The 
span of thfi main girder is lUO ft. and thcra fkre fiV4 ponela each 20 ft. Tho 
^rdor ii l& ft, ai tho centra and 10 ft- deep at ED. A imifonn load of 2 tona 
per foot runii Over tha bHdjgc from O to H. Show that lb® forces dtl* to 
the moving load in the two mambors and AC uco a mastimom when tho 
front of the load lb 71a 1 ft, from O, and banw detonnino these forcoi in 
mognitudo and kind- ■ 



Fio. L&2 


14. Tha student ^ roquoalod to take the fromea mentioned In the proUema 
and to carry out exorcises for hima&lf to toot any trouJia nnd formula ^veii 
in the toxt* using any of the types of moving looda^givon in Fig. 120. 
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TtoeE'Pinned Metal Abches, Ribs, axd 
Suspension BEmaEs 

130. An arch rib may be looked apon aa a curved girder, either 
a solid rib or braced, supported at its ends and carrying 
transverse loads which are frequently all vertical The arch, 
as a whole, ia subjeoted to thmst-p because the transvecae 
loading at any section normal to the axis of the girder h 
at an angle to the normal face, and the force can, therefore, 
be split up into a tangential or shear force across the face, 
and a force or thrust normal to the section. The line of 
resultant thrust is called the linear arcb.'^ 

For an arch earthing Tertical loads, it can easily be drawn, 
when, in addition to the vertical loads, the horizontal com' 
ponent of the thrust at the abutments Is known. The vertical 
components of the reactions at the abutments are determined 
algebraically or graphically as for a straight beam, and they 
aro not affected by the horizontal thrust if the abutmenta are 
at tli.e same level as is evident if moitients about an abutment 
are considered. 

Arches are of Uiree kinds— 

(a) Three-pinned, having hinges at the crown and the 
abutments, 

(i) Two-pinned, having hinges at the abutmenta only. 

(c) Fixtsd or solid arches, having no hinges at all 

The former is a st^a^tioally determinate structure; the two 
latter are statically intlcterminate. In this book the theory 
of the three-lunged arch only will be considered. 

137. The general condition of loading for an arch ia aa 
illustrated in Fig. 153. 

Let the external loadas act vertically downwards. At the 
abutments there are, in general, {a) a Hxtd moment resist¬ 
ing bonding ; (A) a reaction R„ due to the thrust of the arch, 
and which can be resolved into acting vertically upwards* 
and the horiseontal component acting towards the other 
abutment. 

ZS4 
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Tlie etraming actions at any aonnol section 0 are as in 
Fig. 153, and they are resolved into (a) a bending moment M, 
and {6) a shearing ioree iS {as in a straight beam) ; in addi¬ 
tion, a thrust P normal to the section. These three actio'ns 
are statically equivalent to a single thtnst T acting at some 
[mint D on the normal face C produced, and where 



D lies on the linear arch ; is a point on face C lyii^ on the 
axis of the arch, the axis passing through tho centroid of the 
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section. For continuous loading, the linear arch will be a 
curve having the direction of the resulting thrusts as tangents 
to tho curve. 

The. straining action may then be specified by the normal 
thrust P, the radial shearing force 8, and the bonding moment 
M ; or simply by the linear ureh. When the straining actions 
are known, the stress intensities in the rib can bo determined. 
As in straight beams, the shearing force may bo neglected as 
producing little effect on tho stresses. If the curvature of the 
rib is not great, it is usually sufficient to calculate the bend¬ 
ing stresses aa for a straight beam. Tiie uniform compression 
arising from the thrust P is added algebraioalJy to the bending 
stresses. 
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133. Tlie general equations for all types of arches are'— 
Considering the equilihriimi of the portion AC^ in Fig, 153, 
^ = height nf the ajcia of the areli at Cj abo^e the f^uppcurt^. 
Resolving the forces horizon tally, 0 = slope of tangent to arch 
axin at 6'+ 

P cos fl - 5 flin 6 - //, = l> , . * , (1) 

Resolving tJie forces vertically. 

Gin 0 + S COB e + {£l' n",) - r. = 0 . . (2) 


6 


Kb 
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Momenta abniit C, (the eigna being the same as for straight 
beams). 

if .IV + fj^ + (i:J'IF,X,) =r 0 . . (3) 

The Three-binged Areh« Thus there aro sis onUnovyus m 
these three equations : the general therefopo, requircfl 

three more equaiiotis wliich aine developed from the strains 
produced. Hut for the three-hinged archp i.e. the arch having 
hinges at the abutments and the crown^ and which is statically 
determinate, three of the unknowns in the general equations 
are easily found, d/, 1$ toro^ i.e. there is no moment at the 
springingK or abutments - ajid also the moment at the crown 
hinge is zero. The horizontal thrust is founcl from theise 
facts and, consequently* the line of thrust or linear arch. Tlic 
line of thrust passes through the hinges, and is found aa 
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for a iumply-aiipported beam. Therefore, for the threedimged 
arch, 

/Moment at the section as forj 


+ 


m 

{^) 

m 


\ a simply-3upport€Ki beam 

jJ/j, + 

will always be of negative sign for downward loads. 

139. A few^ eases of loading will now be considered for the 
threo-hingod arch. 

A single dead load between the abutment and the crown. 

Abutment hinges are at same heights 

\V ia dist-ant 11 / from the origin 0^ and Ixdwecn O und C\ 
Referring to Fig. 154^ page 250. 




W 




Coneidering moments about the crown liinge C, 
y, = height crown fringe aboTC the origin, 

- W'(J -tt) i + //.Sf, =* 0 

„ Win n 1 \ 

y. (2 "2 2 '^“) 


( 7 ) 

(g) 

( 9 ) 


/, //. = 


»«f 


( 10 ) 


Similarly if H' be between C and B, 

and ^ moment at C, as if the arch was a simply-supported 

beam. 
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li TF at C, It - ^ 


IFiii 

2 ' 


117 1 


m 

4 


moment at tbe centre of a slmply- 
= supported beam with TF at tlie 
centre* 

r,.t .r J * 

Then a. = -— and ib a m aininiiTii- 

The moment at any section X between .4 (the origin) 
and the load point, 

-V^ + N,y = -W(l-n}x-f-^X^ * * ( 11 ) 

Moment at any section X^ between the load point and the 
crown hinge = 3/,i = - + lF(Xi- id) + 

Win 


= - (r(i -»)xi + fF(xi - «i) + 


IFfn /2Ji 


2 + 


yj 


2 


Ui 

y* 

( 12 ) 


(13) 


2 V ^ 

Moment at any section X, on the unloaded half 

= = II where x% is measured from JB 

. . . 

2 Vt 

140. Graphical Solution of This Problem. Beferrmg to 
Fig. 155, as there is no load on BC and as the moment at C 
is zero, the thrust at B must pass through C to meet the Line 
of action of IF in Z, 

R„ Rf, and IF are in eq^uiUbtium, and the line of the 
reaction R, at A must, when produced, meet IF in Z. 

The vector diagram to the right represents e/ s= IF to scale 
acting downwards. 

fk = F, and Ac ^ F,. 

From / and t draw fo and eo parallel to R^ and Jf, respect¬ 
ively to meet in O \ then Jo = to scale and co = 11^ to, 
scale* O k the pole of the diagram. 

Then f^A is horizontal and to scale 

=s horizontal thrust at *4 and B ^ //,. 

Xow triangle AZB represents the moment diagram to scale 
for a simple beam, and is of negative sign. 
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The curved figuro AOBA represents to the same scale the 
luomeat diagram for atul la of the positiire sense. 

is common to both diagrams. 

Thus the resultant moment diagram to scale for the arch Is the 
shaded diagram AZCXBCA, For the loaded half, tho resultant 
diagram is negative, and, for the unloaded Imlf, positive. 



Pio. 155 


If //, in tons and any ordinate of the shaded diagram is 
measured in feet to the same scale as y„ then the moment at 
the section corresponding to yn = /f* X tous-ft., due regard 
Ijcing paid to the sign. 

Thus tho resultant moment at any section is represented 
by the ordinate of the diagram formed by the linear arch and 
the axis of the arch. 

141. (n] The Grapliical and (^) the Algebraic Analj^ of the 
Three«hWtd Aich Carr^^ Several Vertical Concentrated 
Loads. (Fig. 13«.) 

(q) Tub Graphiosl Method. Calciulate by the method 
stated, and also calculate F* ami F, by the usual methods os 
for a simple beam. 

Referring to Fig. 1S6, draw the load dja;^m of the vector 
polygon to scale; draw the pole Hue Oh horizontal eijual to 
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to ttunlej h being the point on the load line splitting the total 
loads into the two vertical reactions, join 0 to the different 
points on the load line. The outer radii will be and R^ in 
magnitude and direction. 

Draw the funicular polygon as for a simple beam and thus 
obtain the linear arch, which will pass through G* 

The resultant moment diagram ia again represented by the 
diagram formed by the linear arch and the axis of the arch. 

If there are only a few loads on the archp the linear arch 
can bo casdy found by eonatrueting fcbe simple beam moment 


0 


diagram by finding the moment at the different load points 
and erecting ordinates to a scale equivalent to where tj^ 
will represent the moment at C. 

(6) The Aloebraic Solution, Let represent the simplo 
bending moment at any seetion X due to the vertical loads 
acting on a stmight horizontal beam. 

Then the actual moment at X = 


■ ^ from equation (d) 

I.>et i/fc be the simple mometit at the centre i> 156) 

of a span AB \ then ainoe the bending moment at C is zero 

0 ^ 


or //fl = - 
Hence for any other section 


Uo 


il/, ^ J/H-i/ 


I 
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due atit>entiDii b^ing paid to the aign of the simple memonts; 
they are of the negative sigo for dow^nward loads. 

Tho nomiid thrust at any radial crosa-seotion X [Fig. 15G) 
mav be found by multlplyiug the residtaitt thrust (repreaented 
by fio) by the cosine of the angle between the tangent to the 
arch axis at and the direction of the tlirust (eo)- the 
transverse or radial Bhcarlng force may be obtained by multi¬ 
plying tho resultant tlirust (eo) by the sine of its inclination 
to the tangent of the arch axb at Jf. 

Algebraically^ the resultant tliniBt may bo obtained by 
compounding the ooiiatant horizontal thrust //# udth the ver¬ 
tical shearing force determined as for a straight horizontal 
beam, 

142. Unilormly-aistributed Load o! Length to the 

Span on a Three-hinged Arch. The nicraent diagram for a 
simple beam is a parabolai and it has its maximum ordinate 
at C. 

The resultant moment at C is zerop and therefore the 
resultant mom,ent diagrani for the whole arch of any curve 
will be of the same Bign tliroughout. If the axis of the arch 
is a parabola^ then obviously the resultant moment for fclie 
whole arch is zero; because the cim^e of the simple beam 
moment line is parabolic and it passes through f7, therefore 
the two curves ooincide. 

lUnstraHm Pfolihm 30 . 

I* i. 1 

Th& eqwUioTi of tKfi B.x\a of a tlirws-limgfld xrch \6 ^ = x - ~, tho ongin 

homg tho left-hand iupport^ The sp&n *nd ri» ow 40 ft. and TO ft+ reflppc- 
tiVfttv. The left-hAnd hrtlf m loaded with a unifomlv-dietributcd lo*d of 
] ton per foot ftm. Find tho tflaclioiiB mt tho Buppori^i oJid tha eomiel 
tlifiiHtH at oMtiona 10 It, end 30 ft. ffOlTi the left-hAnd support. are 

the portions of iiiasimum moxneat^ Draw ttw linMr nreh. 

Tlie linear arch is drawn in. Fig. 137. Note ft. to 

scale ^ 1 in., and for the linear arch diagram being the 
montent diagram for the simple beam, ,1/e = 100 tons-ft. 
=5 1 in. 

, ,Ve 100 
Therefore, — = “rTr 

y* 10 

.\ff= lOy^e or Ji — >0i/. 

A formula required for finding the slope of the linear arch. 

Now V,= 15 tons. i’, = 5 tons, 
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T&king momertts about C and equating to xero, 

X loj + ^- (lo X 2oJ ^ 0 

//* = 10 toii^ 

\/15* + 10® ^ 18 torn 

J»B— V 10^ — 11 2 

Thp linear arch is cotisrtmcted by Imdlrig the simple 
momeiita about a number of saotions (i.e. the effect of ia 

lV-20^ 



not taken into account) and plotting the momenta to atioh a 
scale that at C the linear arch passes through C. 

The resultant moment diagram is the diagram enclosed 
between the linear arch and the axis of the arch. The linear 
arch is a straight Line from f7 to B, 

The resultant moment for any section X between A and C is 

J/ ^ — 153? + ^ "h f Oy 

— - 15* + ^+ + J 

This is a maximum when = 0 

dx 

i.o. 0 = - 5 + ^ or as = TO 

that IB, the section of ma^muin negative moment ia 10 ft. 
from A. 
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Tlie mamnum resultant moment is - 25 tons-ft.* and agrees 
with the amount in the diagram. 

Between C and the resultant moment equation for any 
section distant from B is 


= - 5aJ| + i%i 



The maximum positive moment oocurs at a section X| distant 
IQ ft. from for 

- = 5-^ = 0 from which sfj = IQlt^ 

(t^i 2 

And the maximum moment at this seetion is 


= d- 25 tons-ffe. 


To Pino the Kor^^al Thrusts at the Sectioj?s Distant 
10 ft, aro ^Oft, from a. 

The resultant thrust at any section 

= h/( vertical shear at the section)* + H/ 

The direction of the resultant thrust is found from the slope 
of the linear atoh [ the direction of the normal thrust from 
the slope of the axb of the arch« 

For the Section 10 ft. from A* 

Equation of tlie linear arch b 



due regard w^hen considei’ing it being paid to the sign. 
In terms of the y ordinate of the axis of the arch^^ 



The slope at any Ejection is 



The slope at ar = 10 = + *5. 

The equation of the axis of the arch 
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Thf) slope of the axis of tba axch, 
dx 20 

At ar ^ 10 the slope is 1 - -5 = + ^5, 

therefore, 0^ = 27“ (tan 27* ; = *5^ 
that is, at sc = 10, the slopes of the linentr arch and the 
are the same; therefore, the resulta^it thrust is eq^uol to the 
normal thrust. 

Normal tlirust = 15 + lOf + 10= = 11*2 tons 

or Normal thnist = 10 coa 27 + (15- 10) sin 27* = 11'2 tons 
using formula given in paragraph 140^ 

The radial shear forco will bo zero. 

Nokaial Thrust A>rp Radial Seihae at ^1, The direction 
of the resultant thrust (Jf^) ^ angle 6 = tan-^ J»5 = nearly 
57“, The inclination of the axis of the arch is 
™ angle 6i = tan'^ 1 = 45*^ 

&~e^ = ir. 

Normal thrust at 'A = . cos 12° =z 17-6 tons 

Radial shear at jJ = a - sin 12* ^ S-7S 
where = IB tons, 

Sectiok 30 FT. FROM A . This is a section in the right-hand 
half of the arch, and where the resultant tlirust is the same 
for all sections. Take B aa origin and x to the left as [JositivLL 
Resultant thrust 11-2 tons 

and its direction is = tau'^ — 

= 27*. 

Tlie elope of the axis of the arch is also 27* at this section, 
therefore* resultant thrusit = normal thrust =3 ll-2 tons- 
[Normal thnist equal to 10 oos 27 + 5 sin 27 *= 11“2 tons.] 
At lit the slope of the arch^ considering as origin and a 
to the left as positive Is the same as at A* 0- =1 45°* 

B, - 0^ 11“ 

Normal thnist at /?= 11-2 X cos 1B“ = 10-55 tons 
Rmlial shear at 2/ ^ 11-2 X sin IB* ™ 3-46 ,, 

TaKK a SKt'^nON X 5 FT. KlCO>I A 

The hIoiw of the linear arch =1-0 0 — 45* 

The slope of the axis of the arch ^ *75 2= 
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Normal thrust =10 cos 36*50^ -|- 10 sin 36'^50^ 

~ 14 tons. 

or reaultaDt thrust = + 10* — 14-14, 

Normal thrust = 14-14 X oos {45* - 36“50') 

= 14 tons. 

143 . Thtee-hinge^ Spandnl-trac^ Arch with Dead Loadings 
(Fig. 15S+) A frame having its bottom boom curved or 
arclied* and hinged at the supports and the crow^iip is called 
a three-hinged spandril-braced arch ; it is illustrated in 
Fig. 15fi. Calculate and as for a fclireedringed ribbed 



arch, and proceed to find the etresaes in the membera as for 
ordinary frames, that is. by the force-stress diagram. method 
of sections, etc. 

144. Influence Lines for a Three-hinged Ribbed Arch. 
{Fig. 159.) Of Horizontal Thrust. Let a concentrated load 
of 1 ton move across the span^ and let it be at any time dis¬ 
tant nl from A (Fig. loO-J and between AC- As before, the 
H?action3 are made up of 

and (the horizontal thrust) and 
and if^. 

Referring to Equations (7) to (1ft) and substituting 1 far If 
V,= (1 ~n) i ^ n 


Ih ~ ^ , that ie, //, depends upon m . (14) 

For unit locid between C nnd B, and dii^tAtit /{I — n) from 


B, by aimibr working as before, 
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Again a linear relation between and n, 
when 11=^0 from (14) //» = 0 


n = i (H) 

n = I from (15) 

« = i „ ( 16 ) 


j/, = 0 




(16) 


(16a) 


b a maximum valiio for and it occura when the unit 
load b at 0, 


Thus join .4 and B to C, and lot represent 

tana, 

and the unit influence line for the horizoutnl thrust at the 
abutments; is obtained; that is, the ordinate of the diagram 
to scale gires the horizontal thrust at the abutments when 
unit load is at that ordinate ; let It be y. 

For a number of loads, ^ where y is the ordinate 

of the unit diagram at the position of the load. 

For a uniformly-distribut^ load^ II ^ b represented by the 
area of the unit dJagram to scale underneath the length of the 
load over the arch. 

For the uniformly-distributed load of 1 ton covering half 
the span AC in Problem ^0, 

= 4 ^ 10 X Y K 1 — 10 tons. 


145^ Influence Diagram of Bending HbmenC;. Let the unit 
load be at any section Q between A and C, and distant Jil 
from Af Fig. 159. 

To draw the unit influence niomont diagram for any 
section X distant x from .^Ip it hm been shown that the 
moment at any section X 

“ — Negative moment for a freel_v-supported beam 

-b Positive moment duo to the horizontal thrust^ 
thereforej the resutting influence dLagram of moment will be 
the difference of the influence moment diagram for a simple 
beam and the moment diagram due to the horizontal thrusts 
The horizontal thrust is a maximum when the load is at (7, 
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tVui 



Urn t IflUu'ence' - Honiontgl TVimst h 


Mi-Ha 


ra> 


ft) 




Unit Iflfliicnce M^ertt D^Jr^fn 
for SectiOTi X. 


(ne^atni^) 


Irrflirfficf Shear 

Diagram for X^ 


(XHftlv9 




i>i^ - vo'ft InfluCrtW 

Nonnal Thrust Dtagpiim ftrX* 

Fia. 159 
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therefore, tlio majfimem mamertt at X due to tbe liorJzontat 
thrust 


i 


X 


y ■ 


(H) 


where y is the rise of the ^oh at the section X. The mooient 
due to the horbsontal thrust at X is where 11^ varies 
witii the position of the ICKad and jr is a eons taut. Thus the 
horizontal thrust moment diagram is found by erecting a 

ly 

central ordinate on the horizontal span to scale — ^ (Fig. 159), 


and joining to and 

The maximum moment due to a simple beam is when the 
ioad is at X and = - ^ must be drawn to the same 


scale as for 

The resulting unit influenoc moment diagram for the section 
X is sliowm shaded in Fig* 15^^ and it consists of t^vo triangle* 
A^DE negative and positive. 

AIaximom Moment. With a single concentrated load, the 
maximum negative moment is ivhen the load is at £>, and 
the maximum positive moment when the load is at C* With 
a uniformly-distributed load longer than the span, maximum 
positive and negative moments occur when BF and AF arc 
covered respectively, 

146. Shear and Thrust Influence Lines* Radial Shear. 
If (?, is the inclination of tho tangent to the arch at the point 
X (botween j 4 and C), then the shear at X will be the resultant 
force norma] to tho arch axis at that point, 

^Vith the load between *4 and X^ 


Bm — ^^003^3,+ , (IS) 

Load between X and if, 

Sf. = - F, cos + i/j sinfl, . (19) 


The signs are due to cocisidoring the forces to tiio right and 
Left of a section. 

For unit load on the arch, (13) and (19) are as for a simply- 
3 iip[>orted beam with unit load multipliefl by cosfl*, together 
with a load //^ sin 6^ added. The unit iidlucoce shear diagram 
is shown in Fig. 159 
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DLagra.m A^DB^ is positive, 
„ A^EE^^ is negativep 
,, positive. 


is the unit influence shear diagram for II^ sin 
ia a lua^Eimum when the load ia at the gentce of the arch 


and for unit load ^ - 7 — tons. 

Thus CCg to scale = II^ ein 6^ 


I sin 0^ 


and the triangle is the unit shear diagiam for Ih fline,. 

AyJXKBy is the unit shear diagram for the eeetion X as for 
a simple beaiUH 

With tlie unit load, between A and X, the radial shear at X 
[S€€ {d} Fig. 159) b S, +y + yi- 

With the unit load between X and 5* — + ~ 

With a uoiformlj'-distributed load, the shear (iS^) will bo 
the area of the diagram under the load to aeale, due lespeet 
being paid to aigns^ 

147, Influence lane for Normal Thnifli The normal 
tlirust at a section X, between .4 and C* will be the resultant 
force tangential to t!ie axb of the arch at the section. 0 ^ b the 
direction of the tangent to the arch rib at X. 

For the load between A and X, the thrust at X 

= T^= cos 6^ - Fp , sin e, . * . ( 20 ) 

Between X and B 

F, sin 9^ . . . (21) 

By similar reasoning to that for sheafj the following b the 
construction for the unit normal tlirust influence line. (5ec (c) 
Fig. 159.) 

Make and equal to (I sinfl). 

Join i>i^4 4 to meet the vertical through X in Ji 

It ^4^1 H 

At the centre of the span^ set up an ordinate CC^ 


IcQSS^ , ^ „ 

= H—-T—' and join to A^B 4 ^ 

then the shaded portion, A^J'^XKlB^C^* is the unit normal 
thrust influence diagram for the section X. 
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To construct the unit radial shear and Dormal thrust dbgranta 
for a section between B and Cj use B ea the origin and take a: 
to tho left as positive, and work as given in paragraphs 140 and 
147* Or* by sLuularityj the diagrams for a section distant 
as from if, will be the “ reflections ” of those for a section 
distant x trom A. 

14S, Suspensioix Bridges. A Hanghv'o Cable an^b Its 
Relation to tiie Linear Arch. If it is assumed that the 
cable has no resistance to bending, the form of the centre line 
of a hanging chain or cable carrying vertical loads is that of 



the funicular polygon for the loads and end-supporting forces, 
the horizontal pole distance from the load line in the vector 
polygon representing the horizontal tension in the cable- 
In all cases, each vertical load is balanced by the tensicne in 
the two segments of the cable meeting in its Une of action^ 
The horizontal tension which evidently cannot vary through¬ 
out the cabte^ since no forces having horizontal components 
are applied except at the ends, fixes the precise outline of the 
cable centre line and supplies the remaining condition to fix 
the pole O. The horizontal distance from the pole to the 
load line represents the horizontal component to scale of all 
the tensions in the various segnients. Thus the hanging 
cable is the linear arch itself. 

An arch supports vertical loads by material exposed to 
thrust, and for an aroii we have seen that the funicular polygon 
represents the line of thrust^ or the linear arch. 

In the case of the three-hinged arch, the i^ultant moment 
is zero at the crown hinge+ In this case^ the linear arch may 
pass outside the axis of the arch ; while in the case of the 
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flexible cables the axia of the cable and the line of reeistanee 
must coincide. The cable ia in stable equilibriuni ■ the arch 
ia in unstable equilibrium. 

149* X<et a chain be loaded as in Fig. 160^ and let the 
supports be the same height. A and E are the support 
points at the same level. 

At the supports the reactions ^ill be and respeotiveljr^ 
which can bo diYided into and Fa vertically* H and 
horizontally- 

Afi ail the loading is vertical then U s= and acts in 
opposite directions outwards. 

The horistonfcal component of the tension in each member 
ACt CDf etc.* is also = fL 

Point C is in equihbriuin under IF|, Tj, and Tj* and these 
three forces form the sides of a triangle. 

Pouit is in equiJihriuui under fliid and. these 

forces form the sides of a triangle and similarly for the other 
points. 

The shape of the cable will, therefore, be the funicular poly^ 
gon which is constructed from the vector diagram by the 
usual methcwlsH 

Taking moments about B, 

VJ = WS-^) + W^il-a-b) + . . . - (22) 

Fj^ can be found and aubsequently Fi- 

Let the vertical component of the stress in the 
member from the origin A be 

M\- ir, . * - - H\-i . ^ 

Horizontal component of will be 

// seefl. - . (24) 


Let the slope of the member be tan 0, 

T 

then tan ^ ^ * ■ ■ ' ’ 

and ir„ = // sec & ^ ^ ^ (26) 

Let be the maximum deptli of the cable below the sup¬ 
ports at any point C and at from -4 then 

Hy,+ tri(a:,^ a) + H iCa?,- n-fr) + . . . = 

/E moments of ttie external loads^ _ . 

”"*+( t. the bit of 0 C <“> 
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150 . Consider a Hanging Cable on which the Load Carriecl is 
a Continnous One. 

Let this be w per unit length of horizontal span. 


Total load 




dx 


het the slope of the cable at some section X distant x from 
the left-hand support be ^ 


then y- = 
az 




w 


, dx 


H 


= tan 0 


, {28«) 


Differentiating, 

//^= - 
" dz^ 


w 




— fiec^ fl, 
r 



^ * 
aec* 0 


angle tangent to the curve makes with the hari^^oittal 
or ^ axis 

therefore, — sec® fl = lif, 
r 

and // ^ wr cos® 9 , . , {29) 

„ r . (30) 

At the vertex of the cyrve where r ^ 

ts? = «?, and eosfl ^ ip 

, (31) 

Hanging CaMe and Uniformly-distnbnted Load. When 
the toad uniformly distributed over the span of the cable^ 
os approximately in some suspension bridge cables, and in 
telegraph and trolley wires, which are tightly stretched and 
loaded by their own weighty the form of the curve in wlueh 
the cable hangs is parabolic. 

If the uniform loads are applied at short intervals, then the 
funicular polygon will be circumscribed by the parabola 
corresponding to continuous loading; i,e, the points of 
application of the h^ will Ue on a parabola^ which the cable 
w'outd follow under continuous loading. 


* Kfiydiiiui of curt^AEiiire. S^di toxtbootuL 
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If to is a constantt 
d^f 

we have H ^ *= - w from Equation (28a) 

iffz* mix 

Integrating twice, V ^ ^ 

which is the equation to a parobola having the left support as 
origin, and, therefore, the form of the cable will be a parabola, 
y will be positive downw'arfls. 

Let the maximum depth of tlie cable having supports at 

I 

the same level be y„ and this will be at » = ^ . 


tel® 


, wP 

^ W 

wl* 


Note " is tJie moment os for a simple beam. 


(33) 

(34) 


and j = ^-{i-«)x , , . . (36) 

and is positive downw'ards for all values of x. 


The grent-est tctision in tiie cable w\il occur at the support 
pointy where the alope i$ a umxinium. 




m) 


The load carried by a euspension bridge cable* including the 
stiffening truss (paragraph 153). U nearly uniforni m intensity 
in reference to a horirontal line; and so nearly sOi that it is 
assumed to be exactly uniform. 

Length and dip of cable or chain having parabolic form.* 


V = 


{I ~ x) X, where I = borizontal span. 

L = length of chain = 1^1+ + • 



SVprfcln^ from ihtf len support b3 ori^icL. 
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For very fiat curves^ 
y g}&iierat]y betwet=?n -2 and *0B. 


(3S) 


The appro^vimate greatest length of span* 

3pl 


1 = 


1 + 


3P 


(39) 


where p = weLgJrt of 1 eu. iii^ of ^^toel — *2836 lb. 
t = 60p000 ]b./sq. in. for steel wire. 

30j900 Ib./i^q. in. for nickel steel eyebar cabbi 


152. Anchorages. Loads in the anehorage cables and on 
the piers. A^time the side cables in a straight line from the 
tops of the supports to the anchorages. 

(1) Cable over a fixed pulley or roller on the top of the 
support* 

3^1 ss tension in the anchorage cable, making an angle ^ 
with the horizontal; 

T = terraion in the haugkig cable at the support and at 
an angle a to the horizontal. 

In this caset T = Tj. 

Horizontal pressure on the tower ^ 

Hi = T cos a ~T eoa ^ , {40) 

If o ^ /?, Hi ^ 0. 

The vertical load will be 


jPfl ^ I' sin a sin ^ . * (41) 

(2) To avoid horizontal pressures on the piers, movable 
saddles over which the cables pass are placed on the top, free 
to move over rollers. 

In thb case, //j = 0* neglecting friction, therefore 

'r cos a = T| cos * (42) 

If o and ^ are known, Ti can be found. 

If u = = . . (43) 


* Fmm Bridg€M^ by Eilfl (Wiloy). 
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Vertical prcssiire on die towor 

= T sin a + ein . (44) 

Illustrative Problem 37* 

A cabla ni span [OOft, and a nuuimujn dtp 10 ft. oarrimS m VluifonzUy- 
disLributod loftd Qf f tea per toQt of apart. Find tlia raaiimiim and 
minkmum tflualoilfl ID thrt cabla. 

The maximum tenaions wiU be at the support points 
= ; the minimum tension will be the horizontal com¬ 

ponent of all the tensions = 


Now H — — (eq^uation 34) 


-5 X 100 X 100 
B X 10 


= 62^5 tons 


(62-5^+ 


tons. 

Fiiid t-hff allrtfatiDrt. id tofiaions duo to ft ruQ iii. tompcFftlui^ of 30* F ■ 

if ttio codEEciftni of (ucpanjiLqii ia *000000, 

Now length of cable in a flat parabolic curve is 

^^'+3T 

i = span : y, = ilip : 

g 100 

L at normal temperature = 100 + J ^ 

s? lOS'T ft, nearly; 

L after rise of temperature of 30° F. 

= 102-7(1 + -000006 X 30) 

^ 102-718 ft. 

8 u * 

2.7,8 


y.= y 


2-718 X 300 


8 


= 10-1 fr. 


I X 100* 

// becomes ^ ^ — = 81J tons 

= eot tons. 
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lUustmlive Problem 3S. 

A hrAving A sp&n of 99 CAftioa A i£iiifomilyHdLfftrib|it«d ioiMi oi 

— tonfl por fcwt dE span. Tho left-hariEi and dght^hATld iupport ifa 4 ft. 

Knd hr raapectis^dy abov4 Sowest paint ot tho ra?kitTii lEnn of tbo cbain. 
Find tha tanaion nt Lha aupporta mid at the luwQ^t ppint^ 


Lot the lowest point be & horizontal distance x from A and 
from B. 



Tiien // - 


MOf® 

2iri 


yiG. l&I 


* 2 


09 


tlierefore a -;t' =i 

li 


// = ^ X — = 30-25 toia. 


WXi- 

2 X 16 


33 ft. 


Let ^ verticnl reaction at A 

= M B 

33 

tons ^ 7-33 tons 


7-^ = v/30-35® + 7-33® =:* 31*2 tons 

Ts T-^ = H-66 tons 
4-0 


\^30*25*+ 14-66®= 33 6 tons 

1&3. Stiffen^ Suspension Bridges. To make Equitable for 
he^Lvy tmffic, the suspension bridge requires stiffening to 
resist changes of shape in the roadway. 

TJiLs is done by — 

(1) Carrying the rrmdway on a girder hingetl at the two 
ends of the span, 

(2) ('ll Trying the roadiAay on two girders, each taking 
half the span, fiinged tijgcther and at the ends of the span. 

(3) tiepboing the cable by two stiff suspension girders 
hinged together midway between the piers, Th^se virtually 
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form A tliree-piniicd ftrch, which is statically determinate. 
The determination of the reactions and stresses is exactly 
analogous to those for the three-binged ribbed arch. 

154. Three-binged Stifiening Truss.* Fig* 162(a). The function 
of the stiffening truss is to distribute to the cable^ uniformly 
along a straight hne^ any load whatever applied to the structure p 
so that the parabolic form of the cable is preserved under all 
conditions of loadings 

Thus the chain keeps its parabolic form, assuming the live 
load is evenly distributed along the whole length of cable. 

Working from the left sup^^ort of the chain as origin , tho dip 
at any section distant x horizontal from the origin b 

if = ^{l-x)x . . . . [45) 

Gfijierat case, u, dead load weight per foot-mn 
S = live „ 

s Equation {2Su) 

5 + «?, = H - ^ (Equation (34) ) 

Fonoes on tlic Kti&'^nJng truss : its weight, the reactions due to 
the tnoving loed, and the upward pulls of the hangers. 

The loads in the hangers produce momenta Jl/g in the 
trusses opposite to those in general caused by tho vertical loads 
on the truss, 

licsultant moment at any section of the girder 

= = . - (46) 

Now the whole weight of the girder b taken by the cable, 
and tlicrefore, neither moment nor shear in the girier is duo t-o 
its own dead weight: thus Jij, is simpl^^ due to the live load 
acting on a simple beam. will be the moment due to 

the eve Illy -distributed hanger load equivalent to the live load. 
Now kt W Si live load ; 

and le, = uniformlynlbtributed load on the hangers 
due to the live load ; 

p*, = I? and u?t= Y' 




Caw pftfw. 154+ 
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Now the reaction acting downwards at the end hinge of 

* 

the etifFoning tnisa assumed eimpic will bo =-^ 


which is also the reaction acting upwards at the cable support 
due to the live load. 

For the stiffening truas^ therefore, the moment at any 
section X distant x from the left-hand hinge is 




w^lx _ 


(47) 


J/p = moment in truss as a simple beam due to live load. 
For the cabte^ section distant a? from the support point 

- - //y = 0 . . . - (43) 

Neglecting the small hanger loaa/k represonted by 
we get 

Jit ^ - JHf + u?i ^ * » - - ► 

and ~ . 

..... (51) 

For a three-hinged stiffenbig girder, tJie moment at the 
centre hinge must be scero : i.e. 

3f,= Ihj .( 52 ) 

At C (Fig. ie2, page 280), = J/, ^ 0, 

= simple moment at Then 

IJy, := J/« and i/ = ^ . . (53) 

y* 


155. Single Concentrated Load on the Stiflening Girder. 
(Fig. 153.) Let IF be at a distance nl from E and between 
E and C. Then 




Win 

iy. 


If \V betw'cen C and F, 


H ^ 


1F(1 -n)f 


. (5^) 


( 56 ) 
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// is a maximum when n = 
i.e. wh^jn IF is C and 


// = 


IT7 


. (S 0 ) 


The shear at any section of the stiGfening girdesra is 

— Positive or negative shear at the section of the 
girder as for a simple beazu (5,^.) pl^ the vertical 
component of tho cable tension at the corro- 
sponding section of the cable. 

5,^ ±5„+ // tanfl, , . (57) 


where 1$ the inclination of ttie avis of the cable at the 
section. 


5, ^ ± S„ + //— 


(58) 


y = .... (S&) 


dx" P 


(t-2x] . 


( 00 ) 


For any section when the load ifi between E and C, and at 

rfy 

a distance nl from E, using Equation 60 for ^ 

5,= ±S„+ 


” ± + 


2Trn(U2a;) 

I 


(61) 


When the load is between C and F, and at a distance i{! -n) 
from E, 


Sg = ± St, + 





= ±5„+ - 


)r(l-7l}(f-2jtr) 

I 


(62) 


156. Influence Lines of Moment and Shear lor an; Section 
of the Stiffening Girders, l^et unit load cross tho girdei$H 
Then the unit uioment influence line fur tills case is estflctly 
the same as for the three-hinged ribbed arch. 






THKOJir or STJiUCTUHiiS 


2m 

157. TTiiit Shear lofliieiice Line (Vig. J 52}. It ti ay l>eeii a) lu iv ti 
that at auy section X distant x from E, the resultant shear 

-5. - ± S„ + 




-4 

^>z 


f, PQC^/J»Uni^ Influence Shear 
Dja^rani for X, 

PQ2C2 FfQ= do. do. 


Fio. 102 


Unit Inflkience Shear 
(C) for Section 


Tlio influence shear diagram for the section JT will, therefore, 
be a combination of two diagrams — 

(1) The unit negative or positive influence diagram ae for 
a simple beam. 
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(3) Tlie unit positive diagram for // . * 

For the unit load between E and C and distant nl from 
2w(r- 2x) 


a ^ 

"’dz 


t 




— 13 thu3 pEoportianal to ft aa i3 a constant, being the 

distance of tlic section X from E. 

H ^ is a maxiimim trhen tlio unit load is at 0 
ax 


(i - 2x) 
I 


(when ft = 0, // — 0.) 

Siniilar] 3 '' for the load between C and F, 

and is proportional to w 


„Jy 2(l-n){i-2a} 
dx ” I 


when ft = 1, 


dx 


, 1 „ dff * 

wlien ft = , // . -tF- h a maximum 

2 ’ dx 

(l-2x) 

- — i 


(63) 


Tho unit jiofiitive diagram for fi ^ will, therefore, be a triangle 
ft'ith the span as base and the maximum ordinate at the centre 


I 


tons 


To construct the complete unit influence shear line. (Ste 
Fig, 162(6).) 

First draw tho unit shear influence line EfijFfJi as for o 
simply-supported beam. 

^ -1-, F,(?, ^ + 1 

Diagram E^GiFi is positive. 

Diagram E^JiF, is negative. 

At the centre C set down 


and join Ci to £| and F|: tliis triangle is of positive area. 

The diflerence of tJie two diagrams shown shoflcd gives the 
influence diagram required for the section X, 








2^2 


THEORY OF STRUCTURES 


Note. If X less thuii ^ f'i(? comes above F^C,. (Fig-102 (c)*) 
I 

If a? = — , F^Q and Ffij coincide^ 
i.e. no shear at X wlteri the load is between C and F. 

If X greater than — , F^Q below Ffi^. (Sae Pig. 162 (A).) 
and the shear wholly negative for load between X and F* 



Ciinres of maximiim shear due to uniformly-distributed load, 
longer than the span^ are given in Pig, 103. 

15S. Maximum Shear. The maximum shear foree curves for 
a single rolling load may be deduced from Fig. 102 {6) and (c)- 
The maximum shearing force ourvoa for a uniformly- 
distributed load may be easily found, also from the areas in 
the influence diagrams, the loaded lengths for the different 
maximum values being the projections of the areas of like 
sign in Fig. 1G2 (5). The positive and negative areas are equal 
for anj" value of x* and so the positive and negative curves 

are simitar. Wlieii = 0 ^a particular case of x < in 

Fig* 1G2, the loaded lengths are — for maximum negative and 
2 ? 

— for maximum positive shear at the origin and both shears 

1 irf td 

2 ^ T ¥ 


* Sft Andpflwa, PrMtfm in Siru^vn*. 







TflREE-PINNED STIFFENED SUSPENSION BRIDGE 283 


Tho etudent is req^ue&ted to prove the mivximum shears 
given in Fig. 163. 


IUudTaiiv4 Problem 39.* 

A nup^naiaii cable oE 100 £t. apaik And 10 ft. dip ia ^LCeciTd by A ilirw- 
hinged girdar. d^oA load ia J ton pet foot run, Dol^nnina tha mnxi- 

muia ticnmon in the OAbt^ mul tho maxiiiiiim Eiendiiiji momont tn the girder 
due to A ooncentratad load ol 5 lend ewBsmg the ipaii^ asau^og that the 
^holD of t1i4 deOiiJ load ia earned by the esMe without stroesiag tha girder. 
Find thg bending momaut in the ^rdar at ^ span from eitbat pier wlken 
the eonoontratad ^oad ia 25 ft. from the loEt^iiiand pier. 

Tensions in the cable due to the dead load: 

. 1 100 ^ 

HorLzontal tension = - X ^ ^ T k 
4 o X Iv 

= 31*25 tons. 

The vertical reaction at the support is 


12-5 



100 

^4X2 


Due to the live load of 5 tons on the girder, /£ is a mu^iiniim 
when the load is at the centre of the hinged girder, i.e. at 
50 ft. from the support points. 

due to the live load 


5 X 100 
^ 4 X 10 


= 12*5 tons. 


Vertical reaction at the support due to the live load is 2-5 tons. 
Maximum tension in the cable 


s= V(12‘5)“i + (31'25)^ + V(2*5J* + 12-5* = 4§'3 tons, 

IVL4X1MUM Moment hj the Girder Due to the Live Load. 
Draw the unit in(luence moment line for a section X distance 
X from the left-hand end of the girder. (Fig. 104.) 

^ s= dip of the cable at the section X 
^ maximum dip = 10 ft. 

4t/ 

y s {^uation for the Cdble) 

reduces to 

■ Pnab^fim given for Apiution in Morby^ Thtm^ ej ^tr^urtM. 
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To find thij fieotions at which the largofit negative and 
[Kjsitive moments occur ; the tnaximuni negative moment for 
any section occurs when tlie Joad lb at X, i,o. = x ; and the 

maximum positive moment when al 

Unit negative moment at X (Fig, 1C4]> 

(=-3f, + Hy) 

Sixl (using equation (54) 

-+ 


-M 


^ xi !£! 

— + T ’ fs 


or - M = ( - xf* + + 2xH - 2 x*) . . . (W) 



j46 for li 
Sf’mp/e 


N-Jf-H 


iy ^ 

^olt - -— Pifdidces to "— for* 

P/inabohe CMe 
Fio. LS4 


C 


To find the section having the bigge^^t negative tnometit 

d{ ^-p+ Gxl-6x^=> 0 

ax 

X = -61 ± -2801 

= <211/ or <789/. 

Substituting in (fi4) the biggest negative moment = -096! 
per unit load. 

Tiic maximum positive moment for any section = fly- Al, 
x{i'-x) X 2xl-2x^-3£l 

= + Alx = 


i 


21 

xl-2x* 

21 


( 6 ‘") 
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To iincl the section Imving the largest positive moment 

dx 

I 

3i 

and also for a: — by similarity. 

Substituting in {C5) tho biggest poflitivc moment per unit 

>”^ = n 



0 23^1 

fi?) UriFcrmly Distributed Loset uj 
F ro, I to 

Maximum negative moment due to the 5-tons load 
= -096 X 300 — - 48 tons-ft., 

for sections 21-1 and 78*9 It. from the left-hand end of the girefer, 
Maximum positive moment 

= 31'2 tons-ft., 

1 W 

lor sections 2& and 75 ft. from the left-hand end of the girder* 
The curves of maximum positive and negative monient for 
any section due to a load W are shown in Fig. 165 (a) and the 
curves for maximum positive and negative nionients due to a 
uniformly-distrihuted load of w toirs longer than the spaUs for 
any section, are given in Fig. 165 (4)** 

* Theaa curvn ef mMiimiiiu positive, and nefiativin momr^i (Fig. lOS (u) 

(Will ft)) jilu s.pply to tho pomo^if throe-hingi-d Kvh. 


corns wl 


V 





OOJBBJwi 




0-2341 
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The student is roqueatcd to allow that the biggest positive 
and negative moments for the girder which are of tlie same 
vidua -01833 are those for the seetions -534^ and >7661 from 
the origin (the left-hand hinge), 

iSecoNil Part of the. ProWewi, (Fig. 166.) 

Moment at lO-foot section when 5 tons at 2i) ft. from 0 

5 = - 15 tons-ft. 



Moment at 90-foot section wh^n 5 tons at 25 ft. from 0 



9 \ 


5 = -J- 10 tons-ft. 


BEFERENCKS 

U /i^Acr FnhWemi in SiruEiuret, Andr&wfl, IiiaxHrLCfl 3 ini* for and 

^uipen^ion bridged. 

2. Tht^ry of j* Marl&^. 

3, Suspension Brvfyesu Arvh Hibsy Burr, (Wiley,) 

I. Modem Framed Sfrtiduresy Johiucrkp Bryitfi, and Ttiratai;if«. jWiley Sona) 
JiifiufiLCQ linod lot fkod stUToHi^ Bu^pon^On cablL^ brid^jiis. 

5, DoUfsctions of SuBpCfi»[on by J. W. Spoiler^ M J.C.E. Papor 

Ko. I, InMiihde of Civil Mn^nttre, 1023. 


EXAilFLES 

1. A tbrsc^hani^ 0f]r;^f!Tit^ arcb of LOO-ft. span, 30 to loaded 
with a load of 30 tona at a paint 20 ft. from tbo rniirci of tbo arcla. I>raff 
tbo binding momont dingrani for tho arcb« and &id— 

(1) Tbn horizontal throat m tlw arch : 

(2) Tbo roBuJtant Ihrusta ai tho abiitmenta ; 

(3) Tho maximiiiii bending moment and tba pomt at urhich it ooonrOr 

tn.ofBd 
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2. Tha BXMB dt iaxi (Lrtsh rib le paiabolic : it ba* tisred King™, iho apaa if* 
GO ft., anil thfl ma at tho cantrd 10 ft. Tlwra is a cdnoentratfMi ]ofld of 
& tonfl at a pdint 30 tU froia tha cro^ of tho ftrcK* moBaured hori£4«ta^l>'. 

yind— * . 

(a) Thd thrust, Bud tho Dmiial ahear nt tin? point ef appJioatiou 

of they load. . T . 

(fr) TIio inasdmuni bending momenta—poaitivo nnd nogativa. {U. of L.) 

3l In a auapoilffion bridge conaistmg of a eable ffupi:^rtt!<i on towere and 
atiffenod by giindon hin^ ai tho contra, find m exprasainn for the tnnxLinum 
bonding moment due to a single conwntratBd load on the bridge at one- 
quarter tbo span. (LC-bj.J 

t. A threo-pinnEd segrnonttd oreh baa a span of 1^0 ft. and a Hoo of 
30 ft. A load of 10 tona rolla ov&r the ercb. I>oteriniiiie^ 

(ty tho maximum horirontat thmat in the iireb; 

(SJ- the imudmunt bonding mement at a point 5Q ft, from one abutment, 
and tba FcauttOnb thruit and radial ahear in tbo arch nl the flbotment when 
thia maximum bending momofit wwura. (tJ. of L.) 

5. Explain whnt you imdefstond by "Mink polygon " and *'re^proed 
flgurea'"* Six equal freights of 1 ton, plftcied at equal bDriawntai dutanoes 
of 0 It. apart in eno plane, are Bupported by a link polygon of seven hara- 
The end bam at* inolmed at 60* to the vertipal. Fmd b>' a graphiiail eon^ 
struetien the forof» in tho bars^ and ntark the jnagmtiidfl of the streases on 
the corroapooding ban of your aketch- 

6. A footbridge, 8 ft. wide, has to be supported across a river 76 It. wide 

by me’Ans of two eahloa of uniform, cross-sect I on. The dip of iho rablca at 
tho centre is 0 ft., and the maximum load on the platfonn is to be taken aa 
UOlhr per square foot of platform ajft-a. The working stress in the enisles 
ia not to ostoeod S tone per square ineh+ and tlie steel from which the cables 
are made weighs 0''2S Ih. per cllbic inch. Ueterminft a suitable efOfti-^ 
sectional area for tbeae cables. * , „ j 

*t. Each chain of a suspension bridge of 120 ft. span has a dip of 12 it. 
and c&rric« a dead load of 0C<^lb. per horixcmtal font run. The ehaic is 
stifTcncd by a horixontal tlifoe pinned glider. A uniform tiaveDiug load 
longer tlsan tbo span tntvcrsca the giiilcr and Js 300Itk x^t foot run per chain. 
Deimniiie the inaximmn positive and negative bending moments in each 
half of the girder, and the poaitions of the load at whiuh these occur. Find 
also the maximum pud in the ehoiiu (U+ of 

fi. Question 7 {cent). Detcnnine tho maximum ahear forces In each 
half of the girder and the iMHitiona of the load at whicb thew occur. 

9. A three-pinned ■H^gmcntal arch baa a span of 120 ft. and a rise of 
30 ft. Tho arch is loaded vrilh 2 tone per hoHzcmiaJ foot run over ui& whole 
apan^ and with an additional load of I ton 
|)er foot mil ov^er half the span only from 
one abutment. Find the maacimtim bending 
momeiit la the arch rib snd the herixontal 
thrust (tT- bu) 

10. A threo-pinned jiarabolio arcli has a span 
of 120 ft. and a rim of 40 ft. The loads sliown 
III the diagram (Fig. lflT> rcat Oil the aich with the load of IB tons over ihc 
central pin, JJraw tho diograni of bending moment for the oich ; dejorniine 
the hoiixontal thrust end th& maximum ending morntnt. (U. of B.J 

H. Let tho loads in Qoeailoti JO mnvo over the ap^. Find— 

The ■maximum bonding rnomiMlt at a EcebiOTl diatant SO ft. from tba 
Icft'hand Support, and the reauttant throat at this action when the 
maximiun moment occurs. 


TO ® <f 
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THEORY OF 3TRUGTVRES 


2SS 


12. A brid^ hoa S thre^-piimHl archsa 7 fk apart,. ih& 

bemg 150 ft, and ths riae 30 ft. Tha dciad toad is 200 lb, per aquare faot, 
fuid the li VO toiid equivalent to 400 lb. per aquBio foot. in the han- 

Eontol thriiAt when tbo apan ia half covered by the live load^ H tho p^AlO 
eifdoT riba are 4 ft, deep over unglej, flutgo plat» IB in. X 1 in., aiig!ca 4 uu 
X I web plabo 1 in.* calculate approidinately the maxiraiini atreos in the 
rib. (5?ee Chapter Vf for com binaticm of bending and direct etressea.J 

13. Taking the wne bcidge ai in Qucaticn dotemimo tfao maximiim 
poflitivc and negative bending momenta in each halt of the girder when two 
toada of 2 tone eaoht B fh apart, cross the girdcr« Also find the maximum 
Aliear forces in each half of the girder. 

14. A siupeoflion bridge haa a apan of GrDO ft. and a dip of 50 ft., and 
rarrUsa by meana of tWn cahlee a total load oE 100 toiia uniformly ditiributed 
along the length of the platform. Aaeuming the hanging rods to be very 
numercua, detetniino tho teoaidn in each eable at the lowest point and al 
the piers. The cables am attach^ to saddles resting upon rollers pn the 
tops ot the ptcre, and tho anchor cabloa malce an angle of 30* wiih the 
vertical. DetOrminD the maximum stress in anchor cables and the 
total vertical proasuTO on each of the piers. 


1 5h A thme-hinged orchocl rib Kits hingoa at thu abut mente A mid B and at 
the crown f7. C and B am ioHpcati\'e|y 35 ft. and 60 ft. from tho vertical 
through A, and respectively 11 ft, and 5 ft, higher than 

Construct the inCluenca line for huzixontal thnest H for unit Load crossing 
the span. Using this lino, detorminp the magnitude of H produced hy a uni- 
fcinniy distribute load of 1 060 lb. per ft. osttonding over tlia whole of the apan. 

The reactions at tho hingoe A and B will consist of LLio vortical 
rations and J7|, aa for a dmpry supported beam and a thruat in thu 
directipna A to B and B U> A. Show that the horizontal oompooent H of 


™ , y for the unit land between O and B where a > 


33 ft. in the pro-^ 


blem and / ^ vertical rise from lino ri..9 to hinge C. Similarly H ^ for 

unit Loud between C and An Continue problem a& for cmo where ubutjiient 
Ldngefl at the aomo level. 
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15D. Oblique Stresses. Referring to Fig. l&S, lot a tjutnll 
prism of cross-section a eq,. in. be under an intensity of tetisLEe 
stress p in the direotion of its length. This is normal to the 
section A'B', It is required to iind the stress intensity normal 
and tangential to AB, a section at an angle B to A'B\ 

Area AB = A'B' sec fl = a sec 6. 

P ^ Total pull on the prism, normal to A'B’ 

= Total pull on the section JjEf 
Pj ^ Total shear force on the seetion AB, 

— P cos S 


Z»- = 


P. P cos 0 

- -s = — . - a sss p cos® 0 

a sec 0 a sec 9 ^ 


(I) 


Pt — P sin 0 

P sinP * 

p, = “ , —j, = B sui 0 . cos 6 

^ * irv O * 


a ' see 0 

Pt is a maximum when sin fl ^ cos i.e. when Q = 45®. 

/ A 


( 3 ) 


Then jJj — p cos® &, 


and p, = p, = f 


( 3 ) 


When Pi IS a maximum, 

0 is 45*^; that iSp tlie 
maxbntim shear stress 
occurs on planes inchnccl 
at m angle of 45® to the plane the plane for which p is 
a normal 



lUujftrative Proble^n 40. 

Ckinvtruct tha polar dlngwn Tar thti Htrems on a pliine oblique to a diwt 
stTOffl p. (Sc^ parasraph LS9.) 

S = angle between direction of p and the normal to the 
plane [ 

or angle between the plane of direct stress p and the other 
plane. 

m 






200 


THEORY OF STRUCTUME^i 


Tatigi^ntjal strese = pt = P ^ co$ B 
Ncjmal stress = p* = p ctKi® 0 

As sliovvn ill Fig. 109, ta-ko the plane aj^ vertical on which 
p is iiormaL From a centre 0, draw radiating lines at angles 
of 15j 30* 45, OOj, etc., to ISO® to this vertical* and along 
these lines to scale mark ofi’ the coimilponding values of p^: 


2^/^ Mjnmj/ Stress 



the vectors are fliuwn normal to the radiating lines; join 
up the ends of the vectors rcquirttl by a smooth curve and the 
required diagrams are ohtainerl:, which are given in Fig^ 169. 

169. Principal Stresses. If a bcRly is under a complex 
system of stresses, these stresses may be resolved into three 
simple normal tensile or compressive stresses in planes at 
right angles to each other. These simple stresses are called 
Principal Stresses and the planes arc eallcKl Principal Planes. 
Tlie direction of tlie principal stresses are called the Axes of 
Stress* 

III many cases* one of the principal stresses is Kero or 
negligibly small, and consequently there are only two principal 
stresses to be considcrod, and these will act in the same plane. 
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101* Example. {Figs. 170, A and E.) 

Let us consider principal planer and stresses when com- 
pleniontary shear stresses are acctinipanjed by a normal stress 
on the pkne of one shear stress. (For Oomp]einentary Shear 
Stressesj see para. 51 ^ Chapter V*) 

Fig, 170 a shows the forces acting on a reclangubr block 
A DEC of unit thickness perpendicular tn the plane of the 
paper, and of indefinitely aitiaU dimensionB parallel to the 



hguro (unless the stresses are uniform)* Let a be the inclina¬ 
tion of a principal piano BC to the plane AC which has a 
normal unit stress p and a unit shear stress of g acting on it, 
and let B bo the unit stress wholly normal on BC. The face 
A D has only the unit stress g acting tangentially to it* 

Problem. 

To lind ihiO priucipid vtinKH^ and pl&nO^ 

CV>n»idei tho equilibrium of the wedge A BC (Fig. 170b). 

Iict p and q act on a plane, cutting the plane of the paper 
in AC, and let BC represent similarly one of the planes of 
principal stress. Let the intensity of 
this principal stress be B, 

Then if AB is at right angles to AC, 
we have oeting along dlZf (since for 
every shear stress there is an equal and p- 
opposite shear stress at right angles) a 
shear straps of intensity q. 

Let the width of the wedge at right 
angles to tho piano of tho paper be 
unity. 



Fig. ITOn 
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itesolving aloitg AB and AC, 

+ = BV cos a . 

qAC = li . JiC sin a , 


Front (4), 


AC^ AB_^ 

^ * BC ^ ’ BC ~ ^ ** 


p cos <t -[- sin a = R cos a 
or p -F 9 Q — B 


From (5)j 


AC „ . 
q. = R sm a 

q cos a = R sin u 
or q cot a ss R 


(4) 

(3) 


(6) 


(7J 


From (fi) and t'J), 

q tan a X q cot a = B{R-p) 
or ^ g* , . . . (8) 

- pR ~ q^ = 0 

p Vp* + ^ 

" 2 * 2 

= + * < (!►) 

The negative sign of the root corresponds to the second 
principal stress .Ri and the plus sign to the maximum princi[tal 
stress R. R] is at right angles to R, and acts on a plane GH 
at right angles to the plane BO (see Fig. 170a). 

The direction of the plane on which the streas R acts is— 
From <6), 

R cos a - p cos a = q sin n 
li sin a = 9 coa n 


R ~q 


cos a 
sin a 


From (7). 
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2o:i 


oos!^ a 

^ - p €OS a = q sm a 
^ Bin a ^ 

p COB a sin a _ I eiti 
^ oo$^ a — am* a ” ^ * cos 2« 

Thus taJi 2a = ^ - * + (10) 

P 

Tlie pktics of nmximum shcii^t inclined at an angle of 
45* to the principal planes, and tho intensity of the inaxLnium 
shear stress is 

- • • i“i 

Foe the shear streas on a plane at 45“ to tlio pruieii>a1 piano 
of li will be 

l = f(l +y^ 

Similarly , the shear stress on a plane at 45* to the plane of 



The shear stress due to /fj b of the opposite sign of that 
due to R, __ ___ 

therefore = + '*' f) 



In the example taken, p is a tensile stress : the same result 
holds for p as a compressive stress. 

lOS. Two Penwndicnlar Stresses. Case I. Like Fonts. 
Let a block of material A BCD (Fig. 171) of unit thickness be 
Bubjected to Two Pulls, and P, at right angles to one 
another, and let p*, p, bo the stresses per unit area aeroas 
sections normal to these forces. 

Let be > p^. 

Note. — p, and p^ are two principal stresses. 

Ijct FjF be any section making an angle 6 with the direction 
of the forte jP,. 
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rjiEony of stjwctuhes 


The normal coniponcnt of P* across EF ^ P, . ain 6 

p 

Normal stress on EF due to P^ , sUt 0 

C F 

^ In 0 ‘ — ein^ & * * ■ 


Similarly the tangential stress on EF due to P, 


P, C03 0 
EF 




CiF 

EF 


. coa 0 


fl2j 


— p, flin e , C03 <f 



(la) 
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Normal eoinponent of stress on EF due to P, 

= ^-coae^i),~ .cosfl 

= p,co&^9 . . , , (1+) 

Similarly the tangential stress on EF duo to P, 

= - sin 0 . 003 0 . , . (15) 

It is negatiTOf since this tangential force is of the opposite 
sign of that due to P^ 

The total normal component of the stress on EF 

— Pn = Pit ain* + p» 003* S , . . (16) 

The total tangential component of the stress on EF 

— Pt = {Pi- Pf) tiinO . ooaQ . . . {17} 

The resultant of these components Is 

Pf — V pn* + Pt* _ 

= V (p* sin* B d- p, cos* fl]* -|- (p, - p,)* sin® AT (OS* 0 
= %''p,* sin* S + p,* cos® 9 .... (Ifi) 
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If makes an angle a with EF (Fig. 

len tan a = — 

Pi 

sm^ 0 + C0f3* 0 _ py tan^ 0 + 

(p^-p^) sm 0 , CO8 0 ~ ipt - Pw) ® 
If i is the angle p^ make^ with p^t then 
tan a — cot A 
or cot a = tan S 

If /3 is the atigle between pr and t-lien 

tan a - tan 0 


(19) 


(20) 


Subiititutiiig the value of tan o from (19) and. working out, 

tnii^^^cotO , , . (21) 

Pt 

j>, = (jjj - JJ.) sin ® 

. (22) 

and ia a maximum when 2? = 90®, 

. . (2S) 

anil acta on the plane making an angle of 4S^ with p^r 

103. In the Case of Two Unlike Forces and that is, 
*^yj tensile and p^ compressive, the above results hold 
gcKul with a change in the sign of p^. 

In this case the maximum shear or value of pt ^ 


i . »in 26 

A 


_ Pt + Pv 

pt ma^ “ 2 


(24) 


If p, = j>, : the maxinium pt is od the plane at 43* to p. 
ami the corresponding p^ = 0, . . . ■ (25) 

these results corresponding exactly with the case of pure shear. 

163®. (i) Eroni equation (16), if = p, and of the same 
sign, then p„ = p,. 

And from equation (tS), Pt = p* Pk = Pr = ?*• 

Also a = 90® and d — 0®. 

From equation (17), if p* — p,> tlien p, = 0. 
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Therefore, if the two principal »tres 3 es at a point are of like 
sign and of equal magnitude* then the stress on a third plane 
tlirough the point is of the same intensity and is normal to the 
plane. These stresses are called fluid stresses. If the third 
plane an angle 0 with the direction of Pt, then the 

normal and resultant stress on the third plane makes the 
angle fl with the plane (principal) on which p, acts. If 
is hori^ntal, then the angle is made with reference to the 
vertical tlirough the jjoint considerech Fig. 172 a.) 

(ii) Also if = pi hut of unlike aign^ 

Then Pr^Px — P^ magnitude. 


From equation (10) 

^ p^ tan* 0-Pi t an* 6 - 1 

tan a - ^ ^ ^ 

But tan a = cot i — - cot W 


= ^ cot {28) 


A d^{- 26 ) 

Therefore* pr wiU make an angle (-29) with the normal to 
its plane* wdiich makes an atigl^ 9 Vrith the direction of p^- 

The interpretation of the 
above is as foUow^^ — 

If a pair of principal stresses 
at a point be unlike (one ten¬ 
sion and one compression) 
and be of equal intensity, 
then the resultant on any 
plane through the point is of 
the ^ine intensity, and is in¬ 
clined to the normal to the 
direction of at an anglo 9| 
but on the opposite side to 
the resultant obtained in (i) 
when p^ = p^ of same sign. 
(See(B), Fig. I 72a.) 

1<)4. Example. (Eofor to para, 162.) 

J'tnd the plen^i actoba which like multant ittMiA ii mo^ inoLirtMl to ths 
noriTuu, wlim p, > but of the iamoi lipi. Hem tht angle a Lbc retyltAnt 
makcM with" the plane will bo a minilEumL 

s ^ = maximum inclination of the Feaultant stress 
to the normal. 
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FroRlcqudtion (10), page 205, tan A = cot a 

^ (p,-p,}coafl.emg 
ji^ain* 04 -p,co 6 ®&^ ^ 

when <9 ie a maximum, then tan 5 is a maximum ; so that 

^ ■ has to be equal to zero. 
av 

nifferenliating and simplifjdng 
[p, siQ®0 4" Pv cos®9)cos 2d - (p, - 7 ''fr)coe 0 » sin 9 . sin 20 = 0 
Tiien p„ cos 2d - p, sin 2fl = O 

t herofore tan 20 = — ™ tan a = cot 0^^ = oot ^ 

Pt 

Now cot 4 “ ("2 " 


A 20 = --!^ 


>-i~i “ j-r® 


[Slj 


a relation between 6 ami ^ when the maximum conditions hold. 
Substituting the value of 6 from (27) in (20), 

. , _ f?>.- P,)^o»4> 

j)^(l-sin^) + j?,(l 4- Bin^) 

which, on 8 implif 3 'ing, gives 

5._l^ .... ,2B) 

p, t - sin^ 


or aitl i> V "'^ .... (29) 

From (29), ^ can be found.: Substituting in (27), 6 can be 
found, thus giving the plane required. 

The results obtained are used in the theory of retaining walla. 
Equation (29) gives the maximum inclination to the normal, 
and Equation (27) gives the inclination of tho plane to the 
direct stress p,. 

Let A = inclination of the normal to the dircet stress p*. 
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Then ^ = = + | 

A = ;j + | . . - . (30) 

Equation (29) leads to a graphiciil method, lor finding the 
value of the resultant when sin ^ ia known, and also for find¬ 
ing the principal stresses given the angles two resultant 
stresses make wdth their respective norjnals. {See Problem 41.) 

165, Ellipse of Stress, (1) Like Stresses* Draw two 
concentric circles as m Fig. 173^ whose radii are respec¬ 



tively equal t-o and (pas and are principal stresses) and 

P^>P* 

0X = p^ or = p^ 

and let EOP' be the plane inclined at an angle 0 to OX; and 
OAB, the normal inclined at (90—9) to OX. 

Dniw /i/> and JO per|>endicular to OX^ AC perpeudiQula® 
to BD^ and join OC* 

It can be diowm that 

OC VOD* + AO^ = + p*steoe*0 - pr 

and that angle =s: IXKI = 
np.d ^gle COF =*a 
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It follows that C Ls on an ellipse whose major axis ia and 
whose minor axis is 2p„, becaiuse 


0^ 

P#" 




^ sin^ + cos^ — 


1 


This ellipse Lh called the Ellipse of Streaa. From it-can bo 
obtained the resultant stress on any plane* for by drawing 
OR at right angles to the given dircetion and BD parallel 1 1. 
to meet the ellipse in then OC la the resultant stress on 
the required plane in magnitude and direction, and tho angle 
COF ia the angle between thb resultant stress and the given 
plane. 

(2) UsTLiKE STa^sEa. X^t be negative, positive, 
Tho construction ia similar as before to drawing OAB- From 
Af drop a perpendicular to cut the circle on the opposite 
side in A\ Drop a perpendicnlor from JB, and draw AV" 
perpendicular to it to meet in C\ Join GC. Then 00 ia 
the resultant stress on the plane OFf and 0^ lies on an ellipse 
which is the Ellipse of Stressj for here tan ^ is negative. 

CmcLE OF Stress. (See (a), Fig^ 173 a J In the cases when 
the principal stress intensities p, and p^ arc of equal niagnitude, 
the ellipse of stress becomes a circle* If they are of the same 
sign, the resultant stress OP on any and every abUque plane 
RF perpendicular to the fi^ire is normal to that plane and 
equal in magnitude and sign to the stresses p^ = 

^^a^a. ltj3fl (i)}. ^ 

If the stress p^ is of opposite sign to then the resultant 
stress {OPj) on any oblique plane EF perpendicular to the 
figure is of magnitude p^ = p^ btit makes the angle (- 20) with 
the normal to the plane and w^here fl is the angle the plane 

makes ’with the direction of p*. 

The ease of unequal principal stresses of the same aign may 
be treated by the circle of stress by w'riting (w hen p^ > p,) 


_ . Pt-Pw 

Pt 2; 2 


Pr + Pt "£» 

P» ~ ' 2^~~ 2 

Every unit area of the plftjm EF is then subject to etiiial 
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like norniiil stresses ^ and to oqujd and opposite stresses 

* I 

but of opposite sig^i to (jSee pare l(53a fu)) 

^ J* 

To find the resultant stress Pr in the plane £F it is nccesBary 



(9) 


OX - p. - or =. 

OF ™ rnakEng angle witll 
OY and nurnial HF wliSn p^ 
= p, end iff the aateo OF^ 

■ Pj iti niagnitudD^ but 
rtnRio (- ^0} with nonnol to plane 
wliepi H -|3^. 


S 



Ui OP = Owe (0) 

!S 

OP, = Caas 

where p, > but of the flame sCgn^ 
Fn3m F dfaw FPi equal and paial^ 
lei to OF^t then OFi ia the multont 
Htrc^ on FF m nsagnitudo o^d 
din>ctiAa. FF/ m&kei the uigle £0 
with OP^ FroducQ OF to Pg. 

Tlie hiAOetor of Opp^* b parallel 
to OF end the biieotoi? of FiPP^ 
lA parallel to OX 


Fio. 173 a 

to find the lesnltant of the tuo stroMses rnifl — 

which can lie geometrically added together. 

Referring to (6), Fig. I 73 a. Of>,' =p, in tnagnitudo and 
direction. 
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If P^P ia produced to cut OY in 5 unrt PP■^* produced lo 
cut OX. in Q, it can be aheivn tliat 

OP = BP = PQ = 

and therefore SQ is the diameter of a aemicircle having P as 
centre. 

Afeo, BPi = p, and P^'Q — jj,. 

Xow as tlm plane EOF moves through all angles, the point 



Pi will describe a circle about P with a radius 

and PPi keeping equally iuelined to the vertical OY but on 
opposite sides of it. The locus of the point P^' is an ellipse 
which is the ellipse of stress for the point 0, witiun the body or 
material at the point 0. 

When & = <P, Pr = Pv* when 6 = 90", p, = p,. 

The maximum value of d — 4>> angle the resultant makes 
with the normal to the plane EOF, will be when p, is tangential 
to the circle traced out by the point P/ about P, (jSsc Fig. 
173 b,} 

ppf_ P*“Pv . no _ 

t't'i _ 2 ^ — 2 
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OF^ = Pf m^ing thie angle 5 ^ with tlie normal to the 

plane. OP^ is tangential to the circle of radius ^ 

Prom the right-angled triangle OPyP, 


PI\' _ 
OP' “ 

or^' = 

P, 


sin ^ ^ 


P^-Pr 

P^+Px 


1 + sin ^ p. 
1 “ sin ^ 


1 “ si n 
I + sin ^ 


Equation (2&) 


Also 2A ^ ^ ^ 


”^= 4+2 

also 29 ^ n- 


Equation (30) 


Equation (27) 


Conjugate Stresais, (jSee Fig. 173c.) 

Take an elementary prism repneBented by the face A BCD, 
of unit thickness normal to the plane A BCD. Let this be acted 



upon by the equal and opposite stresses p, on the faces AB, 
CD and the equal and opposite stresses p/ on the faces AC, BD, 
The direction of p, is parallel to the faces AC, BD and that of 
p,' parallel to the faces AB and CD, ^at is, the stresses 
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and pf all make the same angle, i mth. the normal to their 
planes. The prism will be in equilibrium under the system of 
forces, and tlie stresses and p/ are known as conjugate 
stresses. l*rincipal stteases as considfiruii are a particular case 
of conjugate stresses. 

PrfM&fn. 

Lei there be wilJiin a hieee of meteriikl at e point O a poir of c™ju^to 
fitrciifadfi And p/ neting od tlicir rwpectivc pLan^- Lot ttie angl^ d ba 
obliquity with imp^t to ttfi nofmoli to tbfilr pIaILHh- Find, thro Of 

And p/^ Asunv^ wiuy An* of the ftamis 

Refer to Fig. 1730, draw any line ON ', draw OFi making 
an angle 3 with ONi make OPi = Pr 



From M tlie middle point of QPj erect the perpendicular 
MP to cut ON in P. Draw QP, PPi and the Bemiciroular arc 
IIQP^^\ 


OP represents ^ and PFj, 


where p* and are the principal stresses of the system, 
It can be shown that 


0P = 


Pr+Pt Pf+P* 
2 cos & 2 


and 

0A{0Pj 


y(^)‘ 

/ p,-p, \g 4p,p/003*6 
KPMArPw) (Pf + p/)* 


(30ct) 


cos d and cos 3A — (2p^ cos i — p* “ 













304 TtiEOSr OF STRUCTURES 


When the resultant makes the maximum angle S = with the 
normal 


then — = 
i3» 


1 + sin ^ p^-p^ 

I 3 or "“T ^ 

1 - SIQ ^ p,+ p. 


— sill ^ 


(30A) 


From equations (30o) and (306) it can be shown that 

Pr ■ Pf' _ I oos*6 - cos^^ 
pf + Pf'^^y cmbM 


ff,. Pr cos 5 ± V coaM - cos’i 

Then ^ ^ ^ . . . 30 c) 

Ff cos c! ^ V005*6 - cos*^ ' * 

also OPi = OA see A = Pr . . . . , (30dJ 

An interpretation of this equation is giTOn in para. 1T2 a in 
the chapter on Retaining Walls. 


tUustralive Frobhtn 41. 

Air li point In A DlabcHaJ g^ibjeictod. to two i^iroot -ItnMsBA on pli^neq At right 
uiglefl, tbn refltdtaiit on n plan^ A IM 4 ton* per oqUAn \nth, inoltnod 
At 30* to tlw nortnol nucl on n plono S to 1 ton por AOuArc) innh,, inclinod 
At 45’ to the QdrmnS.. F'ind tlio pfinoipid Htr^woft^ and mow tho poflition of 
the two pliinog A and B rfrlntivo to the two prine^ipal fftrewe. 

Let the stresses bo of the same kind. Referring to Fig. 174, 
Draw AiS = 1 ton/sq. in. at an angle of 40* to the line AD. 
Draw AQ = 4 ton/sq. in. at an angle of 30“ to the line AD. 

Construct a circle to pass through B and C, and to hare its 
centre 0 on the line j4£>. 


Th^n 4n ^ of the principal atressos _ J?„„ + 

2 2 

artrj np _ — d ifference of t he principal stresses 

2 

at ~ ^miB 


Scaling off from the ffgute, 

2 

^mat ~ 


=a 2'72 


= 2-13 


from which Jf„„ ^ 4*35 tons per sq. in. 
■> ^mii, = '00 t-on i>er sq. in. 
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Let be the f4i<iigent to the circle of radius 

^ min 

' 2 

Tbeu ^4F b mcliixed to ^0 at au angle which is the plane 



on which the resultant is inclined at the possible maximum 
angle to the normal 

for ain ^ (verifying Eq^natioa (29)) 

*ima9 + ««■<« 

The positions of the two planes required may be found by 
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I- 

constructing the ellipse of stress. From the origin of the two 
axes, find w^hcre forces of 1 ton/sq. in- and 4 toiis/sq, in. ciit 
the ellipse; then the direction of the normal to the plane 
has been established, the plane being at right angles to the 
nonnal. {See Fig. 174,) Or tho directions of the plan^ 
with reference to the principal maximum stress may be found 
by solving the necessary equations. 

Using the Equation (17)^ 

Pi = . cos 0 ^ p, sin ^ 

and the principal strossos are know^n, as well as 4 ! there¬ 
fore 0 can be found. 

From whieli the plane of the 

1 ton resultant is at 9-5® or (90 — 9^5®) = 80-5® to the maximum 
principal plane 

and ol the 4 ton resultant at 35'' to the max. principal plane. 

From the graphical method (Fig. 174), 
the angles are S0*5 and 34"^ respectively, 

106. Example. 

On two mutiuilly poipondiciiJar plon^ norniaJ 
— -ofie of intcueity p jmti of int^tijdtiy 
pi — li*L in odditioTi to two oquaJ flheflT stre™* of 
intenoity fl. Find ibo dir^tton of IM principiJ 

planes and the inUitiJiity of tho princiiwiJ (aomifd) 
fftTwe4 uporii them. 

As before, let AB and A€ be the two 
planes at Hght angles. Let BC be a 
principal plane atud R the maximnin 
principal stress. Let tho wedge ABC be 
of unit thickness, (fi^ee Fig. 175.) 

Ix!t BO be at an angle a to AC, 

Let p and Pi be two compressire stresses and q the intensity 
of fclie shear stresses. 

EasoIvLng along AB and AC, 

p . AC 4- q , Ai? = R . BC cos a . , . (A) 

Pj , AB + 5 . AC = R , BC sin a , , . (B) 

From {A), p.^ + ?.^ = ifcoa« 

p . cos a + y . sin a ^ B cos a . , (31) 

AB AC 

From {Bj, + ?-^ = /?sin a 

PisUi a 4- j cos a = .ft sin a . 



. ( 32 ) 






PRINCIPAL STRRSSRS 


307 

From (31), q sin « = (/f - p) cos a 



q tan a = Jf — p . 

* 

. (33) 

From (32), 7 cos a = (if-p,} sin a 



q cot a = J? - Pi . 

- 

. (34) 

From (33) and (34), 




(7 tan a + J) — 3 cot o + f>i 
q (tan o - cot a) = yi - p, 
or q (cot u - tan a) — - Pi 

2? 


or 


tan 2a 
tan 2a = 


— P-Pi 


2? 


P-Pi 


(35) 


Solving Equation (35) for a TviU give the direction of the 
two principal planea, as 2a will have two values differing by 
180 and which will consequently give the inclination bo JC 
of the two principal planes which are mutually perpendicular. 
From (33) and (34), 

(f?-p)(i?“Pi) = ? tana.^ cot a 

/?«- R{p +Pi)-iq*- M»i) = 0 


(36) 


R = t+S-'±J^+<,' 

-nienrfoi. = + ?■ 

and it is of the same sign as p and p^. 

n P + J»i liP-Pi)^ I 
«mfR - 2 Y 4 t- 9 


(37) 

(38) 

(39) 


and is of the opposite sign to p and pi, if 9*>PPt* 

These results are used in the analyBis of the stresses in a 
dam given in Chapter XIII. 

The planes of maximum shear stress are inclined at angles 

IT 

? 

Btreas ia 


of — to tlie principal pianos founds aud the maadmum shear 

f (p-Pi)* 

‘•V 4 ■ 


2 


+ 9" 


(40) 
















308 


THmilY OF STIWCTURE3 


Note. If h of the opposite to sign tliy inodificat ions 
necessary are easily made by a substitutioti of the ueecsaary 
signs in the preceding formula. 

If Pi = 0, _ 

/p® 

and 4 + 


both of u'hlcJi agtw with the results obtained in Kqnatioits 
(D) and {!!). 

liiT. Having found the principal planes and stress, and 
their direetiona^ the ellipse of stmss can bo drawni from which 
can be found the reaultant stress on any 
plane. The maximum principal plane 
w^iU be draw^n at an angle a to the 
vertical; this fixes the axis YY of 
principal stress. The axis XX of 
principal stress for which p* — 
measured is at right angles YY ; thus 
the position of the ellipse of stress 
will be fixed in space. Obviously thu 
minimuin principal plane makes an 
angle of + a) with the verticaL 

lltustratiie Probkm 42 . 

Al &, pciiiit in a alruftural member there are two tenmla streSAee of ^ 

3 toiw ppr oquMB incli ofi two plnnei at right iknglt« to ciw^h othpr, arami- 
jjanied by it elitair AtrciM ol 2 tona per sdimre inch. Find iht direetcoE and 
magniLudo ot the praoDipaJ atroBsoa, (Fig- 

Let ti = imgle the maxlinum principtul plnne makea with the 
d-toii strm. 

2x2 

tan 2a = . _ " = 2 (See Equation (35)) 



2a = 63* 26 or ISO + 63“ 26' 
a = 31* . 43' and a, ^ ( 00 * +31* 43') = 121 *43'. 

Tlie uiaximimi principal plane is at an angle of 3t*43' with 
the 5-ton stress plane and the minimuni principal plane is at 
an angle of (qi) 121*43' with the 5-ton stress plane worldng 
from the vertical. 
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R — t(5 + {See Equation (37)) 



= 4 ± Va 


= fi-336 or 1'7<}4 tons,^. in. 
= 6-236 tons/sq, in. {tenaion}. 
— 1*764 „ (tension). 


rAA^e “ 


REFKBKNCES 


For further duLa roganiiD^ of StrtM3ta, tho atydoiit U rij*qi|i^l*d 

to roler to worku on JSiren^iAR of and on Tfii ^htory aj EtQEticii^. 

irojyw# Bin^ and (7rciin KkvfdorRk by M. S. Kfrlohuni. {BtlcGraw-HiJld 
Sir^ng^h oj Mcd^rials, Vol. Ir TkmoflhQvdco. Uloliir^s Circlo- 
Tfuccr*/ of ElasiicUy, SatllhwolL 


EXAMPLES 


1, DoQno principal plftiwj and prlnctpal nxva. If a ipfHeimqa (crosa- 
WWltOnal aroa.y A sq. iil) curiejf a \oad of P Uinn^ ahow ihat A mfWii- 



(U. of 2.) 


direciion of the load. 


l>dffno principal stress^ and principal planer At a point io a spoci- 
m^n Ihora ia a nonrLaJ loiusilo fltrOK) of S tona per squaro inch on a oertain 
plancK accompanied by a ahear rtre^ of 2 Ion* per aquare inch.. Find the 
maaimuin principal atrc «3 and tho angle the direction of thla molci-i with 
tho direction, of the 5-ian iciudil aLrC8*, (U, of B.) 

3. In a bar ^objected to pure UMtsion, ihow graphically (o.g. *' polar*’ 
diagrams} the rnngnittHle of the normal and ahcoT ttresse* on ^y plnno 
inclined at on angle 0 to a crosa-scction at right anglca to the axis at pull, 
when Q varieg from 0 to Zn. A bar* 1 La. diometor, ip loaded iiith 3 tons. 
Determinft the nonnali and shear itrcaa in a plane iiielined at to the aaia 
of the bar. (U* of 

tr TIkj normal teneilc Htrcaiws On l-WO plnncfl at right anglca in rt solid am 



5. ^how that tho two principal fltrcaaca at a point in a member me oqu-al 
to half the aimi of the ndrmfJ itragsea on any two plonM ttt right angles 
through the pniat pin* or minua tho maximum intenpity of ahoaring strw 
at that point. |I.C.E.) 

0. A boiler ia 6 ft. 6 in. diameter, i in. thick, and i* aubjectad to an 
internal presqurc of J^ lb, per aquace inch, llw cnda being ijnata3i\-dr Find 
the Lntcnsitioa of longitudifiel and eireuiiifci^ntiol atresa in the material, 
anil of tho normal and ahearing atresaea en a plane at 45* to the length of 
tlws cylinder. {J,C-E.J 

L At a point in a pioce of itoci there ia a shear etresa of I ton per square 
Inch* and tenaila atrraea of 3 tona per pquara ineh and 3 %am par aquOrC 
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inch reapctThivoly octiitg qd . pl^id fri riglit Doteitninfl grephicftlly, 

or otherwise, the majLuniuti principal EiasaA, itA direction, and tho mnximimi 
BtmA Draw tha ellip» of stress. (U« of 

8. Prova that tii& Bum of tbo nonaal components of tJi* stresses at b 
point In & membor on any iwo planes nt rigbi Hn|£k« ia a conaumt qimrLttty 
tor ibfit [Mint. 

9. A ayotom of londa b applied to a body and prodneea prindp^ streasca 

at a cortain point aa folIo>i:vli t Torndta fftrMs at 4 tona per W^nara inch^^ aot ■ 
mg cm a horii&oiitid auction j oomproiaivo atreaa of 3 tana per £ 4 ]uaro inch, 
actitig on a vortical acctlon. The B^'atcm oE loada ti eooiov^^ and a accond 
avatem ti applied which produces at the same point principal ^ri&aBeS as 
followo; Tenflilc stress of 3 tana per aqumo inch, acting on a section at W* 
to thn horkcmlal ; compressive Streaa of 4 tons per aquarO inch, acting on a 
auction at 120^ to the jiorkcmta]. All these iectiona may bo taken at DO^ 
Lo the plane oE the paper. Find the princip^ streasos and the eectione on 
fthieh they net (ahowing them clearly in ft diagram) whan both systema oE 
loads are applied simultaneously- [U. of Ld 

10. At a point in ft material under Btpefia^ the intermity of tlie rcinlUmt 
streaa on a certain plane \a 3 tons per square inch (teneila) inclined at an 
angle oE 30^ to the normal. The str™ on a plane at right sngleB to this 
iiaa a normal tonaile component of intensity of 3 tons per square inch, 
find (a) the reiultant *treaa on the Bocond plEme;: (&) the prmcipal planes 
and ttreaaaa 


eiiAiTKtt xin 


Hktais*jso WaIhI^s and (^havitv Dams 

ItiS. A RetaLning Wall ia one for sustamlng the pressure of 
earth, or other filljTig or bucking which possesses some fric¬ 
tional stability* The backing may be leA^ci with the top of the 
wall^ or it may be sloped upwards from the wall M'heti the 
backing is higher than the waU j in this case the Avail is 
positively surcharged. 

If the earth surface slopes dowiiAvarda from the top of the 
walb then the surcharge is a negative one. The pressure of the 
supported material wHl depend upon the material, the method 
of placing, moisture content, and other factors. It will be 
assumed that the materials arc semi-flnids^ possessing no 
cohesion, of indefinite extent, the particles being held in place 
by friction on each other* Loose earth will remain in equili¬ 
brium with its faces at slopes Avhosc inclinations are less than 
an angle which is called the angle of or more properly 

the angle of inlemal fnetum. The coeflficient of friction will be 
fi = tan iftr Noaa% if a homogeneous, unlimited granular mass 
is in equilibrium, and if and are the two principal stresses 
at a point within the mass of the material, then the greatest 
angle which the resultant on a plane at the same point can 
make with the normal to the plane is the angle of rciwse. 
The greatest ratio l>etween and p^ will be 

1 - sin ^ 

^ ~ 1 + sm ^ 

To determine fully the pressure of the filling on a retaining 
Avail it is neoessary that the resAdtant pressure be kiioAvn (a) 
in magnitude* (b) in line of action, and (c) in point of applica¬ 
tion, Theories for the design of retaining w alls come into tivo 
classes— 

(1) The Theory of Ck)n jugate Pressures, due to Rankine* and 
known aa Rankine^^ Theory i and 

(2) Ttie Theory of the Maximum Wedge, commonly knoAvu 
as Cottiomi'ff Tkeorg. 

Kankine^s theojy' completely determines the thrust in magni¬ 
tude, direction and point of application. In Ooulomb^s theory, 
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the magnitude of the thrust; is ascertained, but the direction of 
it and it^s point of application mus^t be assumed, thus leading 
to numerous solutions of nioDe or less merit. Experimental 
work has been carried out witliin recent yearg,^ notably in 
Great Britaiuj by Professor Jenkin. The results of this work 
must be referred to in technical publications. The solution 
of the thrust of tlie dlliiig for the simplest ciiges of retaining 
walls only are given in this cliaptcr. For the graphical 
solutions using the elUp;:^ cjf fitress and the earth pressure 
triangle {tG^dge reference should Ije made to more 

advanced works. list of references at the end of this 

chapter.) 

IGO. Theory of Raiikiue^ In this theory the hlling is assunied 
to consist of an incompressible, homogeneous, granular juass, 
not jjossesaing the property of ■cohesion or resistance to slicarp 
tlie particles being held in position by friction on each other. 
The mass is of indefinito extent^ having a plane surface, resting 
on a homogeneous foundation and being subjected to its own 
weight. These assumptions lead to the ellipse of stress and the 
development and use of formulae alreadj'^ found in the previous 
chapter. If a wall is verticah then the pregd^ure or thrust of 
tlie earth on the wall will parallel to the top surface. The 
orcssure on other tlum vertical waUs can be determined from 
tiie constrnction of the particular ellipse of stress, although this 
method gives indeterm inaW values for some walls wiioii they 
lean towards the fiUing. The earth face {i.e, tlie face of the 
wall in contact with the filling} of the w^all is looked upon as a 
plane passing through points within the filling itself* The work 
given will determine the pressure actively exerted by the filling 
uf)on the w^alJ wiiich is less than the passive resistance which 
may lie developed by pushing the wall against the earth.* 

Conditiona at the moment of failure when the retaining 
wall begins to slide. The space hetween the back of the wall 
and the earth filling ag $oou m the wall begins to slide is 
presumably filled up by a v ertical fall of earth, wWch exerts 
a tangential efTeet pP, wiiere /* is the cooflicient of friction 
for the earth and walh and P is the carl}i presflure normal to 
the wall. In Kan kino's tlicory ^iP Ls not considered, and the 
rclaining wall is made thus nutomatically a little more stable 
than Is required. 


See Ket^jhum, &in# and Grain Elevaiort (McGrBw-HillK 
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StTHFACE OF THE EaRTH BaCRISO H0B1Zj0>’TAJ^ WTTK THE 
Top of the Wall, Back of Wall Vertical, lii Fig. 177, 
take a colutuii of earth height h mid Jiaving unit area. Neglect¬ 
ing friction on the sidcH uf the column, ami aK^^uiiiing the hlliiig 
is subjected to its own weighty the ]ires,Hure [Kjr unit liorizontal 
area at depth h will be wji where ib\ ^ weight of 1 cu, ft. of 
eartlu Thhi pressure will bo the maximum principal pressure, 
and consequently on a vertical 
surface, which will be a principal 
plane^ there will be a minimum 
principal horizontal prmure. The ^ ^ ^ 

problem is to find tJie inteiiBity of \ 

this horizontal sti'ess. 

Consider &ny plane intermediate 
between the two principal planes, 
then the condition that sliding 
shall just not tRke place is that a 
resultant pressure on this jdane shall just not make an angle 
with the normal = ^ = angle of friction. 

is the maximum principal stiws or pressure on a small 
cube of earth; JJ* is then the nuniinum principal stress at right 
angles to p,. 

Now sliding wdl take place along sonic intermediate plane, 
on w^hich the resulting stress is at an angle ^ (the angle of 
repose} with the normal to that plane. 

Equation (28), Chapter Xll, shows that the relation betwwn 
two principal teases and for thb condition is 

I + sin A 

Now JJ, > so that changing over and substituting v for 
.* and k for y, 

1 + sin ^ 

1 - sin ^ 


«.,d y. = • 

or pH = w^k . tan* ^45® - . 


0 ) 


(2) 


This is the horJzontaL iixtensity of pressure due to tho earth 
oa the back of tbc wall at a <1cptb of h ft. 
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The totai horizontal forre on a waU of height A per unit 
length or run of wall in because la proportional to tho depth 
of a point j 



and it acta at a depth of j k from the top of the wall. 

170. Graphic^ Method of FLoding (Fig. 178.) O b the 
centre of the Eeniieircle ODBOO. Produce BOC to some point 



Fio. 17S 


-4, from which the tangent JZ> to tlie semicircle makea an 
angle with AC8. 

Now AB will represent p, = wji and AC will represent 
/I — sin 

f to the Game scale p, = AB, 


OD 


sin ^ 


Proof — — ■ 

* OA AB-OD 

then OD ^ A B sin - OD sin ^ 

07:)(1 + sin sin ^ 

sin^ 


01) = AB . 


= An~ 


I + sin 0 
AC=^AB- 20D 
2AB sin ^ ^ “ sin 

1 -|- sin ^ 


-ab(\^4) 

\l +sin iff/ 


• QA = "t j OD 

2 2 

=■ ^ ODf 3= 

AO ^ OA-OD ^ 

St£ Uhap. Xll. 
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If AB representa 

, . ^ , /1 " sin 

then 

171. Sloping Back of Wall and Horizontal Earth Snrtaoe (Fig. 
179)n Let B be the $lope of the back wall face with the Tcrtiea], 
the wall sloping away from the filluig. Then 
the intensity of pres^s^jre across tlie face at a 
depth h U given by 

(Eqn. IBh Chap. XII) 

where p, > 

Therefore, in this case of the retaLmng wall, 

, , (l-sin^) 

and p* = wj^ = p* 

Pr Vp,%in^ + pji.^os*fl 

Pr = j 

= utjA^sin*fl + cos*® . tan'*^45* - ■ (4) 

Total P, per foot-run of wall 

= Pr= X ^ xj sin*® + cos*® tan^(45' - 1) 

- (5) 

P, =itP^sytAni^ + taii*^45-|j . . (0} 

and it acts at a point on the back of the wall at a depth of 
two-thirds the height of the wall. 

The angle at w’hkb it will act with the direction of the 
Diasiniuni principal stress is given by 

tan . cot 9 (Eqn. 21, Chap* XU) 

where and are the two principal stresses equal to 
p, and 
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172. GmpMcal Method of Finding 7 ?^ (<>f pam. 171) (Fig, ISO), 
and will be found either by calculoition or by the 
graphical method given in paragraph 170. 

Xow Pfi. and are principal stresisefl 

P* > Pk 

To find the resultant force acting on a plane making an 
angle 6 witli the direction of the inaxlinuin principal stress. 



Referring to Fig. 180^ OY and OX arc the directions of the 
maximum and mini muni principal stresses respectively. Draw 

Pw "h Pk 

Oa =-— to ec^ale and making an angle 0 with. OX, i.e. 

()a is normal to the plane. 

From draw ab = ^ to scale and muking an angle 20 

with Oa. 

Join h to O* when Oh will rejircsent Pf, 
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Pboof, (Oft)® = + C<^)* - 2 .Oa .ab . cos 30 


'T 4 

= ^' (I ~ CM 20) + ^ (I + uos 20) 

■— -M 

cos 20 = 2 CO«SO -1 = 1-2 sin=0 
(Oi)= = 0 + cos* 0 = p,* 

If 0 ^ zero, 

If 0 could be equiil to 90 

172a, Vertieal Eartb Face- Eetaining Wall with Positive 
Surcharge hi Fig. 131a take a email jiaralbbpipedon of 
earth at a point at a depth A below the Sjurfaee. It is Jield in 
equilibrium by the forces, vertical, z normal, and p/ wliose 
direction is not yet knouti. TJio stresses on everj' part or any 
imaginary plane in a granular mass will be paralleL The 
airessoB on a vertical plane will be parallel to the plane of sur¬ 
charge where the surcharge is positive. The unit pressure 
wh 

^ ^ wh cos & is uniform over the surface inclined at tlie 

positive angle d to the horizontal, and it is vortical in direction. 
p/ acts on ft vertical plane, and will therefore have ttio direc¬ 
tion of the inclmed plane on which Pr Therefore pf and 

p/ are conjugate stresses. The resultant pressure P/ on the 
back of the wall [ler foot-run will therefore be parallel to the 
plane of aurchargo. 

Note. The resultant pressure on a lA'all not Yertieal will 
not be parallel to the top surface. 

To find the intensity of p/. It was shown in para. 165, 
Chapter XII, that 

cos d a/ eos^d - cos*^ 

p/ cya i ^ V - cos*^ 
where, in this case, ^ is the angle of repose of the llllin^^. 


(8) 
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Equation (S) represents both the active and thrust 

at the point p the two being equal in amount but 

op£x>site in direotion. 

Since p/ is less than for aetiyo forces, equilibrium of the 
wall will take place with the upper aignsj. Reversing the frac¬ 
tions, solving for p^\ and putting 


p^ = GOS & 

we obtain 

. , ^ cos ^ ^ Veos^d ^ 

p/ = wji . COS . d . —---— 

cos d + Vcos^J - oos®^ 


- m 


Therefore for a w'all of height as p/ U proportional to the 



depth of a point, then per foot-run of wall, tlie resultant thrust 
will lie 


Ti f - V cos^5 - cos*^ 

, cos ^ — 


If 5 = ^ 




cos (} -|- Vcoa^d — 


P/ = —jr • cos ^ 


US.O S«par..t69. 

IiTCLDrED RETAi>T!ro Wall. The esrth face leans away from 
the filling which la positively surcharged to the angle d. 
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The ellipse of stress can be used to determine the result>ant 
pressure on $ueh an irtolined retaining walL This solution deter¬ 
mines tho amount and direction of the reauLtant. For the 
method and proof, recourse should be made to more advanced 
works on retaining walla.* The same rc^iiLta may l>e obtained 
directly from the discussion of tho pressure on vertical walb. 

^4 if representa the earth face of tlie wall inclined at an angle 
B to the vertical. In Fig. ISln, let P/ ^ pressure on a vertical 
wall BC per foot-run as given by equation (Sa), F/ acts 



parallel to tho top slope and at a point BC/3 above B. Let 
W represent the weight of tho triangle of earth ABC and of 
unit thickness ^vhich acts through the centroid of the triangle. 
It intersects F/ at the point D on the face of the wall w4J3. 
Then the reMiiltaut of \l\ uiU be the resultant pres¬ 

sure per foot-mn of urall at D. The angle it makes with the 
normal to the walk and with the horizontal can easily be found 
froni the force polygon constructed. The algebraic equation for 
P is complicated, but is given in textbooks on retaining w^alls. 

173. Wedge Theoriefl^ In these theories^ it is a^umed there 
is a wedge of the filling, having the earth face of the wall as 
one side, and a plane called the plane of rupture as the other 
side, w'hich exerts a maximum thrust on tho wall. Tlio plane 
of rupture lies between the earth face of the wall and a line, 


e.g. Biru ow/ KkivtfQtft, K^tchiun^ 
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dnavvii froDi the bottom of the wnlh making the angle of repose 
of the filling with the horizontal. The theories do not determine 
the direction of the thrust or its point of application There 
are many assumptioiis im to tlie direction of tlie thrust, but 
its point of application is generally assumed to be one-third 
from the base^ when the filling starts from the top of th 
In Fig. ISlGs let AB bo the back of the wall ma!»^..g 
angle p with the horizontal: let the fiUing be positiYely sur¬ 
charged to the angle 6^ which cannot be greater than the 


Fic. isic 


angle of repose of the filling. Let d f l>e a trace of the plane 
of rupture, whicii will lie Iwtwcen AB and the line of repose 
of the earth drawn from the base of the w'alin It is assumed 
that the triangular prism of earth aliove f vrill produce the 
maxi in um pressure and that in turn the prism will lie supported 
by the reaction of the wall and the earth. When tlie prism is 
just on the point of moving, the thrust of the earth on 
the wall, will make an angle ^ with the normal to the earth 
face. It ean lie ahowm* that, |>er foot-run of wall^ 


p;=.lw^K^ 


win* {p - 4 ) 


sm®p.5in(p + ^) I Hh 


V sin(j? A- 4 )- - ^ )T 

sin(p + jS) .6m(p-i)J 



Sti Ketchuna K Ifiru Und EttV<UWi {MfiO 
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where tft = angle of repose of the earth and A = height of the 
wall. DJ is assumed to act at a height A/3 above the base of 
the Avail, 

Tlie value of Avill therefore depend upon the angle 
and various ejt peri menters ha ve given various values to this 
angle. One assumption is that ^ = ^5 another that ^ = ^/ 2 p 
and that ^ is equal to the angle of friction of tlio filling on the 
back of the wall. 

Using equation ( 0 ), P/ can be calculated from the varionw 
values of A, p, &, and or the formula may Ik? aiinplified 
for known conditions. 

e.g. if p = 90^, 6 = 0, and ^ 0, 

then P/ — — ^ tan®j^45-^j 


wji- 1 - Slii 
"" 2 ■ I -j- sin ^ 

and aett? [lurinal to the wall. If p = 90^^ 6 = fi — ^ 


then P/ = 




eos ^ 


( 10 ) 


. ( 11 ) 


2 " (i \/2sin ^)* 

and inake=^ the angle ^ with the normal to the wall. 

If the wall IS vertical and the surcharge and ^ are zero, it can Ijo 

shown that the plane of rupture makes the angle 45- ^ with 


the vortical, i.c, it b beets the anglo between the back of the 
iivaU and the line of repose. If the Avail is vertical and the 
[wsitive surcharge is i the plane of rupture coincides with 
the piano of repoije. 

174. Be^istanceot Masonry Retamiag Walla.* Distribl-tion 
OF Normal Strlssi^ qh^ a Horizontal Section. Take unit 
length of w^all. (Fig. 182.) 

Let if = resultant of the earth press^ure and the weight 
of the wall on the reetangular area AB X 1 . 
Its point of action on AB is at which is dbtant r from C, 
the centre point of AB. It can be resolved into F, vertioak 
and horizontal // Avill cause sliear. 

F can be replaced by a couple Vz and a force F acting 
at the point 0. The normal stresses at [xulnts on JP avUI there¬ 
fore Ije the algtsbraic sum of a l^ending stress and a direct streas. 

* Only iTLBJciniy wiilft an? CDiuideitMl in thh book. Tlifi fttucknt u refonvd 

tAxtbQak« on ConoTDlo for iho d^ign ot AonortU? walls. 
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TJiufl the resultant stress at .4 will be tbe sum of two 
compressive stresses, and where D is between A and C, 

^ Ain ^ ^ ^ 





Fio, 183 
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rr ^ 
If a: > 


becomefs a tensile force. 


Mortar joints cannot rci^ist a tensile stressj^ so tbo limit of 

AB 

tho point of action {/>) of tho reaction * 


If R falls within the middle third {i.e, when x < no 
tensile ^tres^c^ are possible; hut the wall is heavy in materiaL 
Lot R fall oiit^ido tho middle third at a distance from 
d 

A ^ such that y < 


then a tensile stress will be developed at fJ ; as tho mortar 
is assumed to take no tension, tlien a crack will he developed 
until the tensile stresses disHpi>CAr. This will occur at some 
point B\ where 

AR = di, *1 = ^ and ^ j 


The effective width of the base is now d| ; and for no stress 
at B\ y must be equal to ^ ^ 

Thn^ from A to B\ compressive stress ; and from to 
no stress. 


B'B = length of crack- 


27 

The maximum stress at At will now be ; and if 

this compressive stress is within the safe limits of tho 
material, the wall will be safep unless water gets into the 
crack at w'hen it will exert an upw ard pressure on the wall, 
thus thro whig R further towards A^ and increasing the com¬ 
pressive stress at A until $uch a time when the material fails. 

175. Tto Ilnd the Line of Thrust for a Wall. Take a number of 
horizontal sections within the w^all ; to ascertain the point 
of action of the reaction, find the resultant of the weight of 
the material above the w’all (acting through the centroid of 
this piece of the wall), and the total earth pressure above tho 
section acting at a depth of two-tliinls the height of the waff 
above tho section. By the paTallclogram of forces, the 
resultant can bo obtained in magnitude and direction; and 
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the i>oint where itj^ line of aetion cuta the sectiou gives the 
point D required. Join up all the point^s D for different eectionfii 
and the line of thrust is found. 

iVofe, In working cjut the loads> it will be found con¬ 
venient to work in cubic feet of wall, and equivalent cubic 
feet of wall for the earth per unit length of w^alL The total 
earth pressjure divided by the weight of a cubic foot of wall 
wull give the equivalent eubic feet of wall. To 
convert into force units of lbs. or tons, multiply 
the force in cubic feet of wall by the weight of 
1 cu. ft. of wall. 

For the method of working, sec the example 
for a dam given in paragraph iSSi ^tnd Fige. IM 
and 1S5. 

116. Foundatious. (Fig. 183). When the 
ground 13 saufficiently firm to support a structure 
without any reinforcing, such as piles, the 
average safe or normal bearing pressure 
^ total weight borne 
area of the foundation 


/ 


TT T 

1 .-*- 

% 

Fm, 183 


or of fouridiition ^ 


total weight borne 


&nfo iinit-beiuring pressure 


At the front edge of a foundation, let the normal bearing 
pressure be p, ass u n»ed uniform. In order to resist any sqiieezin g 
out of the earth, there must be a Jiorizontal pre^ure p, to 
resist this. This in its turn is supported by a virtual pressuto 
p, at the outside of the base, and p„ must be equal to 
where Aj is the depth of the footing. 



p /1 - sin 
j + sin 0/ 


If p average unit-bearing pressure, 

. ^ If' / ^ ” sin 


* ( 15 ) 
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lUuslralive Problem 43. 

A COnCMtO fouJidation for b wall hOA tc OftTfJ' 0 tprw per limjar foot bl 
1-5 tons por iquBr^ foot bearing pressure. Estimato tho necessary deplh 
of tlw fountialiQTii if the Bnglla of repo* of ttuB eanh ii 35”, and hlA wfrjghl 
LID Lb iwr cubic foot, 

p = 1*5 tons/squar^ foot. 

The pressure at right angles to p ia 


Pi 


, _/l - sm 35“'^ 
"" + sin 35”j 


1-5 X *27 


+ siii 35 
= *405 ton, square foot. 

Let depth of foundation in feet, 

then wji^ = no ^ '405 X -27 X 2240 
therefore, Aj = 2-24 ft. 


If the weight of the concrete founilation is not included in 
the weight of the wall, it mo&t be allowed for in designing the 
depth of the foundatioti. The depth of concrete wdll be h^it* 

1 ?7. Dams, Dams, w^hicb are walls of masonry or concrete, 
are used for impounding or holding up large depths of Avater ; 
they can be put into two main classes—gravity, and arched 
dams. This section w^iU only deal A^dth gravity dams. 

Notes on Gravity Dams, (l) The resultant thrust, 
whether the reservoir be full or empty, must be wdthin the 
base, or the dam Avill overturn; and no normal teiisUc stresses 
are deA’^eloi^e^l if the resultant thrust fall AA'ithin the middle 
third* [The water face of a dam must bo nearly vertical.) 

(2) The manimiiui compressive stress on any section must 
not be greater than a safe w^orkbig stresit. 

(3) The resistance to sliding on any horizontal plane must 
be greater than the horizontal pressure //» i.e, uW > /f, 
wdicre is a coefficient of friction and If the w'cight of the 
dam above the plane. The base of the dam is not generally 
the critical plane as regards slipping. 

(4) The shear stress must not exceed a specified amount. 

(5) The ma:Kinium principal wtrtss developed must not 
exceed the safe compressive working stress. 

(G) On the water face there shall bo no tensile principal 
stress. 


• If the fuurKliltiopi presaimj %'arif^fl umloiTilly \mm a nmxiniiim ta a 
miliimuni then 

Pi ™ /I + V (Ijtjhlfy 
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ITD. The Analysis of a Gravity Dam, Assume the forni. 
then find the stresses. For loads, work ki eubk feet of water 
and consider nnlt length of dam. The equivaletit water load 
on a cross-seetion due to the dam above it is equal to tl^e area of 
the cross-section of the dam above it (X unit length) multi¬ 
plied by the density of the masonry ^ p 

^ weight of I cu. foot of masonry 
^ weight of 1 cu* foot of water 



ISO. Picst Case^ Consider the stability of the dam with no 
water in the resenroir. (i?ee Fig. 184 and Plate I.) The force on 
any horizontal cross-section AB — weight of masonry above it, 
acting through the centroid of the mass of masonry." 

Find \iA pfHut. of ^pplLcAtECn on tbo crtifS-Heti^n. Take BioiiliLr planes at 
diatancea^ say, 10 20 ft. apart, luitl find ^rresponding pomtl of upp] icmtiOEl- 

Conncct all these points, and tho line of thrust i$ obtained 
equal to the locus of the points of action of the thrusts on 
the horizontal planes. 
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For no tensile stresses on any plane or section, the resultant 
load IV on 3 uch a plane AB must lie the niiddte third. 

Thus the line of tlirtist has to be within the middle thirth and 
as near as possible to the water face boundary line of the 
middle thirefe of all sections. 



Fig. ns 


18L Second Case. Coxsioer the Dam when the Water 
(N THE Reservoir J9 at Its Maximum Deftu at the Bam. 
iSe€ Fig. 185 and Plate 11. page 334.) Tlie total water lead 
on the dam alxjve the section taken (/I/Jj. say) wnll be equal 

to “ X A ^ wA® l>er unit length, and w^here A = height 

of water above the section ; w’iJl act iiormal to the w^ater 

face at a height ;r abov'e AB (t(? = weight of 1 cii, foot of 

w^ater ^ 62-4 lb.) 
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The re^ulUnt force acting on the section rtill be found by 
compounding the water load, and the load due to the masonvy 
above the section. This will throw the point of action of the 
resultant away from the water face towards the downstream 
face; and, for no tensile stress in the dam, the point 
of action of the resultant must faD within the middle 
third, i'or no stress at the water face, the point will be the 
further middle third point from the water face. Tlierefore, 
the line of thrust with the reservoir full will be towards the 
middle third boundary line farthest from the water face. 



If the water face is battered, then the water load normal 
to tlie face will tend to make the resultant force steeper, and, 
therefore, its points of action on the horizontal planes w ill lie 
nearer the centre and tend towards increiwicd stabilitv. 

The tiormal stresses on horizontal planes can be found as 
for retaining walls ; the maximum compressive stresses must 
be within the safe limits of the masoiuy, 

182. General Case of Analjreis of a Dam. Stibar Stressss 
ox Horizoxtal Planes. (Figs. 186 and 187.) 

*■115 = any horizontal plane at depth k 
Pp = normal stress at B 

~ pt IP -1 

At B take a small length along AB = = Bg. 

At g erect a vertical to cut the face of the dam in k ; let 
gk = aA. kB is very small. 

I/;t the mean intensity of water pre^ure on ITi be n_ = uiA 
Angle klig = /T. x- « • 

Consider the equilibrium of tho triangle gkli. 

The total upward luad on gB = p,. ax 
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Hie vertical component of 


— cos 

Total load on Bk *= wh , Bk 
whoso vertical component ^ mh . Bk cos ff* 





y wh. 


iTj^^p^cot^ t 


D 


Kocizontal Shear Stress Diagram. 
Fio. 187 



=: cot fi* - u?h cot 

The intoiigitjr of the coruplenientary horizontal shear stress on 


gB ^ b equal to tlie intensity of the vertical shear stress 
at i?i 

then g, = (Pm - cot^" 

If ff' = 00 s= 0, i.e. tliere is no horizontal shear stress 
at B. 

If > whf then the vertical sliear stress on acts down¬ 
wards, and tlie complementary shear stress on acts from 
right to left: that is^ it acts in conjunction with the hori- 
zontal water pressure. 

Note, is to the left of B. 

Similarly at ri* the vertical aliear stress on a vertical sec¬ 
tion to the right of A will bo 


cot fi 


apd it will act downw'arda 
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The eoinplcmcntary shear stresa (in a small length A* at ^ 
will bo cot and will act from left to right, resisting the 
horizfiiital water pressure and tlie tendency to slide. 

If Pb > u?A, 5 b is positive, is iicgatiTe. 

Or if pa and are of the same sign, then always g, is of the 
opposite sign from 

Tills curve of horizontal shear Is a parabola.* 

To construct the curve, 

?B and 5 * can be found. Erect perpendieulars Bfi and A ,/> 
to scale = g, and g^ at ii, and .4, (Fig. 187), 

Xow the total shear force along AB is equal to the total 

horizontal water load on the dam 
above the section AB', this is easily 
ascertained. Let it be ff. 

Tiie total shear force on /ji=area 
of shear stress diagram AjDFCH, 
Fio, tss where £)FC is a parabola. Excep¬ 

tion dee paragraph i8G. Join C to 
P to cut diSi in K. Find the area of AiDECBi and to scale 
= total shear load = 5, 

Making allowances for the diHerent kinds of shear stress 
(positive or negative}, B-Sor S-B will be nearly equal to 
the ares DECF to scale, anfl will be so when g, = O oris of the 
same sign as Measure DC and at the centre point F of i3C7 
erect a perpendicular in the necessai^’ direction, such that 

( 2X \ 

CD X \ to scale = II -S ot S- 

If g, of the opposite sign from g^. then re clieek. to ascertain 
if A^PFCBi = //- If not, by further trial the correct curve can 
be ascertained. 

.As f/j must be small. must not be much loss than &0“, 
If ^ is small, ai. Fig. ISS, becomes subjected to a bending 
moment which may be fairly big. Concrete is weak in tension, 
and it is supplied with concrete dams that small cracks occur at 
points b wh ic h upset the va1 ues of the s tresses found 
theoretically. 

183. Normal Stresses on Vertical Planes. {See Fig, 189.) 
Assume that the horizontal shear stresses on two planes 
A’B' and AjEf, aA apart, are known, 



• See paper, /'mniedtn^ /nelf/wfion 0/ Cmt A'Htfinee™, Vfll. ctiiEii, p. S»: 
' SlrtfHVi m Dam*."’ by E. Pi HiU. 
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Shoar stresses opposing tbe water pre 3 Sure are negatiYe. 

The difference in ehear force between the planes acts as a 
normal force on ah. 

Let X = area of shear stress diagram for A'lf to the left of 
and Y ^ ,, AS 

Then Y ~ X = Pj, on ub = total normal force on ab, 

Y ~ X 

then tlie normal stress 

At the point h cot ft ; 
and at B it is equal to the 
mean intensity of water pres- 
sure on due to the height 

of w^ater above the mean point 
of or plus gi cot 

AA is very smali^ therefore 
at B 

= ivh ^ fs cot ft" 

Tho curve of is a eubic 
parabola, which is nearly a 
straight Unep thus set down 
an ordinate at B ^ — 

wk ^ q^ cot B' and join to 
where ^ q^ cot ft, 

and the diagram for the normal 
vertical pressures is found. 

1S4. Theory of Stresa. The 
stresses acting on a 5mull 
element at a seotion of the 
dam are shown in Fig. ItO. 

p and p„ = normal stresses on the homontal 
planes respectively. 

It has been shown that the atressea can be compounded so 
that on two planea the stresses are normal. These streases 
are tlie principal stresses and R„in.- 

Hie connecting formula is 

- ^ g^. {See Eqn. S0, Chap. XII) 

The masdmum principal plane is inctined at an angle a to the 
vertical, 


q\cot] 





Stresses (fbr 
Fifl. m 


and vertical 


whero tan 2* = 


2 , 


(iSe« Eqn. 35, Ch&p. XII) 
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Fot any section^ the normal horizontal, and shear stresses are 
known ; by the use of tho formula^ the two principal stressed 
and the direction of the principal plane can be found. Thus 
the ellipse of stresa can be drawn. (iSee Plate II-) 

Both principal stresses must be posHi^^e^ i.e. both com 
preasive. 

If the water face of tho dam is vertical and there are no 
toziBile stresses^ then no tensile forces at all will occur. It iSr 
therefore, important that neither of tho principal stresses is 
tensile. 



Consider tue Water Face. It is essential no tenaib 
stresses should occur on any plane ncirmal to the water face. 
Referring to Fig. 191, 

One principal stress ^ jfj| = wh 

*70 = (Pd- 

and (ir-p,)(J?- p) r= (C) 

p„, and arc known and abo 
Solving Equation (C), two values of R are found, one of 
wliicL ia ifj s wht The other ia on a plane at right angles 
to the water face, and can bo found from {C). It must be positive, 
i.o. compressive. 

An analysis of a dam is given in Platos I and II, 

185. Notes on Plates I and ET. Take unit foot-run of the 
dam. Work in w'cight units of 62*5 lb. {the iveight of 1 cu, ft, 
of water); then the density of the masonry W'ill be 
_ weight of 1 cu. ft. of masonry in lb. 

^ 62-5 lb. ' 
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Divide the dam section by horizontal planer equidistant apart 
(if possible), sneli as aa, bbt cc. . . , Find the weight in 
the required units of each sectioii of masonry, aabb . * . 
jjkk, Umm, which will be equal to the area in square feet 
X These weights will act through the centroids o£ their 
sections. By known means, find tho centroids and join 
together by a curve to obtain the centroid locus. 

(7* is the centroid for block jjii 

Cl is that for kigj. 

From Cl drop a perpcadieular to ent i? in T ; from C* drop a 
perpendicular to cut kk in jfc'. Similarly for the other acetiona. 



Construct the polar diagram for the masonry loads, and 
from this the link or funicular polygon for these loads. With 
the reservoir empty, the total load acting on the base U is 
the total masonry load per foot-run. To find its point of 
applioation on the base ff, produce the outer lines of the 
masoniy' link polygon to meet in a point L. Draw a vertical 
through This vertical gives the position of the resultant 
total load with respect to V on IL The resultant acts at the 
distance from V on the base. Similarly for the other 
planes ^ join xip the i>omts of application and the line of 
thrust, dam empty is found. 

Reservoir Fdll. Calculate the water pressure acting at 
each section point fl, 6^ * I per foot-run of dam, 

{p = V?ht If? = unit WTiglit of 62-5 lbs, p = h). 

Set out to scale these pressures at right angles to the water 
face at their section points, and join up tho ordinates to obtain 
a water pressure line erf*. To find the w^ater loads acting on 
each section of masonry, such as afi, be, etc., find the areas 
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of «ach flection of water pressure diagram to ecalo^ such as 
kkjl^, and these give in water uitlts the w'ater loads on the 
flimilar faces kl; these act through the centroids of their 
particular sectioufl and at right angle!? to the wall. These loads 
are represented by Fj,, P, . . . The total water load 
is the sum of these. On the area aacc^ the water load w ill 
^ aimiiarly for the other sections. Construct 

the water load polar diagram, attaching it to the masonry 
load polar diagram^ 



Fio. 1S2 


Construct the funicular or link polygon for the w'ater loads 
from the polar diagram, and from this link |>oIygon can be 
found the direction of application of the resultants of the 
loads required. The reeultant water load above the section 
cc is P^ d- Pfl = Fsr and acting as shown. 

Produce to meet the resultant weight of the masonry 
aacc in C^. From the joiried polar diagrams, the lesidtan^ 
of the corresponding total water and masonry loads are found 
in magnitude and direction ; these are P,, P,, _ 

Through 0^ draw a line parallel to P^ to cut the base cc, 
and the cutting point is the point at which P^ acta. Simi¬ 
larly for the other section lines ; join up the points of applica¬ 
tion and the line of thrust, reservoir full is obtained. 

By the methods indicated, the direct normal horizontal 
and vertical, also shear stresses, are found for the different 
sections and the stress distribution diagrams drawn. 
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In Plate II are giv^en the dhitribution of streu diagrams, 
and the ellipses of stress for various horizontal sections and 
points in these sections. 


TABLK FOR PLATE il 
Unit itr««a SS‘Slb,,''tqua» foot. 


imitr 

Wcf Fici snma UNttt, 

PB¥ t’ACN 8TmRi9 UNITF, 

Ff'dE-kBCt'TlUil, 1 

1 



VertL»l. 


€C 

15-0 


■14S 

344 

414 

12 22 

FP 

B7-47 

M4 

■996 

26-44 

10S4 

5248 

n 


14 12 

2-94 


116 1 

104 4 

LL 

82-4^ 

fil’4 

3-39 

226-0 

87-3 

IMS 


EiUjiac, 

FlUCITAL ftRUaiL 


Unjot. 

il 

1542 

21 02 

B 

568 

34-75 

C 

-35 

37-5 

D 

64 

744 

E 

1145 

6615 

F 

254 

137-5 

Q 1 

334 

$45 

H 

81 14 

84-6 

1 

65 85 

118 65 

J 

81 7 

164 3 

K 

4045 

226-45 


186. NotesOD Question 4 in Examples (page 337, Chap. XIII) 
(Fig. 192, page 334). 

A height of dam 
d = required aidth of the base 
ur = weight of 1 cu, ft, of water 
pw = weight of J on. ft. ofinasoniy 


Total water load 
Total masonry load 


1 

3 

for resultant to hit middle third point 

s' 
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2 2 

Max. stress ^ p ^ = hwp aiiU is a 

function of h 

Triangles DEg and CAR are the normal iiorkontal 
distribution diagrams. 

Shear stress in dam for the conditions given. 

Take two section depths h and and dh apart. 

Max. stress on base depth h =■ hwp 

jj zk A|“ h^t/jp 

Slope of horizontal normal stress diagrams, 

ft 






^ ^ 1 


A _ 

d~d, 

Sliear on ef section z=^ p-p + weight of e/jfi 
— weight of ^fyk 
^ wp ^ X . dh 

Shear stress on e/ = 

Sliear stress diagram is a straight line w hen there are just no 
tensile stresses on the base. 

From the general case considered in paragraph 162 

Pi. = wp . Aj 

= tup , hi cot Cl 

cot a — r- 
Ai 

and = wp -d 

shear stress is a function of the length of the basCi 
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Reiaininfj ^TiNeir ancf (!^''(jifEjlru4:fu>n. PaA^^fi^ll. (Mi^CiTAW, H1I3 

A Co.} 

WaU^-r JJintw anJ EUralon. (Full DiflClWLon of All Wall ThEorioH.) 

Kctchtiiti. (HcGrnwt Hill A OoO 

Friction, StafiLoiTL. {Longmans, Cv^n A Co.} Clhaptor on Ketairiing Walli. 
UjperiwHiiifl on iAc /ioriiOhArj o/ P. M. CrOstiiwaitOK B.A.I., 

M.r.c.E. 

I of ths Ingtitvtion of Civil En^tU-tr*t 1^19-iSO- 

Pfipot 4967: Proceedi*i ^9 of tha Inotiiuiion of Civil En^rttcrt, 1W32, Jon kin 
on thfl ^^Preasuro ufRotaiEling WalN."^ 


EXAMPLES 

L. A waJL of teoLangular saoliion 14 ft. high if to EOtaiiii An embankment 
d( dry oarth havinf^ fu ftoglft of repoae which ia 30". Find the nfoo«ary 
thickness o( the waih and tho rnaximmit vcriic^ stress on tho baao if tho 
Darth Is 1iorizont4il and Jovd mih tho top of tbs wall. 

Weight of oarih, 100 Lb per cubic fooL 

Weight oL wall, 1501b, per oubio foot. (LL* of Bd 

2. A r^taming wall if 10 fL high ewid G ft. wide at its L>aHE!, and 2 ft wddo 

at Lta top, which is level with the ground fiutfitce, Tho back of the wall is 
vertical. It camoa a super-load equal to lO ewt. per squaro foot at 3 ft^ 
bolow the ground level. Deterruiuei tho position of the re™tant prsffUre at 
the l?aw, lining ftnnkine's fermula for the laierflJ pressure of the earthy if 
the ipfciEe gravity of tho maitfnry is Zi and that of tho earth li, (urtd th& 
angle of Iriction of the rartli 45^. (I.C.E. } 

3. A piece of level ground is to have a porbicHi of the aurrAoe excavated 
to a depth of 14 ft., and it is necessary- to support the eaj-Lh at the botmdaricit 
of this excavation by concrete retaining walla Tbs earth faro is vertical 
and the width at iho top of the wall is 3 f Determine a suitable trapezoidal 
eroea-Bcetion for the retaining walh. if the earth weighs 1251b. per cubic 
foot and has a natural slope of 2 to 1. The conerole may bo assumed to 
weigh Ho lb, per eubin foot. DiBcuas the Validity of imy formula used in 
connection with the calculationr 

4. A msaoTiry dam 50 ft. high has a voriicill water face. AsHumiTig the 

dam has a ttianguiar sectloot dE-teimins the width of the base so tlmt thsie 
shall just bo no tensile stresses on Iho base, ^how tliat the shear stress 
diagram on the bane is a triangle. Construct the ell ipses of slreas for various 
points on tho base. (U, of Ih} 

5. A wall Lfi ft. high of coOtangulaf KCtlon lias to retain earthy the sur¬ 

face of which is horixontaJ. The angle of lepOSe of tlUJ earth ia 30*. 
Detertnine tho dimoaslons of tho wall so that the line of thrust shall be in th» 
middle ihirtl of tho tsaae. WeighL of cjiftli^ 1 (HI i h. per cubic foot ; unriglit of 
walh 150 lb. per cubic Tool {U. of B.} 

G, \ tnasimry dam of Irape^oidal section 100 ft. high has a has* 00 ft- 
wide. Tho water face is vertical and ilie width at the top is 10 ft. Find 
ths norniaV sttoas diagnmi for the ba^e, and deduce approximate! y the shears 
stress diagram. Weight of mASOEiryp HO lb. per cubic foot (U. of H.J 

7. A trape^idol irisaonry dam has a height of 42 ft. and the water face 
ia li^ertiral. TIk' baao is 25 ft. and the thickness at the top 9 ft. W'cight of 
a cubic fcjot of masonry, 150 lb. l>cteirtiiine— 

(1) The resultant thrust on the base per foot length of dam ; 

[2) Tlie distribution of normal itrees on the base. (U. of B.) 

6. A concrete retaining wall with a verLleal foee b 12 ft. high and 5 fL 
wide at tL:rt boio^ and 2 fk G In. wide at ttie top. If the concrete weighs 
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UO Ib. p«r cubic fo€t, fin/d horLEJcmtal force per toot run of the waIL 
AEtoeaeafy to dVortum tha WitlU tbd Edtca being applied dil the vaniE^at faca 
4 i%. from the base. 

9r Frovd thd Auld of the Middle Tlii/d, as stated for solid masdnry 
■tructurea with reqtangutar baaesp Bubjccted to overluming forces. A 
parallel brick chirnney of lioHow equaro eocUou ie 2 ft. by Sft fnsidd, and 
the thickness is also 2 ftL The i;diiiniiey ia 40 ft. high^ Find the gr^aLest 
allowable intensity of wind pressure perpcndicitlar to ono face, so as not 
to cause tsdaidn st one edge- Tbo brickwork Weighs LSfllb. per cubic foot. 


(U o( U.) 


10. Determine the width and depth of a conemte foundation which sup- 
a wall having a load on the base of Q tons per foot rudi, if the earth 



has a bearing preaeuire of tons per square foot and an angle of lopoeo of 
Tho Weights of ooncreto and earth ars l4t> and 1OO I b. per cu bic foot 


respectively. 


(U. of L.) 


11. Proved that the Intensity of thd horiaonta] pressuro per unit area dn 
the vertical back of a rotammg wall at a dapth h is 



and bcnco doduoe a formula for thd safe depth of a foundatioa on which 
the ma'XiniUJi] pressuco is 2 tons per square loot. of B.J 

12. Ihe earth face of a retaining wall 20 ft, high is vortiosJ. The angle 
of friction both for earth on earth and for earth bn masonry’ is ; the earth 
weighs 1101b. per cubic font. Take account of friction between the OArth 
and waMt Bnd htid the leiultant earth proasuro cm the wall. Also &nd the 
pressure by Kankirve^s thcof>^ Thd earth surface io bori^ntah 

13. XakLig the dam in Quc^ition 7, dctcnnino also to) tho dLstributioxi of 
shear atrass on the base; (fr) the normal stresaea an Tortical planes at the 
base. Construct the eUipses of streas for sectioni on thd base distant Oi 

12'&, 20, and 25IL front the water face. 

14. Tho hsae oE a retaining wall is 0 ft. wide ; tho vortical componexit of 
tba resultant thrust ii 12 tons, and it acts (a} at the oentm At dlt. from 
thd earth face: (cj at 7 ft. from the earth fac*. For rach casop draw tba 
noimsJ Streas diagrsjn for the base. Assuming a mortar joint along the base 
which eatmot resist tefisiom for case (c) what is the maximum comprosaive 
Stres On the base J and draw the diagram oE normal stress distribution. 

ib. Work Questions U 3* and 5 by iMith iha Eankine and Wedge thcoriea; 
the ooofBoioat of fridlLon of earth on wall being the same as for cartb and 
earth ; i.e. ^ tan {angle of repoao ol tbo carthjL 
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R KIN FORCED HeAMS 

187 FUtch Beams. A flitch beam b one consisting of timber 
to which are bolted steel plates. The aim is to obtain a beam 
will eh is stronger than th'o timber^ yet economical in cost. 
The reinforcing material miist therefore have an elastic modu- 
luB (£^) greater than that of the reinforced material. In some 
flitch beams the platca arc bolted to the outsides of the timber; 
in others> a single plate tiiiis down the centre of the timber 
beam. The plates may or may not be of the same depth as 
the timber beam. 

The beam wiU be built up symmetri<:ally w-ith respect to 
the neutral axis, as shown in Pig. 133. 

188. Consider the Case where there is a Centre Flate^ whose 
depth is less than that of the timber; the following theory 
will apply abo to tw'o or more plates, as all the plates can 
be put togetlmr to make an equivalent single plate. 

fi, = Young's modulus for the steel plates. 

Ef ,,ip timber. 

dt ^ depth of the timberi 
d* = „ plates = or < dj 

6j ^ total breadtlt of the timber* 
ft, = „ „ steel plates. 

/i = moment of inertia for the timber portion only, 

/, — ,, steel pktea only. 

= oflfeetive moment of inertia of the whole bcamp w^ork- 
ing, say, on a timber basis* 

/* = skin stress in the plates. 

/i „ timber* 

d E 

y ss rn ^ modular ratio* 

it I 

For any beamp the external moment at a section = internal 
moment of resistance at that section. 

External moment = moment of resistance* 
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= 2/" — + — 

T,-^' 


(i| 


The radius of curvature being the 


Axts^ 


eamCp 


riD. L93 


Ml -:Mi. 

dM, d,E, 

f-f I' 


■ J/ ~ 4- 




= WI 


>/. 


Then iU = 2-';f {m . /, + /,). 

®r 

= — (/) 

where /, = tnlf + i, 


(2) 

(3) 

(4) 
( 6 ) 


ss effective moment of inertia of the bciim 
on a timber baaia , , , (6) 

Let /|„ ^ moment of inertia of a whole rectangular croas- 
section of the beam, given that it is only made of timber 

jb, + b,W 

12 


Then tiie ratio of the loads which can be carried for the given 
lx‘anis to develop the same working stress in the timber is 














REtNFOECm BEAMS 


34 ] 


I{lmtraik?e Frobltm 44. 

A timber boBJii, 4 Ln. X Siti. -drCMH-Bection, 100 mr lang^ in nimplysupported. 
Find tlio of two steel pistes 4 in. deep to be fiiiL<?d to- tho limber brnm,i 
so that it tnay carry a oenlitil load of iJiSOOlb. idth a maximum in 

tlie timber of SOOO lb.,'square inch. 


= 1-5 X 10®lb./sq. in. 
£,««t = 30 X 10* lb,/sq. III. 


m = 


^^ = 20 


Then the mnTEimum esteriifd innmeiit on the compound beam 
has^ to bo equal to tho interna] moment of reaistafice 

2x4® t ^ 

2500 X 100 _ 12 .. _ ^ 12 


F= 2000 X 


20 X 2000 X 


where b in inches is the tot^l width of the plates required. 

62,500 =: 1000 X ^ + 20,000 X 6 X ^ 
b^- ^ \m. 

Two plates are required, to he fa.stcned one on each side of 
the ix?am and to bi; of eros 3 -$oction 4 in. X fin. 

1 S9. Reinforced Concrete Beams. Concrete is a heterogeneous 
material (consisting of cement, sand^ and stone) having a fairly 
good compre^ive strength, but a verv' low tensile strength , 
w'hicli h tisualiy ai^unn^ negligihle. It h cheap, economical, 
and easy to make, and can be adapted to many purposes. For 
use in beams and struetures where tensile stresses may be 
developed, some material is required in the concrete to take 
the tensile stresses. Mild ^teel in round and other shaped 
rods is used, and the two materials together give a reinforced 
euncrete beam^ column, and other structures. Tliis section 
w ill only deal with steel rf>ds placed in the tension side of 
a lieam ] in many cases, steel rods are ako placed on the 
compression side to assist the concrete in taking the com¬ 
pressive strains. 

In designing l>eam3 of this reinforced character, and know ¬ 
ing the aafe load to be earned^ the finet step is to find the 
position of the neutral axis of the cross-section^ and then 
alwa;\^ to remember 
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Exterim] momeiit a eection ^ internal moment of 
resbtanco, which is a couple ; that is, the total tensile foree 
on one side of tho neutral axis = tcjta] compressive force 
on the other. 

For steel only on the tension side, it h assumed that the con- 
Crete will only take compreasiv^e forces^ leaving the steel to 
take the tensile forces ; then the total Lntornal compressive 
force in the concrete is equal to the total tensile force in the 
steeL 

If steel r^^ds arc also put In on the compression sicle, then 
the total internal compressive force in the concrete plus tlie 
compressive force in the steel on the compression side, is equal 
to the total tensile force in the steel on the tension side. 

TJic notation given is that stated in the L.C.C, regulations 
for reinforced concrete work. 

190. Notation for Beams and Slabs. 

A = area of tensile reinforcement in sq. in. 

Af := „ compressive „ 

ti = arm of internal moment of reaL^tance in inehee. 

B ^ Bending moment due to external loads or forces. 

b = breadth of a rectangular beam in inches or the breadth 
of the Hange of a Tee beam^ 

c =? permissible compressive working stress in lb. per sq. 
in. of the extreme edge of the concrete in compression. 
Tt depends upon the mix and grade used: var 3 dngp 
for instance, from 750 lb, per sq* in, for a 1 ■ 2 * 4 mix 
to 970 Ib. per aq. in, for a 1-1-2 mix: both of 
ordinary grade conciete. These values being increased 
to 959 and 1,259 for high grade mixed concrete, 
d, = total depth of slab or beam in inches. 
d = effective depth of tiie beam in inches ; that is, the dis¬ 
tance from the compression edge of the concrete to 
the centre of gravity of the steel reinforcement in 
tension* 

dj = depth of the centre of gravity of the eompressiori 
reinforcement (when used) from the compression 
edge of the concrete. 

E^ = Jiodulus of Elasticitj^ of concrete in compression lb. 
per sq. in. 
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^ ModiiLus of Ela^tioity of steel in tendon^ lb, per sg. in. 
I = length of eH^tive epan of a beam in inches. 


A’, 


mfim , 

— whore 


wi z= — — niodular ratio. A suggested value is ^ 

3o — minimum cube strength at 28 days (works 
tests). 

n = distance of the neutral axis from the compression edge 
of the concrete in inches. 


^ s= neutral axis ratioj m that n = n^d. 

4 

p, = percentage of tensile rehiforecment ^ iOOr where f-,. 

bd 

R^ = internal moment of resistance in terms of the com¬ 
pressive force. 

^ internal moment of reaUtance m terms of the tensile 
force* 



and 



=? slab or beam depth ratio = 


i = tensile working stress in the steel in lb, |>ef &q. in. 
(18,000 to 2DpOOQ]b. per sq, in. suggested values for 
mild steeL) 

(i ratio of the tensile stress in the stco! to the skiji com¬ 
pressive stress in the concrete. 

II' — working load in lb. 


191* Assumptions Involved in the Theory of Rexoforced 
Concrete Beams. 

(1) A plane sectiou before bondhig remains plane after 
bending. 

(2) Tension in the concrete is neglected. 

(S) The stress in the concrete is proportional to the strain. 
(See note in assumption 4,} 

(4) The modulus of elasticity for the concrete is assumeti 
lo be constant. The stress-strain diagram for meet concrete in 
compression is a smooth curve right from the start; there- 
fore, the slope of this curve varif?s for all stres.ses, and, conse¬ 
quently, which is the slope of the stress-strain curve. 

If working the concrete at. say, 000 lb. per sq, in., then for 
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the particular kijid of coucreto, ’corresponding to this 
BtrcES, should be used.* 

(5) Adhesion between the steel arid the concrete is perfect 
within the limit of proportionality of the steel > 

1D2, Rectangular Beam. Akalysis vstusk tile. LiaimNO 
STa ESSES ABE Knowk. lieuiforced on the tension side only. 
Assume one row of rods area A. iFig, 194.) The beam will 



bend about the neutral axis (N.A,), which is at a depth « from 
the compression skin. Hem 6, rf, oi, ( and c are kiioivn. 

Tiic problems are (o) to find the position of tlie neutral axis, 
(6) the maximum permissible liending moment for the beam 
with given Umitiug stresses, and (c) the steel area A. 


Now strain e = 


stress 

"g:“ 


Maximum strum in the steel d-n 
Maximum strain in the concrete “ n 



* s«e Modaiiu of Sltulitilif vf CoumJe, by ProroMcir Ua, Institution of 
Cancrebf. 
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'■ c ~ tijd 

m{l - Ml) 

As tf Cp and m are known, ?fi oan be found and therefore n. 
Assuming working atrcssea of 16jCKX) Ibp/sq. m. 

c = eoa 

and m = 15 

J 5.000 


( 8 ) 


16 




600 

Tij ^ *36 

or n = *35d * * . . (0) 

The total tensile force in tlio steel *= the cniiiprefisive force in 

the concrete. 

nicn iA = — Y 

= tlic average compressive stress in the concrete. ^ 
Tlie internal moment of resistanoo ia 

= = . , (10) 

Xow a = d - ^ 




i.o. when t = 10,000 )b./sq, in., c = 600 Ih./sq. in., m = 15, 


■36, a = -iilSrf 


( 11 ) 


„ bjic 
= -^x<t 


(From (10)) 
b X *36d X 600 X ’83(1 


s* 05 

therefore the external moment = B = Ad® 


(12) 
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In general R^ = R .bd^ where ^ — 
ahw R.bd- wliere 

The quantity if ia called the coefficient of reaiatance. 
Relation between A and bd, 

A = rbd (by definition) 

then trbd = and - = ™ 
i c 2Td 

. n 

therefore^ = —- — from Equation (S) 

and M® = 2t»rd{d - n) 

Solving « = I - mr VmV + 2mr]d 

n cannot be minus. 

/. n ^njd = {Vjtt^r^ + 2»ir-nir)d . . (13) 

or + 2nir-mr. . , (H) 

If -36 and m =15 (for the conditions taken), 

•36 = V 225f* 4- 30r - lor . . (15) 

Solving Equation (15), 

r=006S . . . (16) 

and A A = -00036^ . . ■ (H) 

Equation which give the relation between the area of the 
steel and the efiective area of the beam when 

( = 16,000 lb./sq, in., c = 600 Ib./sq. in., and m = 15 
(The economical percentage of steel = = 100 r = -66,} 

Rework examples given, taking c = 800 Ib. per sq. in, 

( = 18.000 lb. per sq. in., and m = 

2400 

==5 16, say. 

From Equation (7) ^^j ^ Z— __ Si- * 

Aho<.4=^. 


*:-! A \'Zi^T “ “• 'tel'd' J ol tho asniniina ™ Btramhi 

hne dittotnition of Htfcaa nn Hid oonmilD btuiui. pago 347 , * ^ 
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:M7 

rf - n . 6flc 
/. me . -■ . A — 

ft- * 

/* X ^ . (IS) 

and Ci * (W.4) = . . * , . {10) 


Analysis when the Steel Area A jb Known. 

l 7 ilerpr€lali{m of Eputiiom (IS) aTid (10). Ci h the equiva¬ 
lent tensile stress in an equivalent concrete area (m*4) on the 
tension side. The equivalent elastic modulus of the equi^’aleni 
cxjTicrete area (mJ) or transformed concrete area is E^. That 


3 

d 

I- 


jV 


n 

1 


-h--- 


I 

-H - 


c Pc 

SlncfiiS / 

OiagrAm / 

A / 


/ Dti 


bira.\f^ 

D*aigra^ 


I Actual 


tirA 


hCfM 


tf* r 

(jn4) 




FlO. JS4 a 


the reinforced section ha« been transformed into an equivalent 
concrete section having a transformed concrete area on the 
tension side equal to mA. {See Fig. 194a.) 

The transformed concrete arear is distributed parallel to the 
neutral axis and its axis is parallel to the neutral axis. The 
area is concentrated along the axis. From equation (18)^ to 
find the neutral axis of the transformed section* take the 
moment of the transformed section about the neutral axfci and 
equate it to the moment of the compression area about the 
neutral axis, 

6n’ 

We have + ^^An = mAd from equation (IS). 

. imA 2mAd 

*** - ^ ^ b " 

2mA m**4* mM* 2m Ad 

ft* + _ , n + - ^ + 
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^ * 2mAd 

± V ~6* ■ + ~~b~‘ 


ThiWj in any given beam when b, d, A and m are known, tJio 
neutral axis has a fixed position (througli tho oentroid of the 
transformed section) and therefore the ratio of o and t is con¬ 
stant, Also from equation (18), it can be seen that any 
increase in A for a given m will increase the value of n, because 
(d-ft) decreases; in other words, the neutrai axis is lowered. 
For a given A, a lower value of w raises the neutral axis, that 
is, decreases the value of in. A higher value of m lowers the 
neutral axis for a given value of A, i.e. the value of n is 
increased. 


Example. 

A rKtangular reinfopeed eoncwto be&ni hoa h 10 in,, ef SO id,, A 
H 2flQ. in., tn » The henm a ben((in^ mcfinent of 4S0,0O0 inL-lb. 

CKiculoto £ And f. 


To find the neutral tixm {Kxsitjon. 
m^(d - n) = 


30(20 -n) = 5ft*. 
»« + ftft = 120 . 
»» + Sft + fl ^ 129. 


ft — 11'30 “ 3 = S’4 in. 
d-| = 20-2‘8 = 17-2 in. 


bnc 


1.4 


Eending Moment 480,000 



480,000 1 

/* c = ^ 40 = lb. iwr sq. in. 


/ 


480,000 
17-2 X 2 


13,0501b. per aq, in. 


liVlial is th® tnsximum motnent which the bcttui ftf the roroomn® prablcm 
rsn csiry, saamiiiiig thiit the linijlijig: stresses for e (ind ( an> TOO lb. per 
K|. in. nnd IS,0QOlb- per M). in. r wpeetiwly T 

if m *= 16, ft = 8-4 in. again, and tho arm of the resLattng 
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couple is therefore IT-Sin. If e has its maxiinum value of 
"ilO lb. per sq, in., then the correspornJitigE resisting coupb is 

10 X X 8*4 X 11 2 = 541,S0U Ik-in. 


[f ^ has its niaximuni lvalue of 18^000 lb. pc?r sq. in.i then the 
corresponding resisting couple is 

2 X ISpOOO X 17'2= 010,^00 Ikdn, 


The iii&xiranm bending motuent which can bo carried is 
Ml,BOO in.-lb. wberi c — T50 lb. per sq. in* and i — I5p267 lb. 
per sq. in* Thus the limiting steel stress is not realized. 

192£i. Desigm a Eectangulai Beam with Tension Heinforce- 
ment to Carry a Given Bertding Moment at Given Stresses- The 
most economical beam results when both materials are stressed 
to the limit and the problem is to determine 5, d!, and ^4 for 
a given value of m, such that the ^permissible stresses will lie 
realized simultaneously when tho internal nioment of resist¬ 
ance is equal to the stated bending nioment. If .4 Is the steel 
area and I the given tensile stress, then will be the trans¬ 
formed concrete area, and the equivalent teiisllo stre^ In it 
equal to f/m. If e is the limiting compression stre^'i, then n ia 
found from the equatiuii 


c i i 

n ^ m(ii - n) m . c 


d - w 
n 


from equation {7} 



\Ve have, therefore, a single equation containing the two 
unknowns b and d. It is thus neeessa^’ to make an 
assumption regarding t in relation to d, i,e, b = asd* For 
small rectangidar beams x = ^ to I and for large beams x 

toi. 

Now d can be calculated. In practice b and d would com¬ 
monly be made an integral number of inches, and if d as 
calculated consisted of a whole numl>er and a fraction of 
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jticJi 0 $) then it trould be necewary to le-design the beam to 
meet the condition that d would be an Integra] number of 
inciies. Knoning B, i, d, t, C, and «, A can be found. 

Reference should be made to advanced works on riesign for 
the principles mulerlying the method of changing from the 
tJieoretical dimensions to an o::act integer. 

Therefore, to firtd n or when the fibre or skin stresses are 
known, the formulae 



193. Tee'Seflnis. In practice tee-beams usually form part' 
of a floor system and act integrally with the slab on either side, 
w hich forms a flange giving added strength in the compressive 
part. If the beams are widely spaced, the compressive stresses 
are not distributed imifonnJy across the whole width of the 
slab. In order to invcAtigatc or design the usual tee-beam, it 
is necessary to make some assumption regarding the width of 
the slab which will lie considered to act reasonably with the 
stem or rib and be uniformly stressed over the whole width. 
Ill British practice, for the breadth of the flange, the least of 
the following is taken — 

(а) one-fourth of the ofleetive span of the tec-beam, 

(б) the distance between the centres of the ribs of the 
tee-beams, or 

(c) twelve times the thickness of the slabs. 

* 

The minimum breadth of the rib should not be loss than one- 
third of the depth of the rib lielow the slab. There are, how¬ 
ever, two methods of designing a tee-beam with the flange 
jirovided by a floor slab. The first method assumea that the 
full breadth of flange Is available for use. The compressive 
stress in the flange is usually found to be low by this method. 
The other method assumes that the limiting stresses are 
realized, and tliat the breadth of slab called into plav is onlv 
that necessary. This breadth Is usually leas than the limit set 
by the various codes. The [wsition of the neutral axis, and the 
arm of the resisting couple, will have different values by 
these two methods. Both assumptions are no more than 
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eonvemencfes which give satisfactory The design of 

tee-beams consists in proportioning the stem ot rib, and 
determining the tension steel area. Proportioning the stem 
requires a consideration of the shearing stresses. 

Steel Rods in the Tension Side Only. (1) When (he 
neutral a^is fall^ unihin tlie »lafK the analysis is similar to that 
of the rectangular beam ’adtli reinforeenient in the tension 
side only* remembering that b applies to the slab breadth and 
not the rib breadths 

(2) When the neutral axis falls below the slab. (Fig, 195.) 
The compressive stre^ In the small portion of the rib will bo 



Fic. 105 


neglected. Assume that the bicadth 6 is such that the limiting 
stress of e is realized in the slab, and I in the steeL 


b, dj 3 ^ c and n are known 

l^Iaximum strain in tbe concrete 
lilaximuni strain in the steel 


E, 


c 

E± 

i 

% 


n 

d-n 


c _ n 
i ~ m{d - ri} 


m 


knowing c and I, n can be found. 

The compressive stress in the concrete at the base of the 
slab 

= c X depth of slab) {2 \) 


The total compressive force in the conorote will act at a 
depth fj from the maximuni compression edge. 
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(From Fig, 195.) 

Area ABCfJ Xy = A01ii<^~^ + Ao'j 
from the stresui diagram. 

Now » ^ Mirf and d, =* Sid 


Then y = 


Jid(3ni - 2 j,) 
3(2nj - Sj) 


(22) 


. . , ( 2 ,) 

Total tensile force = total compressive force 

• * • {24) 

C(2n-(f,) 

where - ^ — = aremge stress in tho slab 


From the equation, the steel area A con be calculated. 
Substituting for n and d, as before, it can be shown 


_ 2 rm -{- jjS 

^ 2 m + 2 s, - • ♦ ♦ 

And consoqnnntly n _ (V + to".’- + IZn..-) 

( 6jwr(2-iri) J 


Approximately, 



(25) 


(26) 

(27j 


Tlie internal moment of resistance ^ , o . (28) 

= , {2t)) 

Substituting the value for a, tho moment of resistance in 
terniB of c or t can be found. The problem can again be eiwilv 
solved by the transformed area method, 

104. Investigation of the Mnxunmu Stresses at a Given 
Section of a Tee-beam for a Stated Moment, and of the Maxi- 
luum Permissible Moment for a given Tee-beam with Certain 
Liimting Stases Given, Here b, d, d,. A and m will be knowm. 
Tlie analysis follows the same lines as for the similar case of 
the rectangular beam. It will be best considered from the 
transformcil area method, and the compressioti in tho stem 
W'ill again be neglected. The compression area will thcrefti^re 
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be oonsiderodniiinctijig at a depth of d,/2 from t he rampression 
bikin. A wilJ again bo transformed to viA, and, iioin the equation 

W,{ It - ^ sss f)ii4 . (d - ») 

the value of n and hence tlie position of the neutral axis is 
found. 

Drau' the equivalent stress diagram, where the maximum 
compressive stress is f, the stress at the uuder^edge of the slab 

is equal to and the tensile stress in the transformed 

steel area is//ni. ‘ 

If the moment B is given, it is a simple matter to compute 
the total Compressive stress C in terms of c and hence the lever 
arm n. 

Ca ^ B, an equation from which G and hence c can bo found. 

Also C = — .mA = lA from winch t U calculated, 
ni 

If the limiting stresses and A are given but not b the breadth 
of the flange, the ioveatigation may be coneemed with the 
maximum moment that can be carried by the beam and also 
the breadth of the flange. As in the preceding discussion, locate 
the position of the neutral axis from the stress diagram drawn 
with the extreme stresses taken as equal to tiie limiting stresses, 
and calculate the lever arm a. As in the case of the rectangular 
beam, calculate the moment assuming the limiting stress of f is 
reahzed. B = tAa. 

The total compressive stress will he C — Calculate the 

average f7„ per unit breadth of the ilangc : then 6 = Compare 

this (.alculatcd b with the value of A allowed from one of the 
limiting formulae. 

i in general be less than the maximum allowable 

value of b. 


llhistrative Prt)ble»t 4S. 

A nsliJo™d Mnct»to bewn i» S tio. 4 25 in. <l«p n. tl™ 

or itw UHullo Steel winfoTHAMnt. Tlis workinfj stress™ ew end 10.000 
lb. per muart ineb lor tlw otwicretn and Steel rBqjeenvbIr, 
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Find tlrkr iltrplb of tlio auiiEraJ axis irQm COfupMWiaoa fiangv. th& of 
tbo BtcMoJ in tsmlonf the perecntago lt»Ell^orcc!me^^t, and tho mo^niont <>C 
rofliqianog. 


From paragraph 192. 

16,000 

"goo' 

fiolving n = 1-55 iit. 
Total force in the steel 


=‘=m 


000 X 3-5 X 1*53 


Aiea of Steel = 


2 

leos 

10,000 


lb, = 1005 lb. 


!s= *1 sq. in. nearly 


Percentage reinforcometit = = -OH per cent 

4'25 X 3'0 ^ 


[ 4 . 2 ,-—j 


Moment of resistance = 11105 x 

= COOO lb«-tn. 

195. DLstribation ol Shear Stress in a Keinforced Concrete 
Beam of Rectangular Cross-section and with Only Reinforce¬ 
ments on the Tension Side, {Fig, 196.) Consider the forces 
acting on a length of beam between two rerticai planes 
AD and BC. The concrete again carries no load in tension. 

Let the compressire stress in the outside fibre at A be c 
and at c -f 5c. 

Lot q be the shear stress on a horizontal plane of area b . 6x 
situated at a height y above the neutral axis; then q,b,dx 




1 5c{n*^ y») 
2 ' « , dx 




m 


Tiiis ifl zero w-hen y ~ n, and a maximum when y = 0 

dc n 

neutral ajtifl ^ 

= OH the vertical plane through a point on the neutral axis. 
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The curve of vertical $hear distribution in the cotuprossion 
side of the beam is a parabola, being zero at the skin and a 
maximum at the neutral axU. 

Below the neutral axis, assuming the tensile forces in the 
concrete negligible, the shear stress must be constant between 
the neutral plane and the plane of the tensile reinforcement, 
where the whole of it is balanced by the dilierenM in the 
tensile forces in the steel at A'' and L, 




4 












_ 








, Sc'n ^ S 
2 £x^ 




^Hcar 


Fra. m 


Let J/ be tlic beiitiuig moment at A D ami AI ^ 6M at 3C. 
Let a be the arm of the internal moment of resbtance. 

The internal momcnl of resistaneo at AD h Ga = Pfd = J/ 

where C = total contpneBsive force in the conereto 
ancj ^ „ tensile tstoel. 


,, ,AI ^ M + AAl 

AOW ---- 

fT a 


= -c + (C -f dC) 
= + AG 


bn A-m bft 

Kow dC=(c + ic) ~ ^ ^"2 

iM S ^ tfa? 

dc . = —Y- * 


(S2) 


(33) 


where S b the tot^il sliearing force at the see I ion. 

Bull .dc. nfr = (From (31)) 

where is tJie shear etre^ at the N.A. 

- ij — = vertical shear at the N.A. , (34) 

'' b , a 

For rectangular beams and for tee-beams where b ia replaced 
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by 6j the brendth of tho stem, un average value of a is usually 

taken as Actually a = d~ 


106. Diagonal Tenaioii in Eeiniorced Concrete Beams. In 
tho chapter on principal stress, it was shown that a tonaile 
force could be compounded with complementary shear forces 
acting ttt the same point within the material to produce prin¬ 


cipal stresses 



where + p is the tensile stress and g the shear stresses. IT it 
is assumed that the concrete cannot carry tensile forces then 

-R = d:: 5 

that is I there will lie two principal atreasest one a tensile stress 
equal to + and the other a oomprcssive stress equal to - g. 
These planes ^dll be at angles of 45^^ and 135^ to the plane of 
the initial tensile atress. The tensile atres.^ H = + g acting at 
an angle of 45® to the plane of the initial tensile streaa is 
kne^wn as the diafftma/ fen&wn stress. Tho ooncrete in a rein¬ 
forced beam is no stronger in it^lf than when unreiitforcedp 
and it enveks in any loaded beam when the tensile stress limit 
is exceeded. In all leaded reinforced beams^ therefore, on the 
assumption that the concrete cannot take tensile load below 
the N.A^t lines of cracking (cracks inch tied at 45° t^^the lino of 
the beam) will develop in the lieam when the tetieile hiuit stress 
of the ooncrete is exceeded. The direction of the cracks will 
Iw away from the supports. Now if reinforcement known !im 
diagonal len^'on or (or more incorrectly^ itlimr) rein/orce- 
men/ is placed in tho beam, cither vertically to the lino of the 
tension reinforcement or normal to the probable line of diagonal 
tension crack, then this web reinforcement will function to keep 
any one crack from opening up widely and compel the formation 
of many nunute cracks in place of the single large one which 
would cause failure. In order to proportion the web reinforce- 
mentp knowledge must lie had of the diagonal tension. 

The web reinforcement in practice consists of stirrups, 
generally vortical, looped about the main steeb *iud of main 
longituchiial rods bent up at an angle across the region of 
diagonal tension stress in those portions of the beam where 
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they are no longer needed to resist the normnl tension > Testa 
indicate tiiat- the concrete Is effective in resisting small amounts 
of diagonal tension, and may be counted u|»n with safety to 
perform this duty when the'shearing stress is leas than about 
40 lb, per sq. in. for moat ordinary mixes. When q exceeds 
this limit, the concrete is ordinarily still counted upon aa 
carrying a portion of the diagonal tension. Tlie prrndpal com* 
presaiva stress = - ? can, of course, be carried effectively by 
the concrete itself. The working maximum altowabie value of 
q is usually 120 lb. per sq, in,, but the suggested code recom¬ 
mends values dependent upon the proportion and grade of 
concrete to be used.* 

Stresses ix Diaoosal Tension Reinforcbhent, The 
methods given are purely approximate, producing empirical 
rules that have been found to give safe and economical results, 


1^ ^ 


> 

If^ 

\ /I 

tf<l 

i 

L _ 11- 



vt) 


Fro- ID7S 

[a) VtrLical Stirntpa. The centre stirrup of the three shown 
in Fig. 107a is assumed to carry all or part of the vertical 
component of tlie diagonal tension acting over the distance y 
along tlie 45 degree lino of f>otential cracking. The horizontal 
opening of the crack is prevented by the longitudinal steel, 
w hich may be considered to carry the horizontal component of 
the diagonal tension. The concrete, too, is credited with carrying 
a certain portion of the vertical contponent of the diagonal 
tension. The total amount of the diagonal tension within the 
distance y is j . 6 . y and the vertical component is j . fr . a. 

The stress (T,) in the stirrup then is q^bs where q^ is the 
amount of shear denoting the share of diagonal tension carried 
by the stirrup, g, is often assumed to be or equal to (y - 40) 
lb. per sq. m, 

IfoTEi Tbfi Tcrtic^kl exjirsponeot of diagonal tcnsioti iq niiy 


SugK««teii Codo of Ikifciit?nce« at end &r 
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distance along a R,C. beam ut taken aa equal to the total hori¬ 
zontal shear Ln that distance. 

If f, lb. per sq. in. ia the tensile stress m the Yertieal stirrup 
and A^is the tot?i] orosS'^otional area of the legs of the stirrup 



(35) 


where h the proportion of the ayerage shear force over the 
distance s and u is the lever arm of the internal moment of 
resistance. 

(A) Inclhied Bods. Assuming that the vertical component of 



Fjci. I 07b 


diagonal tension in a homontal spacing of ^ is the vortical 
component of the tenmle stress in the 45^ iitclineil rod, then 


= sin ta 

= 0‘707^iAs 5=5 , {3G) 


Comparing the spacing of the vertical and intdined rocls, if 
Af and b are the i^me for both cases, then $ for the ver¬ 
tical stirrups is equal to 0 707 of the s|iacing (s) for the inclinetl 
rods. Therefore inclined rods are more effective than vertical 
stirrups for taking up the diagonal tension. The limiting spacing 
for vertical stirrups is one-half the depth to the main steel oent■^eJ^ 
and for incUned rods, three-quarters the depth. Of course, the 
vertical stirrups can act in eonjunction with incUiied wds^ 
Spaoino of the Diagonal Tension Reinforcement. 
Analytical Let the distance between two sections --1 

and if of a reinforced concrete beam be ( aO equal to Lc-^t the 
moments at .4 and B be and J/, respectively (say 31^ > 



Rfif.XrOJtCfSD BMAm asfl 

Tlien the averiige rate of ehatige of moment over the 
length {^t) 

“ 

or 5^ (aO = it a - -W*- 
Therefore equations (35) and (3fi) can read 

/.. .4,, o = - il^) or 0‘707A(J[/, - Ji/J 

If ,-li 1:3 nssiimed arul constant^ then /,. .4,. a, will bo constant 
for a beam of uniform cross-section, if a is assumed constant. 
Then - Alt is a constant, for k arnl 0*7071; are constant. 

^ * 4 ^ / 4 

Ah - Ah = -j - or - = constant. 

Tu linci J/„ ~ assume a value of A^; a and k will be 
Ivtiowii, and the clmngc of moment can bo found. 

Construct the moment diagram for the beam on tlie length 
of beam as base : on a vertical axis and from the horizontal 
axis mark off intervals corresponding to *1/^- Draw lines 
parallel to the base of the moment diagram from these interval 
points, to out the moment diagram (generally) in two points. 
From these points of intersection drop perpendiculars on to 
the base (length of beam to scale) of the moment diagram. 
Where these perpendiculan; touch, the base wiJl give the position 
of the stirrups at the tensile reinforcement,* 

If .4* is not iissumed. the first stirrup is iiBuallj’ placed at a 

distance not Teas than^from tlio support. or other distance 

will correspond to if. j Tlie change of moment over this dis- 

tance can be nicasiirc^d from the uxoment diagrunip or it can be 
calculated. A , can tli eii be fotiiid using the req uired eq u ations 
The spacing can be found m before. It will be 
found that for more or less unifurm loading the stimips are 
spacetl cloficr together near the supports than at the centre 
of the beam. 

If BtirrufKj are too far at>arfc there will be opportunity fur 
inclined cracks to open betw^eeri tlienij and the limiting spacing 


For j>racticaJ rules of spaciug, #« Problem pogp 360. 
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is often taken as dJ2 for vertical stirrup.^ * and as 3ei/4 for 
inclined rods. A further point to be watched is the anchorage 
at the ends of the stirrups and bars. They may be verj' highly 
stressed at the neutral axis and, therefore, the question of the 
**bond” between the bars and the concrete is called into play. 
If the ends arc anchored by a hook, a satisfactory anchorage is 
obtained. The discussion of bond and anchorages must be 
left to books on reinforced concrete design. 

lUu^raiive Problejn 45a, 

A moetAngijlar reinforced ciiiililevef beAin 12ft, long carriee ipi 

end lead of 20,000 lb. The beam acctian m b = 10 in. d » 20 lEL If one 
v*rtfcca! fttuTupoan caitj* alottdi of 4^^110 lb,, bow many atamips will be required If 
AaffumE} tbe COlierete can carry one^third of the diagonal tcimiun. 

»> . ^ 20,000 

We have ? - = tO X i X ao 

Load to be carried by vertical stirrups 

2 20,000 

“ 3 10 X I X 20 ^ ^ ^ 

-- 100,500 lb. 

„ c . 100,500 

No. of stirrups == = 2^- 

144 

Spacing of the stirrups ^ = 6 in. 


llltuftrolit'e ProWcffl 4&6. 

A ttimplfr caintbreed ractangubu cotn^roto beani is 24 in. d^ap ip centra 
and 12 in. wide. It flupporta a total unifufmly.dMHbuted lead of 30(KI lb. 
per Itr run on B clEiar span of 20 ft, Uoo aingla loop atimips of i ia. round 
mBtorial, wlvidi can be wuitied to be ettvstod tc a makimuin of 18,000 lb. 
per aq,-. in. Design the disgocal teuaion minforcement,, uHirig vertical atimipei 
imd ae^umc no Htumpi aro required whm the maximutn ^hoar Biiess is leas 
than 40 lb. per eq. la. 

The total end shear is 30,ODO lb, decroaaiug uniforuily to 
^ero at the middle of the bcaui. The intensity of maxiniuni 
shear stresj^ at the end of the beaEU is 

30,000 

? “ 12 X 5 X 24 “ ^y 1^®* 
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fjet y in. be the dieti^nce from the middle of the beam eloog 
which no atimips are required^ 

120 40 

Then ^ • 1/ = i"- 

The vertical stirrups will be required over SO in. at each 
end, 

A single loop stirrup of | in. round material can carry 
2 X O-U X ]S,OOOlb. = 3900 lb. 


AsGuming that the concrete can carry diagonal tension repre¬ 
sented by g = 40 lb. per sq. in.^ then the tote^l cliagonal ten- 
aioti load to l)e cajried by the stirrups in 80 in. length from the 
support is 

J{l20-40) X 12 X SO = 38,400 Hi. 


The number of stimips required is 


38>4Q0_ 
3960’ “ 


The average spacing will be 

To”*"*- 

Xote that as the spacing varies inversely as the shear, then 
the end spacing will be 


whilst at a distance of 80 in. from the support it will be 
i<i^X 8 ^infinity 
24 

which is greater than ^ lunsiomm spacing allowable. 

In choosing stirrups for a beam, a convenient practice is to 
calculate the number rcquiml in each end and space thorn 
approximately, the spacing being given in multiples of 2 or 3 in. 
Some designera prefer to calculate the spacing at several points, 
and place the stirrups accordingly; others prefer to employ 
mo'rc stirrups than required, In order to keep down the spacing 
to the maximum allowable. 
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For t he stimips required in tlie preaent problem, & sniggeeted 
apectng b 

2-i-6-ii-6-9-0-9-l 2-12-12 

the first dimentiion being from the support. In practice tiie 
stirruping would be carried tlirough the whole length of beam, 
a number of stirmiia at about niaxinmm apaoing being placed 
across the central portion of the beam where q is lesa than 40 lb, 
per sq. in, 


lUuSlrativt Probltm 45c. 

Tw 4 ) I in. harA Aro h^&nt up at an on^Io of 45*^, Ul. from tJie ffiipport 
of A T^infofcod contreto boiim of offoctivo depth SO in. and hrefidth 10 in, 
Tho avcTfl^ flhoar ov^i the 13 in. \a 110 lb. per pq. in, A™ verticn! Htirrupa 
raquirod to ftWLfft tho bwit-iip hfljq in taking diogonftl tension T AsHtinie 
IlimLing BtP&ss in b^mt-np thana lo bo IS.OOO lb, per aq^ in. 

Asfjiimo concrete oan take djagonal tension to the amount 
repre?^nt*d by 4(1 Ib^ per eq. in. 

Then using equation 

49 

where — 2 X 0-7 Sd X ^ “ 12 sq. in. 


= {120 “ 40) = so lb* per aq. in. 
t =s= 10 in. 5 = 15 in. 


^ 0-707 K SO X 10 X 15 .. 

then ^ -— — 70^0 lb. per aq. in. 

I "d 


wliich is less than ISjOCK) allowable* 

Therefore vertical stirrups are not required. As the shear, 
^y, at the point of bend is 100 lb. per sq. in** vertical stirrups 
will be required in the length of beam from this point to 
the point where ^ = 40 lb. per sq. in. 

lOOa. Bond Stress and Anchorage or Embedment. The ques¬ 
tion of proper length of embedment of steel in concrete arises 
whenever there h stressed stoel in concrete. Whether the etress 
is tension or compression, a rod must ejEtend beyond any point 
of stress a distance sufficient to develop iu bond the total stress 
there existing* For instance, suppose a numljer of tension bars 
of a cantilever beam to be anchored in a eupporling mass 
of concrete. What is the length the bars must extend into 
the mass concrete^ such that the resistance to pulling out 
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developed with the allowable bond stress Is equal to, or greater 
than, the total stress in the bars at the face of the mass concrete 1 
Let « be the allowable bond stress between the steel and the 
concrete in the mass concrete* Lot £o represent the total 
perimeters of the bars, I the lengt h of enibedmont or anchorage, 
the stress in the bars at the face of the mass conorete, and 
*r*4i the total sectional area of the bars. There results os a 
general expression 

tt .;. Zo — f^ A , 

For a single square bar of side D and for a single round bar 
of diameter D it can be shoiivn that 


There are other ways t-o secure tho necessary anchorage such 
as hooks and mechanical devices. Specifications lay down 
acceptance rules and dimensions for such devices. 

Bond also plays its part w'hen considering the rate at which 
stre^ passes from the concrete to the rod, in the ease of rein¬ 
forcement for tension or compression in besms. 

Consider the rate of transfer of stress from concrete to the 
tension steel in lieams. Referring to para. 195, it w*il! bo seen 
that the bond stress, the tendency of the rods to slip, equals 
the horizontal shear; and therefore if we consider unit len^b 
of beam of brcadtli b and a horizontal piano below the neutral 
axis, and if q be tho average horizontal shear stress over the 
plane, and w the average bond stress between the steel and the 
concrete, then 

a , Zb . I — ? . i ■ 1 

where Zo is the sum of tho perimeters of the rods. 

q. b 

Then « - >- 

H in general is kept below 100 lb, per sq. in.: tbb value is. 
however, sometimes exceeded where effective end anchorage 

is provided.* . , , . 

However, tests show that this theoretical relation between 
u and g docs not quite csover all tho facts. Nevcrthel^, it 
forms a useful basis for comparison in beams in which the 
dimensions and general make up are similar. 

• mlu> valuwt for u m thf n»ot«ni™d«l of PfaDti™, 
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Tf S 18 the shear foroe at a sectiori 


Then « 



where « ia the atm of the resisting moment 



~ (3 - »,)d£» 


Comparing the values of u and q for the same stoel area^ 


S , S 



If Zb < bj then u> q. 

Therefore to make u ^ or < for the same steel area, itis 
only necessary to increase the number of bars, and at the same 
tinie decrease the diameter^ so that 2>j = or > b. 



a perimeter of 2jr, ^ 

/* 4 bars of dia. ^ ^ have tmce the perimeter of 1 bar of 

dia. = 1. 

Iltu-stmiive Problem 

Thft ovi^iiiidL diiTHfimonfl of a i^taji^tar roinforoad oomcnto h ^m are 
26 ni. by 12 ip. Tike coiliro of thp h™ of 3 64 ^. in- for 34 in, s^n^re 
bof^ ki 3 in, from the iiOAmr Tha shear load nt a wetioii is 24,^000 lb. 

CalciiTatd tho intonsiLy of the botid sod Bhoar at fhiil iieciioii. 

Assuming a ^ |d. then for the section given 


3 = 1(26-2)^21 in. 


Then ~ (i5 “ Y2 'x 21 


^ a , To - 2rVT2 = P®** '‘'1* •"- 


S 24,000 
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AHifuitimg m ^ i6, to find a = ti- ^ 


Wo have mA,{d - ») 




12 

A 15 X 3 (24 - ti) = — X »® 


180-7'5?» = Ti« 

rt* + 7-5» = ISO 

7-5* 7-5* 

n- — 1-on + ss: 180 H —— 

n + ¥ - ± VTol 

n= 139-3-75 = 


10*15 in. 


~ = 3 - 38111 . 

A a = (24-3-38) = 20-62 in. 

cf, a ^ I X 24 = 21 in. 

Assuming there are 3 -1 in. rouiul bars instead of 3 - 1 in, 
square bare, and a = 21 in. 

24.000 

^ ^ ^ 

24,000 ,, 

„ --— !21 lb. per 80 . in. 

21 X 3 X Jr t- --H 

107. Beinfomed Conccete Columns with Ami Loads. The 
usual ty[ie of reinforced concrete compression memlier lias a 
circular, octagonal, or rectangular concrete section with a 
series of rods, parallel to the longitudinal aids of the member, 
set about 2 in. back from the surface all around the perimeter. 
The steel reinforcement is from 0*8 to 8-0 per cent of the cross- 
sectional area of the concrete. The main reinforcing bare are 
held in place either by being wired to an encircling series of 
hoops or ties, or to a closely spaced steel wire spiral. The ver¬ 
tical or longitudinal reinforocnient deforms the some as the 
surrounding concrete, as the column shortens under load. The 
action of the ties is to bind the rods together and into the 
mass of concrete in sufli a way that they themselves w-ill not 
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Ijiickle and failure. As heavy initial stresses are inducted 

ill the longitudinal reinforcement during the of the 

eoncret-e whilst harcletihig^ the function of tho ties is impor¬ 
tant. The task is more ofSciently performed by the spiral 
reinforcemontj as it serves to restrain lateral movemeut of the 
concrete during shortening. As the spiral only comes into 
play after the column passes its elastic Limitp certain authorities 
consider that no allowance should be made for the increased 
strength which it affords^ whilst others make this alio wan oe. 
Reference should be made to the work of Consid^re in this 
respect. Most reinforced columns are so siiort that their ultimate 
strength is not limited by any tendency towards buckling or 
bonding; their length is o^inarily less than to 1 S times their 
least dimension. For slenderer columns^ the working stresses 
must be reduced below those allowable on short columna of 
the aame section. In columns exposed to Hte, the steel must be 
adequately protected by a covering of concrete at least 2 in> 
thick. Sometimes this additional concrete is credited with 
being part of the column; in other cases it is only the concrete 
within the spiral or longitudinal bars which is effective in carry¬ 
ing load, i>e. the core is the effective concrete. Tho value of ni 
is taken the same for columns as for beams. 


( 1 ) Short CoLrrMNS. (a) With hieral Hes or hoops. 

Let .-i( = area of concrete only, in sq, ins.; not including any 
finishing material applied after column h cast. 

,, Af area of steel only^ in sq. ins. 

,, A = total area = 

„ ir = axial load in lb. 

= compressive stress in concrete' lb. per sq, in. 


m = 




steel 


Then ir = ..... (37) 

Now, as the strain in the concrete and the steel is the same, 

i-K 

* Tbfl wd« thut TV shall not be git^ter thiui gjven by thia bquAtion t 

thc^TiDrom and ahalJ not n?roood thoLt ixmiElmum pormifnible voluos. 
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a; 

= — , Cf = mc^ 

Kroni (37) IF -f- 

^ e^{.4^ + mA,) .... (3S) 

= Cg {effective area on a concrete biisis) 

. m 

*4^, = j4 - 

then IF' = l)} , * * (40) 

(6) With dpiral reinforc^meiU. The Code of Pmetioe for rein¬ 
forced concrete ^uggest^ the foUovdng, Where a^inil reinforce¬ 
ment is used^ the axial load IF on the eoluoin shall not exceed 
the value given by equations (40), or (41), below, whichever h 
the greater. 

IF ^ + 2 0 . . (41) 

where .4^ = crossHsectional area of concrete in the core. 

4 ^ permissible stress in tension in spiral reinforce¬ 
ment. 

and .4^ = equivalent area of spiral reinforcement (volume of 
spiral per unit length of the column). 

In no wisfi ehaU the sum of the loads contrributed by the 
concrete in the core, and by the spiral, exceed 0 where 

/ff is the crushing strength of the concrete required from the 
works tests, and .4^ is gross sectioniil area of the concrete. 

The value of is dcjjendent on the kind of concrete used, 
and varies from 600 to 1250 lb. per sq. in., whilst the maximum 
c, and depend on tlie kind of mild steel used, but vary 
from 13^500 to 15,000 lb. per sq. in. 

(2) Lonu ConJMTfS, The Code sugg<^ts the following. The 
I^ennissible w^orking loads of axially-loaded long columns shall 
not exceed the values given by the equations for short columns 
multiplied by a buckling coefficient which depends upon the 
ratio of effective length to least lateral dimension of the 
column, or ratio of effective length to least radius of gyration. 
For further information reference should be made to the Code. 

lUu^^fratii^ Problem 46* 

A rtsinlorc^ oancreta eolimu^ 1% 14 in. iiqiwre- It i* reinforced longi- 
tudtimlly with 4 2-iii. dibnir-t^r steel rods placed near comer* ; it esr^ 
Kes 60 Urns. Find the load ciwrii'd by tlio enneme and steel reapect Ively. 


THEORY OF STRUCTURES 




(ste€!l) = 29 X KJ^Jfa^/sq- in, 

(concrete) 3 X 10* 

_ 

” JiV“ I 

Tot^l aren of steel s 4if sq. in* 

Area of concrete = 19G-47J ^ 133-44 sq. in. 

\V^ ^ load taken by concrete* 

IV „ steel. 

00 tons = 4^ 

= strtas in stecK c^, = stre^ in concrete. 
c* = 9-06c* 

60 totia = I53’44c, + (9-66Cj X 4 it) 

c, == ‘197 tons/sq, in. = 440 lb. per sq. in. 

Lnail tAken by the concrete ^ 1S3'44 x -197 — 3fl*7 tons 
„ „ Steel = 60 - 36-7 = 23-3 ,. 


23<3 


Stress in the steel = = 1-90 tons/sq. 


in. 


OP Cj = *107 X Dj = 1*00 tons/sq. in. = 4,200 lb. per aq. in. 
lUustralivc Problem 47. 

a cDlumn to cfirry &n a^ial load uf 100,00e lb. Taka » tSCC lb. 
pwrftq, in. mtd m » IS. 

(a) tt will be equal to 18 x OOO 10,800 lb, per sq. in. 
Total area of concrete required for the transformed section is 

100,000 . 

~e^ = 10/sq.m. 

A 12 X 12 section furnishes ]44sq, in.. Leaving 23 as the 
transformed concrete area of the steel. 

.'. (18- l)A,^ 23 
23 

and = Y 7 “ 

1-35 . 

j^X loo = 0-94 per cent. 

If the cross-section and steel first nlioscn arc unsatisfactorv 
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for auy reason, I'urtLor trials must be made. The design is 
facilitated by the use of tables and diagrams. 

In the above csample stress Uaa coutrolled the design. 

(i) If the eflfective length of the colamti is, say, 1)^ ft., then 
the dimension of a square section ivould be 
13 

— — 1-2 ft, — say 15 in. 


The total load on the column is 100,000 lb. 


100,000 

Then c, — 325 + (18- IM, 

The fifceel area should be betweerk 0-8 and 8 |.K;r eeuti of the 
fiOGtioii^ or between 1^8 sq. jia+ and 18 aq. in. As stiffness ifi 
controlling the design of the soctioni tho &teel area need not 
be too high—say 4 - 1 in. round b^rs (an^a 3*14 sq* in,)- 


Then 


100,000 


225 + (iT X 314) 

100,000 


27S-5 


360 lb. per eq. in. 


c, = 360 X 6500 lb. i^er sq. in. 

Tiicreiore, diruinishesj and both hicrea^e. 
Alsoasthecoluniu diniiensions decrease,andc, will increase.* 
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EXAMPLES 

\ thi> 'OentroJ section of n rt>LlLfOrct»d concroto bonin qf fL. &pa.n 
la carry a load qf DOUlb. per foaL toil. Ten^llq atroep filloiA'ablq in the 

IO,iXH>1b. per sqimro mcli Compreedve in tlio coticrete* GOO lb. fxr 
aquaro iiuth. Kbtio ot ntotluJiia of e^lEiffticity of Btecl %o that of 1^- 

kkiio of bfOEidtb to depths I to a, i^honr how yoy wouJd snako provieion 
Tof rtd^iTiff tho ahew atresg in t}>& beam. (U- of 

2. Di>fifLe TtailiencOr A conercto pillar La 12 sqiiaro in aeotion and haa 
four f EiL. diamotor roda oa vortical rolaforoonutlL. A load of 20 totiti 18 
plewi on tho column^ Find— 

(a) Tho aiiortenin^ of Un? column ^ 

(frji Rt'ailtenco of tbo coIuttlel. 

30 X in. - 2 k t0*lb./BO. in. 

(a, of B ] 

0. A load of 2 tona Iia^ to be supported midway between two wnlEa 10 ft. 
apart. Design a auitable reinforc^ ponCfOtO beam for the pnrpoBB. The 
OUtaido dimenfliona are to be 18 in. dt*ep and 10 in- wide. (U. of Bd 

■4. Tlw* vertical aidA'4 of a circular roiiifarooii conctote tank, SO ft, in 
diametor, are retnforcod with drcidor ateel rodfl embedded in tho concrete. 
If the tensile etrcaa in the etoel jj limiU'd to S tona per aqiuire iliehT calcuiate 
the area of ateel requiKd (icr foot in depth bt-tviwn 8 ft, nnd Gft. deptb of 
water, and bctifCen D ft. and ID ft, d4?ipib of water. {LC^E.) 
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5. Tirti minforoed MUCrcto beam almwn In Fig. 1Q8 can-LcB two equal con¬ 
centrated loadfl ayinmetrically plAced Oti tho fpon and ft ft. apart. If thfl 
modular ratio ia 13, and C and i mo not to exceed SIXI lb. per Hqunre inell 
*nd 1S,0€€ lb, per aquore inch roapeetively, find Ih& maximum I’alucw of the 
loodfl, taking into account tho weight of the beam itself, ff vcrthml stimipa 
made from ) 'in- round Ble<!'l take tlie whoTtJ- ibcar^ iind the ucec'saary spaeing, 

fU, of U) 

6. A fcinforced concrete ^ab. 74 in. thick, hns an offpotive Hpnn of 10 ft. 
The reinforcement eonsigta of | in. diameter bare at fi-in. centrea placed 

io-r ftbova the bottom of the aJat^ DeiermiiiD wliat unlfonti load per 
squire foot the slab will carry in addition to its own if ibe allow^ 

able maximum BtrcsBca arc 18,0001b. pc-r square ineb for ateel and SISO tb. 
pet aquoie mch for eonemte,^ and if tbe ratio of the modidtut of eloElicity of 
steel to tbftt of COnerole is |3. Weight of idab. IftOlb. |ier cubto foot 

(D.dfL.) 

7 . Write down the expreasEona for, and explain what you lEEidcratand by 

(a) tha equnyalent area of a reinforced concrete column : (ft) tho rquivident 
moment of inertEa of a feiiiforced caiwretc bi-aiTfi 12 in. deep, 6 in. wide, 
remforted with two steel bom | in, diElineter St I in, frouE the undF-roids of 
tfiO beam. {U. of B.J 
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ft. A iruifiiWil concralu befun^ ft. 5 iis^ wirfe, und 7 ui. ibplli, 

titmc 4 a lead of 2 tons eppliEKl at two pomts aytiinistricBily plawd mlatiys 
Lo tho oentre oi tlio bc< 4 itn. TImj area of tho rainforcOTnont ifl 0 0a<|. in. 
'fbe distance betw^n the auppom ia 5ft., abd the dLESanC* be.twe<?a the 
IHJmU of flpplieation Of tho load im Sft, Find iht maJtiinum atr^ in. ^0 
conorele aiiij ill tlie eleql. fj» {U. OlB.) 

SI. A fetched timboi- beam eOCLSisU of lwo liniber joiffta* cadi 4 in, wtdEs 
by 12 m. deep, with a itwS ptato fin. thick and 8 in. deepK plaecd tym- 
mctrLcallv between ibem and flrmJy fixed in plaee^ If the span is 20 ft. 
»nij Ih&'enda ure simply supporti'd, cftleiJate the innximiim uniformly' 
diAtrilHitcd tcNld the beam can cwry if the filresa inteniity in the timixT 19 
not. to fixcoed lOOOIIx per gquaro inch- Whal trill then bo the maxmiura 
sire« In the itoel T 

E iof steel = 30,000.000 lb. par aqyijrd inch. 

E fer timber = l.SOO.OtiO lb. .. ^3 

10. WTiat do yon undcrsiond by the ^-equivalent area" and ''cqiilvalent 

moment ol inortia of a re-inlortaxi concrete column 7 Stat^ whfit asaunip^ 
tions fire made in deducing iiiathcmaticflJ eipreasiotiH for thew. ^ 

A concroui column h 15 in 15 iu- square in section ; it is mnrorct^ with 
four 2 im diameter mild 9leel hart. If Uic maximum streaw* ntEowaWe are 
000 lb. sqaonj inch in the concrato and 10,000 lb. swiiMiro inch m the sleelt 
what load ean the column safely carry 7 Take the modular ratio m 1 j. 

(U, Of B.j 

11. What IB meant by the CMOnamicol percentage of Steel in a rein¬ 
forced conereto beam with temiLOii minforcenicnt only T Deduce 

sioiu for the deipth of tha neutrid axts, the percentage rein force me nt, and the 
mciinant of resiBtanco of tm ** economical beam/' assuming luaxunum BtreOSeS 
of 000 ]h./»q. in. (compression J in contrele, and 16.000 Ih-M. in. (ten^)^ 

in.) (U.ofB.) 

14. Ifiri i» the depth of thu lietti™! jM!)« i>f a rcctungulttr cuudtcU) IXNCT 
reinforced UU tho tenaion pnly, fi tlie stool ratio, and w* tliC modular ratio, 

pitjvo that , 

k ^ v^{2jjrt+ + p*m*) — 

A roclangulut reinforced concrete bcuin is 15 in. witie and 30 in. dwp to tjw 
Centro of the stciel which have an nriNI of 4 sq. ill. if m = lo and tho 

limiting stress /, and /„ are TWip^tlvclv Ift.O^M) and 8001b. per sq. m., 
detemitno (o) tho petition of tlw peatfol WXis. and (&J tho maximum 
which t^tm be earried. 

13. A nsclungukr coudmU) beam rtinforced ill the tonidoti ai^ enly « to 
be dcGkgnecI to reaist U moiweut of fllKi.OtJO iiicll'pounife. Pcsigu tho cconctulCiM 
iwctioji for tut ordiiiJirj' gFadc uniieictc Viavimt a niinimml 23 da>'S craiuung 
«ticiigth boEBd cm uurJtit teBli!i of 22a0 lb, |»c a^. ill. luul a mild Stwl havu^ 

HU ultunuie strength of 30 tona per sq. in. Take rn =18. (t . of B.j 

U. IVhat are tlie fuaetions of bont-ap nJid vertical stirfupa ifl 

reinforeed eoncretc boomri f . , , . , ■ lu 

Tlie maximum conipressivc Sirens in It rcinforectl eoncroto bemil w lb. 
per Bq. iiu and tlie stre^ in tbi^ Steel in IS.lK.MJ lb. per iwp in. oDcetUi'e 

depth of Hki boani is in. nml ni iif 15, Calculate the stiotiS m | U ’jcrtim 
i^tirmps at 4 in. spuciiig where tlw almafing forco ht 8 tons. AiaflUilO tliat tho 
concrete can earrj^ one-third of tho diagonal tension. (L, of 1 >■} 

J5, A double reinforeed nmtiuigular cotuimle Iwutn iu 15 in, wi^ mid 30 In. 
deep from tho comprOftSion cclgu to tlie centre of tlio tcrt»on steel. lUo oreua 
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mF Uti) fiiQikipre^oji fuul to'rusiii:?ii elwl 4lre iKft]! i yc|. hir, .lUlii tllO ^entro <kf 
i.'oiii|n"Wfvt(kil nico\ bl Diii«>^third pf tbo neulml axis dk!pLli fraiii Ebo L:uiuprtt74ii7li 

cd^- If m [g 15 and the bonding moment ftt tha awjtion \r 12U,0b{| poLind-fwt, 
CAli'iilato Liter ituiTCtinkim iftrusa: in tho fiCPiitirtitv unii the gtros^eg in both t|so 
compi'c^ion and tOEidion eto^lr {U. ofB.} 

Ill, A nsLoforcOil ooncrvto pit p[t>j> 1:^ d ft. loEip^. ilfiJ ^ in. in 

jH?elLe>nr "i'^UEi hixipod i0ingUudln4U TCfinforccniEnt ennsiatfi of itnix I in. MjUAITO 
inkhl kUv\ b^iTtf- if tn ia 15 Aiul 14 WW III, p«^r sq. in,, oalculnto thn wryrk- 
ing Icjtid wf tho |>irop. of B.) 

L7. Uv^Lj^ a 4 i]ui&ro rolnforcod ODncroLc column,, 14 ft. lu^bp fOUlfottwcl 
with 1 p 4 T Pont loTi|;itudimi1 biira and ordinary hoo^ to ti^rry an axial loaci 
of Li>0 long. Uro pomda^iblu attOsA in lliO ctmcrcto in 5D0 ]b, txir nq. in. and 
m- liS. tU. ofUd 

18. Hw HM-^tion fdwi of a uliort reinfoi™! concroto coLiaikn is 15 in. by 15 in. 
Tbo rcaiforoe'jri^nE tiorutiata of foiit 1 in, sciiutro bars whose centros aoe 1 | iOr 
rit’in the DclKOtf of tho polumn. A load of 7Cl,^4XHQlb. is applii.^ Oil OllO of the 
axes of 0 j.mcnalry Olid at a db^tanco of t in- froin tho centre of tlai ilOctionK 
t^iiilciilalo tliD tnaximtim and niiniiniiirn stmsiics dovotopod in the stool and in 
the ooncTieto. m -^ 12 ^ {U. of B.) 

{Neie. TmnBfonii Iho wholo section and solve as for a liomo^'tLooiiis idiort 
colLunn.]! 

10 DiacLifiH tlio design of short reinforced ConerDte compnsHiun naombers. 

(U. Of B.} 

Z^r flcMiujcc an o^prosciion showdnfr tho rclaticm batwEwn the boud and 
shearing gtroefioo ia a teinforced concreto beam. 

Loads of L2 tong are applied at poLnta Q ft. and IS ft. from ono end O'f n 
aLmply gtipiwrt^ reinforced wnomo beam 18 ft, long, Tho teiuHo reinfopce- 
meat consula of eight i-wu roniid btiTii with their ccnLro of gravity 18 in. from 
like outside compresfllve fibre of tbe beam. Calculate the maximum bond 4trof» 
developed, if tlie moKiiimin eompresgit'o atresfl in tba ODnoreCe i* 750 lb. per 
sq. in.» tlio Lc^Lsile slroea in Ihe aieol is ISpDOO lb. per Sq. in.,, and m 14 18. 

How far into tho wupporta of n eantila\'er beam aiiouM a l-Ulh round bar bo 
cairitui to develop ita full working tomlla 4tn.Magtli, asguming a mfe bond stresa 
of 11ft lb, per nq. in. 1 (U. of B.) 

21. Tho Sange of a Tee boom is ftft in. by 3| in.^ Euid the alem ts 10 in. wl^- 
Thte area of tho t^msion lemforoamant ia 2 sq. in., nnd tta centra of gravity w 
SO m. from the upper fnee of Iba dHnga- l>etozmino the nuonaent £if reei4tA|ux5 
of tba beam and the sLeel fftnses developed, if = 220 |b. per sq. in. Take 
trt - IG. 

Over a bnigtb of tiiis beam tlia stitMiririg^ force is constant and tsqual to 
L4,CIVft lb. Tho spocLEvg o f | -in. verticid U stirnipa ia ft in, Aesuming thut the 
uoncrete coiricg diagonal tensLoa repmtientCHiL by o slieiir gtrcaa of 40 Ib^ i?er 
sq. in., ealoulatc tlic loatl caiTiPil by n stirrup. (U. of B^) 

22. A Hkinply supported taillforceil COnoteLe boom hsa a lireudtli of ft in^ 
and an effective depth of l8 in. If tlio linuEinu sireanea, iftO lb. Jior sq. in. 
end = l8t*X>0 lb. iHw in. ora reaUMsl, aidculato i\m mumont of raftLstance 
and iba area of tbe tengiie steal, Agsumo m = 12. 

If the mamant of resisUmoo is incroaaed by 30 par cant, fltld tllO tensile 
and eampreifii^'a etoel oFsas raquirecl, aseuiutiig that the centre of the eom- 
prsauvo stool is 2 in, below ihe aompEefiiion skin^ and that tba limiLing 
jdreaeefl are again iienlired. (Ui af B.) 
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N(M* ON OWKSTIOS 7 (6)-EXAMPtBH XIV 

Refer to Fiff. 1^ 

MomGiit of iiiorbia oE tho ooncrata @bove the N.A, uid o-lMiit Hi* S,A. 

tw* 

“ 3 

Monumt of inertia of llio stool obout iho X,A. an a concreto IxKib 

_ t»A {d-n}* 

The equivslisat moment of inertin of the besm on a cancrotn besis about 
in X.A. 

ijp (d-n)' 


Xow 
aim! I 

Then Ijk 


E^uivulent ocmpresiioil mCKiulus 
Mcmidrtt of BosMtanoe 


Ehnc 

*1 

me (ij — fl) 
n 
ht^ 

2 m (d - n) 
bn* 

^id-n) 

■ ^ - T ('-r) 

,R, 

•tK) 


. (e^juiition 7) 
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CHAPTER XV 


The Scope - Deplectiox axd Mom ext - Djstrieution 

MKTHOtlJi OF THE SOLUTION OF RiGID OR COXTINUOU^ 

Framed Struct ukes^ wftere Besdixg Moments ^ibe 
THE Detersunlxo Factor in Design 

The dbcmssioa of the methods will be biised upon t he a^sutup- 
tion that the moment of inertia remains constant throughout 
the length of each member in the ^structures: i.e. luemters ate 
prismatic members. 

I9fi. ^limiiiary Discussion and Sign Couventiom A frame: 
with rigid joints la a fitructure in whieli the member inter- 
sectiona arc so constructed that the original angle between the 
mem bora is maintained under an 3 " loading. For a gteei frame 
joint with hcavj^ guaset plate^i and ample rivctmgp and for 
welded coimections, it is assumed that oomplete rigidity la 
jiiatifiable. For monolithic reinforced concrete cou^truetion the 
assumption made without question, lij" far the most impor¬ 
tant 0^ of the rigid joint frame is to be found id tlie oulumn 
and girder combination in bnilding construction. How^over. 
there are other examples of rigid frame constnietioiip e.g, 
culverts, trapezoidal frames, roofs with sloping members, the 
framed bridge span or o|x^n webbed girder (Vierendcel Frame). 
Ill the past, it ivaij the custom to anul^^se a building frame its 
independent beams and columns without due regard to its 
e^^ntially monolitliic character, ft is now' recognized that such 
a method is in adequateaiul that such a struoture can be 
economicall}" designed only by treating it as a multiple rigid 
frame. The present chapter will t>e flevot^ to two modern 
methods fesr the analysis of the rigid frame and to the study of 
a number of simple nuiucrical problems. Si^ial problems of a 
more complex ebaracter and of nmre complex structures can be 
found in the references given at the end of the chapter. 

Ill a rigid frame all the meinijers mcid at jointe, and because 
of the infraction of members and the applied loads, the joints 
will rotat^ The amount of rotation ivill depend u|kjii the 
restraint offered by the conneeting membera. Any or all of the 
metnljers of the frame may be loaded ti*aiisverse!v, and any 
joint may bo deflected relative to original position. Building 

m 
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frames, beiita, culverts, iurcli sideways or “sway” under the 
action of lateral forces or of unsymnietricaUy placed vertical 
loads. In gtiiieral, w hen loiuls are applied to a rigid frame which 
is unsyinnietrical in outline, in tlie cr^ sectional dimensions of 
its members, the end or support conditions, or in the nature and 
position of the loads, or in any combination of these, there is a 
tendency for the joints to be displaced or translated, 
in a lateral sway of the frame. {Obviously with a framed bridged 
span there nilf be a translation of the joints under tbe vertical 

applied loads.) , 

This effect causes joints to be translated as uvell ^ rotated 
under the action of the applied loads. However, in a great 
many cases, the relative linear displacements of the joints aro 
negligible. Therefore a general form of equation giving the end 
moments in a member, must include terms stating the ™«t of 
joint restraint, the effect of applied loads, and the effect of 

joint mo\’emcnts, , - t u 

Let a member A B tie into joints at A and B, Let it be aub 
jected fri tranavcTse loads, ao tliat there is rotation of the joints 
A and U. Let us consider the internal moments of resistanre 
induced at the ends A and B of the member, ff we cut the 
niemlie'r at these ends then we must place at tlio cuts, (a) a pS'ir 
of equal and opposite couples (moments of resistanco), one 
acting on the joint and one on the end of the member, (t) an 
equal and opposite shearing force pair, and (c) &n equal and 
opposite normal force pair. In general, the effects ot the 
shearing and normal force strains on the moment distribution 
will be neglected. That is, the moment distribution is due to 

tlcKure onh'. . . , , ,, ... 

Tho end moment in a member will be designated as M w-ith 
a subscript. The first letter of the subscript mdica^ the end 
Ilf the member at which the moment exists; e.g. ..«ab 
moment lit A in menibcr AB, und J/ba ^ tbo mome^nt ut m 
the same member. If the ends of tho raerabera are hxed in 
direction (built-in or restrained against rotation), then the end 
iiioiiicnts will be designated as, e.g, Jfv.iK mr the 

member dil. The determination of the magiutuiles of these 
fixing moments is given in Chapter IV . 

!»». Sign Convention. Note carefully the convention for the 
algebraie aign of end moments, which w'ill be used m enng 

staticallv unleterminate struclures by the slope defleetion 
method and later by the moment distnbution luetliod, the two 
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tuelbod^ which aro cojisidored iu tbh chapter. The student 
will find tliia cotiv^nticn different from that given in the prcvioui* 
work on siniplop biiiit-in, and continuous beams. While in 
general it is not deysirable to use two such conventions, the 
advantages wliicb result would seem to make the two conven¬ 
tions desirable. The student should thorough!j familiarize 
himself wdth these conventionB and learn to lecognize at a 
glance whether a moment ie positive or negative. 

The convention now given is as follows — 

A moment ivhich tends to rotate the end of a member in a 
" ooimfcer-oloekwbc ^ direction ia ^i>ositivo (+)^ the moment 
which tends to rotate the end of a mentber in a 'clockwise^ 
direction is 'negative (—)/ (Conversely, momenbi acting on a 
Joint in a * clockwise^ direction arc 'positive/ and those in a 
'counter-clockwise' direction are * negative."} 

The rotation of the tangent at the end of a member (or the 
rotation of a joint), is measured from the original direction of 
the axis of the memher. A 'counter-clockwbe ^ rotation of the 
tangent at the end of a member is 'positive' and a 'clockwise" 
direction is 'negative/ The^^ rotations iiro denoted by the 
sign 0 : o.g. 0^^, etc,, and they are in mdian measure. If 
the ends j 4 and ^ of a member AB are direction fixed (or 
built-in), then 0^^ = = u. 

The deflection or dispiacement (A) of one end of a member 
rtdative to the other end is measured per^jcndicular to the 
original direction of the axis of the member and it termed 
'imitive" when the movement i>f the deflected end m 'clock¬ 
wise with respect to the other end. The opjXJ^ite movement of 
the deflectetl end is 'negative/ 

If Z is the length of the member^ then the angle ^ [in radian 
measuro = A/i) through which the axis of the member rotates, 
is 'positive" if it is in a 'clockwise" direction^ and 'negative' if 
it is in a ‘exjunter^ebekwise" direction. 

200, Examples of the Sign Conventions are given in Figs. 
190 a to 200 b. In these figures, pi stands for point of infiection, 
TT indicates tension on the top side of the l>eam and TB on 
the bottom aide of the Ijeam. TIjeso are given, as the Ijending- 
moment diagrams, (Figs. m\n to 205 b) are drawn on the 
tension sides of the beams. 

Fig, i90A dene tee the conditions for a built-in or direction- 
fixed ended beam subjected to trane vem loading. In Figs 200a 
to 20jBp the beam AH is not subjected to transverse loading. 
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In Figs. 200a and 201a the end A » caused to rotate by 
means of an external couple through an angle of i radians, 

whilst the end B remains lixed in direction, i.e, Oha = 0. 
Moments Jf ab induced in the member at the end A, and 
note that momenta J/jj a induced in the beam at tlic end B: 
in the moment-distribution method of analysis, this moment 
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00 A* 0 


Mba“’**ab” 

B'' 


Jf is called a 'carry-over’ monient. In Figs- 202 a and 203a, 
the end B is rotated through an angle of ± 0 ba, whilst the end 
A remains direction-fixed. 

In Fig. 204a the end B is displaced or translated by means ot 
an external lateral force relative to ^ in a positive direction 
through a distance + A, both the ends A and ^ remaining 
direction-fixed (i.e. remaining 0). The student 

can deduce for himself the ctmditions for .4B when J3 is displaced 
through a distance equal to — A- In Fig. 203a the end A is 
translated relative to B through a distance ” A, 0 ab ~ ^ea 


remaining = 0. . -i i ]• 

The bending moment diagrams corresponding to the loading 
conditions given in Figs. 109 a to 205 a are given m Fi^. 199 h 
to 205 b. In the Figs. 200 b and 2om, it is mdicatcrUhat the 
iiulnecd moments in the beam at B are — ± ab/ 2 for 
the member when it is of constant cnoas-Ecction \V hen the 
end B is rotated, the moment in the beam at the end d la 
= ± '*'^**^ iiniform cross-section, the 

piwf of this is given in a subsequent paragraph, for brams of 
K«a-«iw7orm sectim, refereiwe mnal to otMt ^rk4 

[rejetmees to wkkh are given ot (ht end of the chapter) 

Waa ftf the carry-oi'er momente^ In the diagriims, Fi^. 204 b 
and 203 b, it will he noted that the moments induced m the 
beam at tho ends A and B due to the relative displacement of 
these ends are equal in magnitude; their values are e ertnin 

in another t>Araffraph. , .t ■ s j 

Ill Fig. 206 there is indicatyd the sigtis of tho induced 

moment's in a length of a continuous beam- 
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Fig. 207 (aj bIiows the displacement of an uxiaymmetricHl 
portal, direction-fixed at the bases A and B, due to a ttansvensf 
load acting from left to right on the column AB'. the moment 



diagram is given in Fig. 207 (6). TL indicates tension on the 
left side of a Cfilumn, and TR tension in the right side of a 
column. In the diagram 207 (o), the joints B and C ha%'c 



Fjo. 207 


rotated as well as being translated. Figs. 208 (o) and (6) are 
fo^n unsymmetrical portal, when the ends «4 and i? ate hinged. 

Fig. 209(a) is of an unsymmetrical |iortal A BCD with the 
column 1*0803 A and D direction-fixed so that 0.„ = O^r. — 0. 
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The frame has heen dtsplacecl from left to right without any 
rotation of the joints B and C, so that = Oqj) = 0. Let 
ABssht and DC = Aj, then ^cd 



= + d/Aj. The lateral fliaplacenients of B and C are 
both equal to + A, and the away angles ^ are both poaitive; 

also ^ Tlie moment diagram is given in Fig. 209 (6), 

and note that jVpjv = ^I/ao -^ci) == ^nc 

are all positive. These cases of away correspond to that of the 

ifeam in Fig, 204a, If the portal sways from right to left. 


V O f. [i^aA^a a'ef CgirQ 




Via. 20S> 


i.e. A la negative, the joints are translated from r^ht to left 
and the angles negative. This case corresponds 

to that of the beam in Fig. 205 a, , i ^.u 

The cases for the beam where one end is rotated and the other 

















362 


THE0S7 OF STRUCTURES 


©nd is a binge ar© given in I'ig. 210* The momber is, of course, 
free to rotate at the hinge. Kg. 211 indicates the displacemerit 



of and the mometifc dia^ni for an imsymmetrical portal witli 
the coUmin base* hinged* The sway is from right to left. 

in the previous clisoussions be prismatic 
j' ^ *^™s*'Mction and therefore the cnoss-scctional 

A and the moment of inertia / are constant. Cimsider the 

which IS given m Fig* atX)a to show that ifes = 
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The support B will be below the tangent at A by the amount 
Was whote I is the length of t he tnetiilwr. By the moment-area 
method, and taking momenta of the moment diagram abont 
the \’ertieaj through B, and letting be the moment of 
inertia, 

= J/ab 2 "’3 ~ 2 ■ S 



ITie change of slope of the tangente from to ^ is 0^6 

then = ilf AH . 2 ~~ -^^ha * ^ 

(area of the moment diagram between A and B). 

From these two equations, it ean be shown 


that 


M 

M 


nA _ £ 

All 2 


■ (I) 


Tn the case oonsidcreii both il/p* and ^Wah positive, 
fiiiniilarly, considering the beam in Fig. 202 a it can be sKoa'ri 

= . . . (3) 

Solving too for jtf ab (c®** given in Fig, 200J, it will be found 


^ JS. . 0 ^^ , . . (3) 

Tn the moment'distnbtition ujetliod. the ratio of l/2givea i!j 
equations f[) and (2) is known as the carry over factor. 

A rule is, therefore, that if a prismatic l>cam or member m 
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lacked at both ends, and if one end h teleaeed and rotated 
through an angle 6 radians by a tnoment or couple M, a moment 
J/ is uiduced in the beam at the rotated end and a moment MJ2 
is induced in the iiieniber at the other end which has been kept 
locked in position. The sign of the two moments is the same ; 
i.e. if the moment at the rotated end is + J/, tJien the induced 
couple at the locked end is + M/2: if the inonient at the rotated 
end is—Af, then the uiduced couple at tho locked end is—^fj± 
(Note — F or non-prismatie beams tlie carry-over factor m 
not 1/2 and reference must bo made to other works.) 


201. Consideration of Equation (3). 
Let = 




As IS in radians H thou E . ' is the siioDient required to 

rotate tho oud through unit angle, tho tsnd S romaining Hxedr 
If .4 is kept iixoti, and B h rotated through an angle + 0^^ 

radians, then + J/u^ = E . .= 

Imagine a number of prismatic members keying into a ringed 
joint (^) and with their other ends looked in |xjsition. Let 
the joint rotate (without translation) through an angle of -|- 0 
radians. 1 he ends of th^ members at the joint will all rotate 
througli this angk. The moment.^ induced in the ends of the 
ntemhers at the joint will be 

+ Mj^C = {E . Ac!lAc)f^> 

+ *^^AD = (E , And so oti^ 

Assuming that h is the same for all the memljcra^ 
then 

+ ^Vaii : +^lfAc : = 4 /^bi'*ab : 

^ ^ab/Iah : Jac/^ac ■ -^au/^ad 

^AB • -^AO - -^AD 

One-half of the uiomenls -J- A/.„ + jf „ -i_ w _i_ 
would be ^rried-over to their k^ed JnlTand Ihey 

Will tie of the same sign ae the momenta at the joint endn. 

i.e. if^p/2; Afp^ = + 31 ^J2, etc. 
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[f the joint rotation had been negative, then 


^AS * -^^AO ' ^^AD * • w * 


— —4i^u/i^u : —^ao/^ao ■ ~‘^J^ad/^ad ^ - 


and ^^jiA ” ! -^CA ^Acl^i etc, 

i^e* 3/ba ^ “ ^^ab/^ap * ~ — S^ao/^ai^p 


In general 3/ = 4EI6fl and thJe product ts called the 
^*Momenl Slijfnes^ Factor (M^}P 
t.k)iiaider the caae of the priEmatie beani or member AB, 
wliei^ A b fixed and B is hinged. Fig. ^10 (a). Lot the fixed 
end A be rotated (and wit hout translation) by an estomaJ couple 
through an angle of + ^ab radians. (There will bo aii induecKl 
rotation of the end B (— 00.^ i^dian^}. The induced moment 
in the beam at A is + 3#^^] then considering Fig- 210 (n)^ 



£ - f au ' ^' ®ab “ "b 3f_ 


or -h 31 ab 


No moment is carried over to the hinged end. In goiieml 



for a iieam fixed at one end and hinged at the other* 

If .4 is hinged and B is rotated without tranalatioii through 
+ Oba radiarus^ then 



(5J 


Hupjxjfle two prismatic members AB and ^4(7 key into a 
joint *4. The end B is direction-fixed and the end C is hinged. 
Keeping if loeked in position, and rotating A (witliout transla¬ 
tion) through an angle of -F ^ radians, then the induced 
moments in the members at A will be—(both membora have 
the same £) 
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where X in general = Jfi fnr n member fised at bath ends and 
A = 3l!4l for a member fixed at one end and hin^^ed at the 
other. 

Th&rofore, if one end of each of several members rotated 
through an angle fl whiJe thtj other end is held fixed, the requiitid 
ujoincnt ill each meinber wiJl be proportional to a constant 
if the cToss-i^ction is unifortrip aiidi in any to 
some constant A”, If one end of each of several mem bora is 
rotated through an angle 6, while the other end is fixed for part 
of the members and hinge<l for tho rest, the re<jtiired moment 
in those memlwra wliich are fixed at the far end will bo pro¬ 
portional to A' ~ III, and for the others to A = 3//4i if tho 
cross sections are uniform and E is the same for all the mem ben; 

Suppp.^, for example^ that four piiamatic members key into 
a ngid joint: tw'o of them A B and AC are fixed and locked at 
Ji and C, and two of them and AE a.te hinged at D and E. 
Let joint A be translated through an angle of + S rtwlians 
(without transiation) by a couple M. Then the induced 
momenta m tho members at ^4 ^II be_ 


If . _ If _ ^AtJ 

■ AV.+-K,c+ ^ • 


*AB 

lA 


(71 


= J/ 


V^' » AD 


^ ^1/ 


S A' ’ 




AIak 


^^iiA *^pd both -Ifui and are of the same sign; 

both -ifcA ®nd are of the same sign; 

■^■^UA ~ ^ i 0- 

slope-deflection method it is assumed that ali 
tAe mem^re m the ngid frumes are fixed at both ends- In the 
developed equations A ivill beeq„„i to I/I for ali the membern. 
and for tii^ ends which are hinged the moment here is equal 
to itero. In the moment-distribution method, for a onc- 
hinged end member the other end being fixed. A is in gcnerel 
then^ jA-fi '*Pd the value of A for this member is 

202. Consider, now, the direction-fixed ended beam AB 
gi\cn in ig, _04a ajid the bending-moment diagram in 
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Fig* 204 b* Hera the end B ia displEiccd or translated relative 
to A by m&B[is of a lateral foixe througb a distance of + A. 
Thera is no rotation of the ends A and B (i.e. fl ^ = 0^ 

after displacement). 

There being no change in the slope of the tangents between 
A and then .0 = 0. 



A ^Afl = 


. ( 8 ) 



Fig. 


and they are both of the same sign, positive in this case* 



m 


If A is negative, then negative. 



factor UM/)r 

The end shearing forces S due to the translation of B relative 
to A are as in tlie previous prehlem (refer to Fig. 212). Con- 
Hidoring the et^uilibriiim of tlie prismatic l^eaiii ..IB betwf?en 
the end cuts, we have Sif = 0. 



( 10 ) 
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3 ^ 


lu this case, the shoariiig force 5 at i4 will act vertically upwaHls 
and at if vertically downwards. 

If A is negative» then the two equal eiid momerit^? ait^ 
negative, and S w^ill act vertically downwards at A and 
vertically upwards at B. 

The product A b known as the "‘^Bhear-stiffnestj 


factor (S,)/' 

Consider the case of a vertical momher suoli as the colutnu 
of a {x>rtal. Referring to Fig. 213^ both ends of the priBniatic 



213 


vedicJil nicnibor ^4if arc direction-fixod^ and li m translated 
relative to A through the distance -HA but without any 
rotation of B. The shearing force S wdil act from loft to right 
horizontally at the top of the member and front right to left 
at the bcittom. The Induced moments at and if will both he 
equal and of the same sign, positive. If A h negative, i.e. B 
displaced relative to A from right to left, then the two equal 
end moment^ would be negative, and S would act from right 
to left at the top of the member and from left to right at the 
bottom. If h 18 tho length of the memberj then for tho case 
given in Fig, 213^ 

Sh^UIj,^ = 23I^j, , . . (li) 

Alfio, -V AU = whpn S VIE. A . . {12) 

and ^ ^ ^ ^ ” (^/) and is pOfSitive. (13) 

If ^ is knowm in magmtndc and direction^ then tho sign of 
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the ttvo equal end eouples will depend u^n 

and Ai respectively. Let ^ be the same lor dot 

aiid /rsD the respectiY© monierita of mt?rtm. 111 PP« 

:!^ B .Jc »e dfaplaced to tto riik‘ by »» ™ou»t +4, 

but without any rotation of B and 6. 


Then J/ba - 


^CD 






AliiO 




^AB 


■M CU 

i and jSJpu = 


S 

s 


AB 

'OP 


22Jab/^ 

12/ci>/^i* 


(14) 


(15) 


. . 4 . T?;« eit ill which the vertical members 

of tto hlnerf' »t A .nd D, wid 

sume for butli raembeiB, In general* i/A 
M is the induced moment at the iiJced end. 


is the 
whefo 


■M 


BA 


If -^-- 
^-3A. 


, M h* V 

A and -Ifcn = ^ ^ 


and, in this case, they are both negative. 

■*-ifcD 

The end shearing forces S will, in gcnenil, 
A for M = 


be e 


3/?. n 


£fcu 




. (It^) 
iqual to 

tn) 
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Here, the flheflring^forees mU act horn leH to right at the tom 
of the coluttuifi* The “Sway-Moment Stiffness I'actor 

is here equal to and the shear stiffness factor (S,) 

I 

ts equal to 3 ^, , A 

itr 


Thus for a beam AB direction-fixed at B and hinged at 


and = A 


(iS) 


m 


fivin'lf vertical mcmboEs of a portal which is 

wMo^t ^ ^ translated but 

rnd C^i /I^* “ distance of -fA, and Jetting AB ^ h 


Then 


^ ^ ^ 6 £/Aa / A° ■ A 
dfcD ■‘^CD ■ A 

_ J^ab/A^ £\ 
0‘5!cu/h= 


(U 


AS 


:/A* 


^'^cd/Ai^ 


iT' 


AB 


cm 


. (30) 


'Hid nitio of tho end slioaring (breeo in the momhore is 

A /a„/A* K* 
^At-fcn/Ai* . A 


_f AB 


0-2o/ 


AB 


Cd/Ai® A"^.jj 


(31) 


a^ both ends 

ft m"'^* several raembeiB hfUTng tlie same E 

=S“3?fS 

and hinged at tlmSht;' “*^™**'^ 

Again if the ends of several menibeia having the same E 
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are moved laterally with respect to each other through the 
sjume distance A, wiiilst the fixeii ends aro restrained against 
rotation, the required lateral or shearing force for each member 
will be pn^portional to a parameter A" = /;'P for membera 
fixed at both ends and to K" = li^V* for membera fixed at one 
end and binged at the other. 

*203. The student should carefully note the rotation and 
dcfiection conditions which have been di-'icusscd, and thoroughly 
familiarly himself with the necessary relations between the 
moments and forces and the rotations and deflectifins. 





BuaJn with two 

BetUrt witli QHfl 
arid fixc<l ftnd 
l-he dt-hcr 

Mamcat-stiffrie«fi factor (Afp) - 

iKlOjl 


JC ; 

i 


Cikrty-ovur factor (prLamitid niflnibcfa) , 

lyj 

0 

SwmV'niamqiit litifiheiW faotof (-Tif/) 

X' 

iji'' 


SEllvot ftif&kE]^ foctar - + 

12A'JA,t* 

i 3£iA;P 

K' 

j;p 

1 


204. The Slope-Deflection Method. A metliod which t*n lie 
need in the analysis of any continuoiia frame subjected to 
Trending moments is commonly referred to aa the Slope- 
Dcfiection method. It was dovelojted by Otto Mohr in Germany 
(1892), and also by D. A. Mancy, Univoreity of Jlinncsota 
(1915). It IB an algebraic method, generally requiring the 
solution of two or more aimidtaneous equations. 

One advantage: of the method results from the selection of 
defleetioms [or translations) and rotation of joints aa the 
redundants or unknowns, rather than unknown moments and 
shears, which can readily be ex pressed in terms of the deflections, 
hence the name sloi»■dcfiection. 

Consider the case of prismatic members. Let such a member 
be Aff, Dig. 214 {«), of length moment of inertia /ar, 
A — modulus of elasticity. Let +dfAb he the couple at the 
end A of the member, and +j}/i)a that at the cud E. Let the 
end A rotate thmugh a + angle and the end B rotate 
through a + angle &ua- Let the end bo displaced rolativo 
to A by an amount -{- A so that the sway angle fl — A/f ab 
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positive. Tho eltemativ^ mouieut diiurraius are eiven ifi Fitss, 
214(A) and (e). 


(b}Jnd(c] Alrern^tivfe Moment 
Fm. 214 

Now wo have ; lotting ^ s^fid ^ah = /, 


and 


' AB 


■ ^AH = 




t 

2, 


1 

1 

2' 

3 '- 

■ 2 


1 

1 


1 


2' 

3 “ 


2‘ 

s' 


^ ^ - ^Vab - - J/n A I 

= - .If 4 , Mj,j, 

.*. 4- O^g 4 - 3 ~j, — 

^(2flBA+0AB+4) = ^BA 


or 
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or + 0AB + 3<^) = 

^ ^ 

Similarly, aAi’/ft’JfliB + ®ba 

The^ 5 e are the fundamental alope-deflwJtioii eqimtionB. 

Tims we see that J/consiste of tlirce momenta— 

{B) = |.V.)ab— the moment induced m the beam at 

iho end A by rotating this end through aa angle of 0^^ radians, 
M^bilst keeping the end B fixed or locked. 

( 6 ) *2HK0jij^ = (-^j)b 4 —itioment induced in tbo beam 
at the end A whilst fixed or locked and the end £ is rotated 

ag^n!* 2 TOBa ^aif of iEKS^j.. "'hich is the 

moment induct in the beam at t he end 

an angle Sba. the end 4 being fixed. The sign of 3£A0 ba is 

the same as tiiat of 4JBK6 ba‘) , , , at ti.a 

fiFR'Ji — GEK^il = (Af /)—the moment mduced at the 

through an amount A, whilst the ends are not allowed to rotate. 

The amount of away 4> ^ J' 

loads am applied to the member the total ^nd moment 
will bo equal to tL moment for no end distortions (<h«ction- 
fi^ed or fixed beam moment), plus the moment ^used by the 
end dSortbns: i.m the beam is first restrain^ "Klhot 
rotations and translation, when the end 
for built-in beams, and afterwards allowed 
translated. Then the total moment at the end .4 of any member 
AB of constant crofiis sectiou is, 

^ + 2 BA'( 20 jib + Sba + 3^) ' 


J/ 


AB 


and at the end B of the same member it is 

- 3/rBA + + ^i-A + H) 


(2B) 


where the first term represents 

and the second term the moment added 

joint deformations. When us.ng Uieae geti^l 

equations, it must be kept jn mmd tha _ „ l* {.incbwlae 
the ends of the beam are psitive ,f they are anti-doetw.^ 
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and negative if they are cloefcwise. For the usual eases J/,,.« 
^nll he iKisitive and negative (see Fig. 215). 

. j'oiiitcfj at A and hinged at B, the moment 

St B will be zero. Then Hrfting dowti the two slope-deflection 
etj nations— 


= '2EKi2&^^ + flflA + 3 ^) + 

= 2EE{0j^^fi + -f- 3^) _[_ _ n 

2 .V^u = 2 EK{ 46 ^a -i- + fl^) + 




^FBA“ 


^FAe+ 

-■l ( * ^ ^ >j i- 


A 

Fia. £15 


Subtracting the expression for from that for 23/^8 
-■- SJfviE ^ 2EK{Wj,j^ + 3^) + (±)adfj.^p ^ (iWfSA 
or 3 ^A'(?jlu "h ‘^EK/^ -j- (±)3/i-J^n — (^)—j2fl) 

the correct being given to tlic direction fixed momenta. 

ABSuming that the bcan^ is not loaded, and 
(fi) that there is no away, then 


3/ae — ZEKOj^g —see equation (5) 

(i) that .4 IS direction fix«l and that there is aw'ay. tiicn, 

-'^^An = ’^EK^t —see equation ( 18 ) 

.ifs'S,’?*' V'“ •* ‘l«>*1 

the hxeu end A la made up of— 

fo) the direction-fixed moment at A (if any! 

(A) the moment due to the rotation of the end 4 tliroudi an 
angle O^b, the end li being locked ^ 

» equal to 0M.half()» nwnient at fidcie lo rotuliun hate for a 
beam of unifur™ aeeliou and ia of tw ,,, 1,,^ 
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[d) the fnonieiit due to tlie displucemeiit of B relative to 
corrcspontling to the $way angle ^ — A/^t ends A and B 
reiTiaitiing locked. 

These modifications of the direction-fixed moment due to 
the distortion of the member have been shoASTi separately in 
the previous discussions. 

The slope^eflcction equations aio perfectly genera! and apply 
equally to an isolated beam and to any moniber of a franiework 
acting as a beam. Sin^ they state the final value of the end 
nio monte in any given case in terms of the known fixed-beam 


Al I, B Ifc C h . 1 

-- ~f ^ 

L ^ 


K -^+17- n 

B 

r '“V H 

^12 

C 

'* {-b * 

1 

'u 

r A 

h 

1 h 

iif 

1 

I 

la 

r 

to; 

:d 

Fig. sm 


moments and the changes in ^lope and the relative displace- 
mente of the points of supports, the equations are commonly 
known as tho sIo'p€'deJiecHon equations. 

By far the most inii^>rtant application of the slope-deflection 
method Ls in tho analysis of stresses in multiple ^Utically 
indeterminate structures under any given loaci conditions where 
the slf>i>es and deflections or displacemente are t-aken aa tho 
unknowns for which a solution is sought- 

295. Joint Eqoationa. Omsider a contimious lieam with rigid 
supiKirte and a portal having two vertica! membens of different 
length and a horistontui beam, with no sway (see hig. 21B 
and (*). The length and moment of inertia symbtds arc given 
in tlie figures. 

Let the ends .4 and D of the beam be direetion-fixed and also 
the column bases A and D of the portal, dtrection-fijceth 

J^t tho membi^r^ of the fmtiie be loaded in any nianner and 
let there bo im dispIflcenieHt of the Hiipijorts at It ami C; aad 
let the rotation of t he beam at J? and C be 0^ and 9^ respectively. 
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®AB ®Dc will be equal to zero; ali*o lot 0„. = = fl„ 

and they flriU be of the same sign. 

Similarly, «)cb ” Oou = Oc* 

Iviet the meni^ri of the iwrtal lie so loaded tliat tlicro la only 
lot-atlon of the joints H and O (i.o. thero is no translation of the 
joints or sway of the meml)em AH and CD). Also there will be 
no rotation of the axis of RC (neglecting the effect of axial 
strains in the column)^ 

VV hen the ban; are suilieiDQtly rigid so that t)ie compressive 
axial forces are small in comparison with Euler’s critical load, 
the influcD^ of axial forces on bonding can be neglected. The 
corresponding small shortening of the bars can bo neglected 
and it can be assumed as a first approximatidn that the rigid 
joints only rotate by a certain anglo due to bending of the bars. 
Any corrections necessary due to axial strains are usually small 
and car^be disregarded in most practical ealculations. 

!ind of the same sign; 

Wen = Oco =5 Oq. 

Now write down the slopw deflection equations for all the 
mem hers giving the correct sign to the direction-fixing couples. 

Remember that ^ 0^ = 0. 

Let A'l = /,/A,; A, := K, = /,//,. 

J/b* -= 2 £A,(20 b) + (± 

d/ec - '2EK,{20^ + 6^) + {± J^krc) 

J^cfi = + 30p) _|_ 

d/cD - 2EK^(20c) + (± d/pcn) 

dfne - 2EKM + {± 

Now the end couples are a function of two unknowns 6a anfl 
Jc and of tlie known direction fixing couples. Wo desire, there^ 

fi equations in 6^ and &„ in order to 

find these values from which to calculate the six unknown M b. 
Ihew can bo obtained by considering the equilibrium of the 
jomta after rotation. These joints will be in equilibrium. 
f ^ Bh^rmg forces transmitted to the joints. The 

foi™ will be m equihbrinm with the axial forces of thomembera 
S J. ^ enter into tlie equations for calculating the angles 9. 
omen s acting on the joints are evidently equal and 
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opposite to the correaponding end momonte of tlie bent membera 

of the structure. . . . • 

The sum of the momente acting on the jomts is aero, in 

wo can write down for 

joint B- + ^Bc - 0, and for 

joint C —' 4* -dfco “ ® 

These equations arc known as the jom( eguafiona. 

Similarly, if there are a number of memfere meeting m a 
rigid joint, then SJf, = 0, where n stands for near moment, 
i,e. moment in a member at the joint end. 

If the joint equations ter B and 0 above are solved ter 
and Op. then all the end-fixing couples are known. In the 




"tj A 


J3 


A'*0 
Fio. 217 


■ 4 - 


9c'0 


examples given we have only two unkno^s, and therefore only 
two equations are required. Similarly if there were p loints. 
then only p equations would he required . 

In the Articular example given, solving by the Theorem of 
Three Momente. there would be 4 ucJoiowns-Jf a , ^ 

JJi,—to bo found and this would require 4 simultaneous 

.1 and i> by tbe 

Theorem of Three Momente, there are o^y two unknowns 
If and and bv theslopo-deiioction method four unknown^ 

previously, eliminate 0* and and solve for and 0^ from 
the two joint equations ter jointe B and L. . 

206. Example. Consider tlio coutmuoua be^u (Urection- 
fixed at the ends, gi^-en in Fig. 217. The sup^rt at is non¬ 
elastic or rigid and therefore no A occurs at tS. 

fli = 0j A ^ 0; Oc = Jfi — 

ffC are loadetl in any manner; then generally, 


= ‘2E^Ki(2Q^) + Jfrax 
== 2£r^'s(2fli.) + ^rac. 

the correct signs being given to J/pEA jlf fbc- 
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Joint equation for S Jf = 0. 

2E^A\{26^) + 2E^K,iW^) + = 0 

q- M 


■ A ^ 

. - t/fi • — — 




4¥,Ti+T^j 

X 

4£iA'i + <y?jAi 


• X ■+• JfpBi 


iEiK^ + 4t\K^ 

DivMo top and bottom of first factor by 4At 


^ -- 


+ M 


i + M? 

wr 

whore n = -~ and m ^ }^. 


FEA 


Similarly for M 


nc' 


_^X _ 

1 + » * m 




», In soLving thia type of problem, we may deal with relative 
valiiM of ^ and X: i.e* the ratios n and m will not alter, so 
that will al ways have the same value. If the actual values 
are not iifled, but any relative values of E and A', then da 
obtained will not be the true 6^ but a relative which, when 
sutotituted m the M equation, will give the correct value 
of the M. In other words, 5 is a function of the A’s and E'a 
used. 

Similarly, if there are a large number of A’s and E’a, then in 

thw type of problem stated we can deal with the relative values 
of E and A, 

{See further notes in the “Mechanical Solution of Statically 
I ndeterm i nute Structures) 

.^07, In other types of problems, such as those of finding 
moments due to temperature changes, and those of finding 
momenta due tea known displacement of a support or supports 
m continuous beams, and known dispiaoemente (linear and 
angu ar) of the mem^rs of a fiortal. the actual values for E 
and /, and therefore A, must be inserted in the slope-defiection 
equations. 1 liese are cnaes of non-elastic deformation. 

Let a portal consist of two vertical steel columns AB and 
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DC of lengths 100 in. and ISO in. respectivelj'. and let thdr /’a 
be 200 in.-unita and 250 in.-unita respectively. Let the steel 


1 

Caliunn AB 

Banin iEI 

Column CD 

Lmgth tin.) + 

too 

ISO ’ 


/ (En.*) , 

2£K» 

ISO 

250 

A' <m lit 

2 

15 ■ 

5/5 

RjektivB K 

i ' 

0-75 

0&2 

Relative E 

] 

^ i 

1 

Therefore, we co 
this portal either, 

uld use in the slope^deflectiou equations for 

1 

1 Cdltimn AB 

Bdam BC 

Coluxnu CD 

EE. ~ 

20 

1-5 

1 06 

ur EK . 

10 

075 

0^33 

or other correspo 
If, say, the bei 
a known amou 
6cji = 0-10/150. 
have to use for i 
Let JS = 30 X 

inding relative quantities. . , ^ 

am of the portal was displaced left to right by 
nt A = 0-10 in,, then = 0-10/100 and 

Then, as these are correctly known, we sLoulti 
<iK the actual values for the members. 

10 - Ib./in,* 

EK (Ib.nin. 

1 Cdlumn -‘1-® 

I 

30 X 10* X 2 

= SO X 10* 

Bdinn 

30 Vi W X 15 
= 45 X lO* 

J __ — 

Column CD 

30 X 111* X I'&a 

1 -I SO X 10* 


208. The Previoaa Problem when is 

Figa. 218 (a) and (i). With regard to the ^ 

the support B sink to B' below A by an amoun o 'rt’ 
support C' fall to C' by the same amount i ^ that BC remains 

horizontal. Let the supi>ort D fall to i>. 
below O', BO that “ P™’ ’ 
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Now 



Tliarefono 




With regard to the portal, let the joint B, aa well aa rotating, 
be translated to B‘, where BB’ ^ A, and let the joint C, as 




®A*o 

Fio, 318 


well aa rotating, he translated to C, where, if axial strain is 
neglected, BB‘ ^ CC* = A, 



and both, for the case given, are positive (sec Fig. 218 for the 
s^'inbols). 

Let the rotating at .S be designated 0^ and at C, Ac- 
The slope-deflection equations are— 


.Vab = ^K,[0s + 3^a) + i± Jfs-AB) 

dfBA = 2B!Kii20j, + ^J,) + (± J 

dfao — + flp) -J- 

Jfos = -|- 20e) + (± ■^fpca} 

^fcD = 2EKf(2Sg 4* 3^o) + {± -^^Fcn) 
-J/dc *= iEKjfia *f S^q) 4- (i -^fme) 
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In the above equations we have 4 unknown deformationa, 
Obi Oc, and '^c. ^ tnown in tenna of ^a, so that we 

have to and 63 . (?c We have only two joint equations, 

one for joint B and one for joint €, We therefore requite a 
third equation so that we can solve for the three unknowns 

We can therefore consider the equilibrium of the cx>lamns^ol 


Mia 


-jr- 


-ns§c- 


% 


P-TjT^ 

Q 

-i^Jh 
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the portal, or the 3 end spans 
of the continuous beam. Aa a 
result we develop an equation 
known as a "bent" equation if 
it is in terms of the end momenta 
of the columns, or a “shear” 
equation if we consider the 
shearing forces at the tops of 
the columns, or at the ends of 
the beam spans. With reference 
to Fig. 21 s {a) and (6), and Figs. 

219 (a) and (h). 

Let the column .A of the 

portal be acted upon by a horizontal ^ ^ . 8 

Zd at a distance irom A equal to o. There are no tw^^ntal 
forces acting on CD. At the wlumn 

horizontal force acting at A m the nght-to-left di^ction 
and at D, a horizontal force /f „ also actmg from nght to 

^**^Lr4Vmommt wupfes at A and £ be Jf *8 J/p* m the 

*^£t thrmmnent couples at C and I> be J/cd and do 

after distortion are in equilibrium. Then for 
column AB summing moments about top o 00 umn, 1 . 
about 5 = 0, 

+ (- ^A*l) + 

P acting from left to rigid wiU be taken as acting in the 
positive direction. 

Gonaidering column DC, and takuig moments about 0, 

■^^D0+® 
clDcfewlfla 
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S(jD. ( 37 ) X Ag(J/ 3 f “ 1 ^ Ph^h^—P^h^ 

= h * . . . * » . (29) 

{2B) xAj = (Jfnc H“ -^cu)^i ^ 13 ^ 1^2 

0 ..(SO) 

adding (20) and (30) 

(^AB “f“ t-^ DC H" ~h ^I3f) 

-\- Pkji^ — Pdhj == 0 

But “h p = -f* 

+'. (-^AB "H ^^BA)^a 'i” (^^DC "t" = PaAg 

and, dividing by A a, 

{Af^j, + If^A) + + ilfco) = ■ (31) 

This IB the “Ijent” equation for the given portal. Pa is called 
an overtuminjr mometti. Pa Is positive on the right-hand side of 
tlie equation for P acting in tiie lefb-to-right direction. Pa U 
negative on the right-hand side of the equation if P acts in 
the right-to-left direction. 


Dividing (31) hy Aj, 

(j/^B H~ -^ba) C-^uc t~ -^fcp) _ p — (32) 

Aj Aj Aj 


This is the " shear” equation for the given portal, 
same sign as P. 


P^ is of tlie 
Ai 


Now 


-^fAU + ^V.A 

*1 


= say 


the equal and opposite 
_ shearing forces acting at 
“ the ends .4 and B of the 
column AB, 


and 


the equal and opposite 
DC + ‘^fcD _ „ _ shearing fornsefl acting at 

Aj J CD — tjjg ends 0 and D of the 

column CD, 


If the fixing couples are positive, titen //j^u acts in the direction 
lcft-to*right at Zf (top) and frtmi right-to-ieft at .4 (bottom) of 
the column AB\ and vice-versa if ilfjiii and are negative. 
(RcmeiJlher that /I and B are the cut ends of the column.) 

An example of moment and shear signs, and the bent and 
shear equations are given in Fig. 220. 
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In problems where the niembere concerned are of the ^me 
length it will generally be more con^'enient to use tlio bent 
equation, but, where they are of different lengtiis, the shear 

^ *Again note: that if the shearing forces represented by II act 
in the direction loft-to-right at the top cut end of the column 

B 


B_C 


+P 


T 

a 

I 






(a) 








HCB- 


(b) 






SWeor 


!Mba- t*CD' 




(C) 
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sJ 


:rPW 


y n Siwa 

Hab + “CD ■ 

r 


Hco-i 


fd) 




*^eD: 




H, 


^CO 


^,a. 22C 


or member, then the corresimnding end mornents actmg m the 
member (e,g. Mj,u or are positive. UH acta ^m nght* 

to-left at the top cut end of the column or member, then t 
corresponding end momenta are negative, ■ r l 

Referring to Fig. 221, a portal consists of a number of bays, 
and the coin inns ace all of the same length. 

The l)ent equation is 

il column end momenta “ 

On the right-hand aide of this equation P is_ 

from left to right, and negative acting from right to left. and 
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Pam positive aetmg in a eiockw'ise dlreotion iind negative wlieii 
acting in a counter-clockwise direction. 

If a portal oan^ta of a number of bays and tbe culunma are 
of diffcrant lengths, 

then coin mil end moments _ ^Pa 

column lengths ™ Z Th 


J yf . . 


*AU 


h 


(3!J) 






A 



r-^ 



r 


1* 1 


l 

n 

- 1 


r 

r 



Y* 

a 
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± 
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i 


.fj 

c 

f_ 


T 
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P is positive in this oxpn^ssion on riglit-hand side of the 

Sf 1^1 negative when iwting 

rigiit to left. This is the shear equation. Thus for a poita) of 
the typo given in Fig. 222, 


*1 ■ it 


A/r+3/B 

+-ir- 


m 


Where -^fg and 3fp are the end-column 

inoinente at ^ C. /J, E, and p respectively. 
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Ill the right-hand side of the equation (34) 

P and Pajh are positive acting left to right- 

P and Pajh are negative acting right to loft. ■<— 

The bent equation is 

+ M^) + ^'(Jf D -h Me) + 

^ Pa + Pib , + PtfC^ 

or (Jfi + b + 

^Pa^+Pi*+ P^r ‘ * ' 

Al ^ 



Similarly for the porttil Jmuled fia in Fig. 233, shear equation— 

— j— + —j—+ ^ ^i, + ( 

= P,-Pi .... (3tt) 

and bent equation^ 

-f- J/ u -|- '^M p + >V c) 

= Ai(P| — Pf) ~ ~ = ^i{'^i ~ 

or (jM’a + D + 

= Ag(Pi —P*) ‘ 


14—{r.Hjol 


. (37) 
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Note—T he same equations hold good eveu if there are Jxiogfcs 
at the bases of the oolumiis, there being, of eoursej no moments 
at the hinges. 

Worked examples introdueing all these equations and their 
method of are given at the end of this chapter. 

200- laterpretation of Equation (33), page 404. 


S end coiiples/lengfch = 



The rightdiand side of the equation, is equal in magnitude to 
tlie shearing forces at the top cut of the memljcns. treating the 
meinbe^ as siiiiply supported, but its sign is opposite to that 
of the simple beam shears. 

Therefore, the sum of the t-op shearing forces due to the end 
couples are equal to the sum of the simplj'^-supported beam 
shearts in magnitude but of the opposite sense of action: 
i.e. they act in the same djreetlon as the sum or re^^nltant of the 
external tmnsveree horizonta] foiros: Le* 

Send couplea/length = — "E simply-supported beam shearing 


forces at the top of the iiiembers = -f \ 


/ . a 


If a vertioal member of length h ia headed with a uniformly 
distributed load ^i? per unit length over lU whole length, then 

+ ^ “ would be replaced by + — if the load acted from left 


to right and equal to — 


ieh 

"5“ 


if the bad acted from right to left 


(See the illuytmted prohleins, pages 473-6, for the case of a 
uniformly varying load on a loaded nieml>er.) 

Again if a ^ A, t = h, etc., then ^ end con pies/length = NPp 
i,e* the sum of the top shearing forces due to the end couples in 
the case of vertical mcmbei^ is equal to the sum of the transverse 
fiirces acting in the frame at the joints into which the members 
tie and tlie3' are of the same sense of action, If the frame is a 
m 111 Li'Stories frame, then SP lucludea all trarisver^ loads 
acting at and above the jointa into which the members tie. 

If a vertical memljcr AB is transvci^cly baded by a Icjad P 
at R distance a from the bottom (d) of the member and where 
a is ^ A, iiikI Lf there are other bads Pj,, Pg, etc., acting at the 
top jointe and at other is>mta uIkjvo the joint at the top of the 
[licmber, then the top shearing force at li due to the end couples 
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Lti the meiitbor must bo that due to together with Fi, P*. 
etc. Or, for a number of verticai menibera, 

S end oouples/lcngth =□ ^ + Pi + P*. etc. 


(sec e(i«ations (38) and (39), pages 408, 409). 
For the horizontal merabcru which sway lO a 
girder see illustrative problem. 

Note—T lie total shear at the ends of a 


horizontal framed 
member is finally 



Diapflacirmffil &3S 

imdicalina 

Mcmirn+ 

Fio. 224 


P 

3 


equal to the sum of the 

its correct sense of action plua^a _ • «_ goj th* 

‘>10 The Analysis of the Fr^ne given m Fi^ dm or 

1 rt 41,^* JL — _ — — W- AlsOp JtH BA — -Jipp, 

5/ L = if DC = ^ ^ 

they will be both displaced 8^mila^b^ 


I^t OnA ” ^bO ““ ® 


^BA ^ '^BO - ''Bt »nd OcB = <icp - 9c; ^also, 8 ^ = 

Now Jf ba ^ ^ 2i5-f (301, + flo) 

= i’A'i(30n'- 3^3 ^ iEKi{39a) 

Joint equation — ba + f 

Bent equation— ba — “ 
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or 

or 


OMb^Ti- + 2 ifj) = - Fh 


(Jb = + 


Ph 

12EJC 


tt ^flo — iFiCn , 


Ph 


- iSiTj 

Ph 


- - - 


Hk^P- = 0 


2 

H 


2 


P 

2 


and will act in tbo Icft-to-right direction at tbe coluiun bases ; 
or shearing force at the top of the columns = P/2 and ac?ts in 
the direction right to loft. 

211 . Similarly lor a MulM-storeyed, Multi>bayed Frame.* 



tsJiear equations—Total ahearing forces in the top of the 
eolumns in the ground floor 

2 .if ATI ^BA ® 

- j -- + PjT + 2 horizontal forces above the 

ground floor 

= * ^38) 


■ sIm, An^Kt af Rijpd by Ameiikiiua (dbtribiiicd by StJpt, of 

D<HMiid/0ntA> WH^ingtQHt OrC., in wbioh are given tb? ipo^lutiepfl fer ^ 

taT]gf> numbar of single and multiple Btoiny fmmes ef both rectangylar and 
irapowidal form, Hms formulae or* dorivod by Ihn u» of tJio dopfl-doEectloa 
4>qiiatiochfl. 
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For the let floor. 


2 


M 


PC + ^^09 _ I _|_ 2 horizontftl forces above tbis 


Ai 


floor 


=: + + J*, + P* + J*® * ■ (3®) 

Duo notice must be paid to the sign of the foi^s. The bent 
equation can be easily built up. (See the worked examples.) 

If there are no horizontal forces acting in the framea, then 
the overturning moments are zero and^ obviously the terms 
Pa/A, etc., and the right-hand sides of the bent and shear 

equations are equal to zero. ^ 

•^12 The method of slope-defiection is one of the moat 
general and most powerful of tho special methods developed 
for the analysis of continuous framed structures. Tt is moat 
advantageous when applied to structures where there are fewer 
joint rotations and movements than there are redimdant forces 

aiS Consider a prismatic beam *4£ of length I with axis 
horizontal and direction-fised at the ends. Let it be loaded 
transversely so that the end fixing moments ore + Jf fab anrt 
— ^ restnuned against rotation and 

translation. 

(o) Let tho axis of the beam rotate through an angle + 

Keep OiB — fljpA = ^ j 

Then il/fAP ^ ^ modified by a moment — +fiP|^AB 

= M/, and ^IfruA modified by a moment 

Then JI/ap = 

and jlfiiA = d" 

fb) fjot the end A now ho rotated through angle + 0 ab by 
a moment = + E. 4/Oab/* = Wap. r^maimng 

Efiro-- 

Then a moment ^ -h E . 2/0 ab/» ^'11 be cairied over to 
tlie end if. B ad respect to the original position 

of.4B. 
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Then the eml monientsi nt A and R will now t>e ftirther 
mcxlified by the above anion nta. 

Thus ~ “h ‘^^PAB 

and + '2El9j^afl 

(c) Now let the end B be rotated throiigh an angle + O^a 
( with respect to tfie original honV^ontal paiition of i4JSh 
by a moment + 4AV0 bjj/ 1 = remaining at 

its previous value: i.e, ^4 is locked against rotation. 
Then a moment of + iviil bo carried over to 

the end .4, 


Then Mj^n now becomes 

*= + ^FAB + + 2^/<Ida/^ 


and 3/ 


BA 


= - ^riiA + + ^EIQ^JL 


(^2) These are the general Jflepe-deflection equations. They 
can moditied correctly when the sense of the dis¬ 
tortions h known (negative or positive). 


Noto. Momenta can be calcnLatcd by the method 

given ill Chapter I\^ Values for different types of Icniding are 
tabulated in a number of references^ e.g. Shepley, in C&niimwKs- 
Beam Structures * who gives tables of elassified types of loading, 
bending-moment diagraiiLSp and tables of fixed-end moments. 

214. The Momen^Distribution Method or the Calculatioii of 
End Moments by Successive Approxiniaiious. We have seen 
that tile deflection of axes and rotation of joints govern the 
distribiition of itiomeiitsT thrusts and shears in rigid frames. 
It m imjairtant always to visualis^e deflections and rotations in 
relation to the cnmc8|>onding momerits and shears. 

A diAtinetive Amerjcan method of analysis of continuous 
frames, the method of Distributing Fixed End xMoments,^^ 
originated by Profensor Hardy Cross,! be used. This final 
form of the method of siiccessive approximations was ohtaincfl 

Hardy Cross, published in Trans. 

A.C.Kp Vol. 96, 1932. 


1 his bs alsc> a most general and most po werful met hod for the 
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analvsiB of rigid frames- It is advantageous for t^c same tyiJe 
of structures aa thivse for which the elopc-deflccliOD i» most 
useful- As the number of unknown deflections and rotations 
increases, requiring more simultaneous equatioiw for a witation 
bv the slope detlection method, the relative udx'a^iige of 
moment distribution method will become greator. le 
mav be modified in many wa^-a and oftem a number of short 
cute in specific preblcma. Once the genial principles of the 
method are understood, the student wdi have acquired a 
ptiint. of view which should enable him to arrive at a rea^nablo 
solution of any statically indeterminate problem imolwng a 
continuous ty'pe of structure, where 

controUing factor in the design, without the necessity of an^ 
mathematical work except the simplest 
recommended, however, that certain ” 

sway is eonccimod, is carried out m an orderly fashion on sheets 

which aro k^pt niimbetecl^ i 

In this chapter, the diaciission wiJl l« concerned only aith 
rtHstangular rigid frameii whose raemters are prismatic ( — 
the same cross-section throughout). The 

other worla for problems in connection with trapezoidal frames 
and frames whose members are of variable cross-section, 

Deftsttions : 

Flxei («-,» »»>»«■(, IF.B.M.) «« tK« ™'» 

Ms on »nv member, which occur when the cm>» of the member 

ftie fully restrained against rotation and translation. 

Mo,nentstiffne^Mtor {M.) is dcfi|md as the 
to rotate mic end of the member thtough an ® 

when the other eml of the memlier either is 
apinat rotation, or lias no restraint against rotation (c.g, a 

hingefl end). 

For inemboi^ of constant crcisa-section, 

Mt — 4A7(J, i and is proimrtitmal to A' = //l 

if the far end of the member is fitted, whilst iif, 3A/0, i and is 
uinciarenuoi I ^ 1 ^^ member is 

CS'^mre/eirmcmM 

2, ff-^llwrw-Be M, will Iw proportmnel to A = Sl l or 
K = :iE/ '4l. (See equation (7), page 386,) 

The e«w» »,».eee< (J//) mey be .leHimd «s the 
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moment produced nt the ends of sl member when one end b? 
displaced latemil 3 ’’ a distance A witli lesspeet to tfe other end 
and when both ends are restrained against rotation^ or when 
one end only is restrained against rotation. For mom hem of 
constant orosa-seotion J// = ^ElAfP and is proportional to 
^ both ends are fully restrained against rotatEon, 

w'Jiile M/ = ^nd is proportional to = I/2I^ if one 

end ia fully restrained a^inst rotation^ and the other end is 
fr^ to rotate. E!ee equations (9), (IS) on pages 387, 38S, 

The sh^r-6tijfn£^ fad^ [S^) be defined as the force 
required to displace one end of a member laterally a distance A 
with respect to the other end, when both ends are restrainc^l 
against rotation, or w*hen one end only is restrained against 

rotation. For mam Ijers of constant cross-section, jS = I^EIAIP 

and IS proportional to A" =. //p, if both ends are fidJy restrainc^l 
againat rotation, and is proportional to A'' /;4P if one end is 

fu]]^ rcstraii^cfl against rotation and the other end free to rotate^ 
^ equation flO) on page 387, 

Carry-over /odor (C.O.b .) is the ratio between the moment 
producecl at the other (or far) end of a member when ono (or 
near) end of the member is rotateil through an angle Q radians, 
required to rotate the near end through the 
angle 0* for members of constant cross-section, the carrv'^over 
factor IS plus one-half if the far end m fixed, and zero^if the 
far end ia hinged. 


09ifiv& end, momente are those ivhicii tend to rotate the end 
of a member in a counter clocIcMdse riirection (or the joint in a 
clockwise djreotio]i)« NegaHve end moTmnta are thoi^ which 
tend to rotato the end of a member in a clockwise dinjction (or 
the joint 111 a counter-clockwise direction). The signs arc the 
same aa those uml in the slope-deflection equations. 

Also, as for other methods, it is only necessary to use relative 
values of A and / except wJien shears and moments are due to 
nun-elastic effects such as changes in temperature, definite 
yielding of supports, shrinkage, etc, 

21.'5 [t has been seen, in tlie slope-doflection method, that 
an eud moment at a member is equal to the fixed or direction- 
hxed licnd^ moment modified by tJie moment duo to the end 
Fotetion, tlw other end being locketl, plus a moment due to the 
r^ation of the other end of the member, when the end con¬ 
sidered IS locfc^, and, if away occurs, plus a moment duo to 
the axial rotation of the mombor. tho ends remaining locked. 
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In the ntoment-distribution method, it is n^umcdat first that 
all ioints and supports are fixed against rotation and transladon. 
Then the moments induced at the ends of the members aro those 
due to the loads on them and these are the fixed bending 
moments, jj^, d/pcp, etc. These are then mo^- 

fied in turn due to (o) the rotation of a joint at the end of a 
member, (fr) the rotation of the joint at the other end of the mem¬ 
ber. and (e) the axial rotation or sway of the member, if any. 

Thus, if the rotation or translation of the joints is restrained, 
then apart from the transverse loads on the members, there 
are imposed loekiug oouples at the joints and external forces 
restraining sway. Xoiv to causo the joints to rotate, ae app j 
to them releasing oouples to get rid of the locking couples, but 
the sway restraints are kept on whilst the rotations take place. 
This corresponds to modifications (fi) and (6) in the previous 
naregraph: when the members are ttllowed to sw^y (modifvM* 
tion (c)) there must bo no f u rthei rotation of the j oints : i.e. after 
the joints are once freed, then before a trenslation of a joint 
takas place, it must be ro-lockod in its freed or new position 
216. The problem now is; how to find these modifications hy 
the method of momont-distribution. The method is m follows— - 

(1) Calculate the proportional stifl’iicss factor A for each 
momiier of the framework, K = I/l for two fixed eufbi or 
A' ^ $IiU for one end fixed and one end lunged and for 
uniforra crtjss-section. 

(2) Caieulate the carry over factor for cadi member ot the 
framework (equal to plus one-half if tlie cross-section is uniform). 

(3) Calculate the fixed lieam moment at the end or each 
loaded member of the framework. There will now exist in 
general an niibalanoed moment at each joint. 

Allow one such joint to be relea^d for nitation only 
keeping all the other joints fixed. This joint will rotate until 
Biiffieient moment has lieen added to or releaswl from eJich 
member entering that joint, to balance the moments around 
the joint. The amount of moment added to or rde^d from 
each member will be proportional to A (stiffness factor) of 
the memlier, and the total of these correction moments will 
equal the unbalanced moment at corrections 

will have the same algebraic sign, which will be opposite to 
that of the original unbalanewi moment. 

(4) nistribute the resulting unbalanced fixcil beam 
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moai&nt At each joint Among the oiit^riiig the joint 

in proportion to their ^stiffne^ faotora. a* a correction of 
opposite gign to that of tho unbalAnceiJ monient. Thi^i stop 
“ BhI M'' m the table.^ of the varioua problems. 

At the same timej if the various membem are of constant 
cross-section ^ there will be produced at the otlier (or far) end 
of each memljer a correction uiomeut (carrj-over) moment of 
the same algebraic sign and orie-Iialf the niagiiitude of that 
produced at the rotated (or near) end, 

(5) ^lultiply the correction moments in stage (4) bv the 
carrs'-orer faet<ir for the corresfKjjiding member^ and carry' over 
this result as a correction to tho opposite end (denoted 0^0. in 
the problem tables). As a result of these carry“Over moments, 
them will again ri^uLt at each joint an unbalanced moment, 
and therefore if there ia no swa}'' it Ls necessary to repeat 
steps (4) and (5) until the carry-over moments are sufficiently 
small to be neglected. If there is sway, after step (5) them must 
1)0 added another step (d). 

(6) Consider a vertical framework supported at its base, 
for sway dno, say, to wind or horizontal loads on tho vertical 
uiembers, after step (^5) complete tiie total correcte^l moments 
in the columns (or members) whose axes have rotated. Tlien^ 
e.g. for columns of equal length, compute the total column 
moments in each storey. Add a correction moment in each 
storey so as to make this total moment equal to the overturning 
moment on the storey, dbtri bating this correction moment 
between the Columns in proportion to their K' = JfP for two 
fixed ends or K' ^ f/2i= for one end hinged (or A'' = /// or 
I; ”21 AS I lA Constant) and dividing tho correction moment for 
each column eqtuilly between the top and liottom. This is 
denoted by Bal. 5 in the tables of the problems. (See notes on 
the bent equatioiis and equation (20), 

Jn (masses w'hcre the CDliinin lengths are unequal, the 
shears must be computed (equal to the sum of the column 
end moments divided by the lenglh), and this value correctcfl 
to equal the actual shear in the columms* (Sc^ note^ on the 
shear equations.) 

The correction shear force will be dividecl between the various 
columns in proportion to their A" = IIP for two fixed eiuls 
(or K*" = I!4P for one end hinged) valuer, and w ill produce a 
total moment on each column equal to the shear on that culunin 
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nidtiplied by its length, this moment 

between the two emb. As l»eforc, stops (4). (o) ami (l,) wiU he 
repeatetl until tlio comsctioiis are siwiil onougli to be neglert^. 
site that when step (4) is reiK-ateci the coi^tions of hot 
steps (5) and (0) most be bahinced; similarly when step (to) 

La repeat<?d. (Bco equation 21,) 

Several examples are given illustrating these methods _ 
the tabulation of the work. The signs of the side forces and the 
directionaof action of the shears are the same as those given m 
the previous discussions for the slope-deflection equations. 

Note. In the tables used for the moment-dMtnbution 
solutions, a Une is drawn under the moments at a joint after 

even*^ operation of balancing (Bal J/). 

NWES ON Step («) : For a vertical framework suppoi^ at 

the bases and with sway occurring due to 

.msymmetrical vertical loading, write 

sheir equation for each storey j then for the vertical members 

of the ground floor. 

Referring to the frame given m hig. 2ii, 


J/ab + 


+ -^^oc _|_ dfsr ~Ly^' 


re + 


+ ■ 


(40) 


After all distributions and carry-overs this equation must 
satistied {X =* 0 if no horizontal f^ces are 

more than, say, two vertical mciubera . correct 

be better to work witli the above sliear equation, the eoitect 

*^^AftCT^balar^ng the fixing moments duo to the first joint 
rotations, and th! fimt carry-over moments, moments wjll be 
induceil at the ends of the columns. I^t f 

and a carry-over moment (if any). Now find the ^ali e of the 
shears at the tops of the cohmins duo to these moments. 

Then calculate —■ 

-W'ab + ilf'BA , + etc. = F (say) . (41) 

/q h 

Then in order to balance X after the first sway, shear at the 
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tops of the columns must be introduced equal to X- Y. 
■^’abi -^'cnj are known. 

,, ^ ^ proportioned to each column aceording to 

their K values. 


Then to AB, 


0 ' z.. 

^ AB ~ YtK’ ^ ^ Ah* 


and note will be taken of the direction in which it acts . {4S) 
and to CD, 


X _ Y 

^‘cu = X' fw X 


sa:' 

and note will be taken of the diiectlon in which it acts . (43) 

The^rection of action of Z will be known therefore, and also 
the signs of the ifetc., the sense of action of Y (BnaJl v). 
Therefore sense of action of Z - T wiU be known. 

Then the couples to be introduced in the columns for sati.^’ 
lying the shear equation will bo 

^ .1 


=t 2 “^, top and bottom of .45, if ^ and iS are fixed (44} 

I ^ CD ■ ^ cn L 1 

± 2 ' ™P bottom of CD, if C and D are fixed (45) 

and similarly for other members. 

^ at its base, then there will be a momeut 

only at the top of the column, the correct K’ to bo used for 

S"““" *'■= « cotan. or 

- J^o* if .< is bingod. 

1 hese couplre are inserted m the tables in the first Bal. 8 line. 

alftncing of and the carry-over co^pl^ at 
^e jomte, i.e. after the second baJance, additional couples will 
te introduced into the columns, say if\H, M\., etc ^ 

I hen using 


+ -if'fiA . Jfnr, + 21' 


+ — 


DC 


+ etc. = Zi . 


(46) 


^ ■ As 

the out by introducing, to the tops of 

dealt with anj external effects represented by X, then 




( 47 ) 


andjsimifarly for the other columns. 
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Tbe ad<LtionaI couples to be applied to the columiw ^ then 
be found inserted in the tables for the iud Hal. 5. Ih^ and 
the 2ud carry'Overe are le-balanoed and the work earned ou 

to the end. , , „„„ j,v„ 

If there are only two vertical members we can easily use ine 

bent equation. 




O D+ i j ne ^ ^ 


jf ab + ^BA + ^ no) ^ -P" + ■ 5 ; " ^ 

If there are no horizontal external forces operating, ^ ^ 

After the 1st Bal.Jf (Joint Bal.) and carry-over (C.O.) we 

find the column couples 

and J/'ba etc. 


Then Jf'^B + ^ 0 + ^ co) ^ 


(4&) 


Now to balance Z, momenta JII'ah ^ 

bo added to the colnrons so that the bent equation — Z V- 
X'ab and K'ct> known, so that 


Jf*AB ^ 
M' 


cu 


.S'en 

if'AB + ^'SA + kJ^K^ ■ ^ 

= Z-Q 


CD 
^ A3 


‘) 


m 


M\^ can be found in m^nitude and dgn (see 
and consequently If'co’ I'k^se couples arc ii^rted in the 1st 
Bal. 5., after these have been re-balanccd with any carry-over 
moments that are introduced into column^ 

Find the bent equation total for theae* eay 

Then ^ ab + x\b ' * V 

^-2, . m 

The moments M" thus found are placed in the table opposite 
the second Bal. S, The whole work is then earned on to 

finality. 
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From the table^i for a particular end moruent, we see that it 
la equal to 

a filed bending nnoment (if any), 
a final moment due to rotation of the joint, 
a final moment due to carry-over &om the other end joint 
rotation, and 

a final moment due to the sway of the member, 

217. Alternative fM Step {6).* Consider the portal and its 
loading iiidieatod in Fig. The Htructum is held agaiiwt 

side sway, the fixed end rnometil.'^ 
duo to the applied load calculatcfi. 
and the distribution carried out 
until the joints are balanced by 
,stej>s (4) and (S), 

The bent equation is 

+ + J/do) = - (51) 

Kow without aiders way, value* of 
the column end moment^} have been 
found. Let them be 3/^^; 

jlf du Sind -jif jjQ. 



Fio. 


Caleutlatu t he sum M' 


where Jf', = M\j, + + tHM’cb + If'pc) . (52) 

Tij 

Any differonoe lietwwn and Pa is proportional to the 
momejit introduced into the structure by holding it against 
side awa 3 ". 

Let Pa = M\ 

Calculate 1/h^) for each of the columns. 

« take* plaoe^ the horiaontal iiiuvements of B and 

C will be the same ; then the moment* introduced into the 
columns w ill be proportional to their values, i.e. 

^.AS If 

on A f 


31 


AB “ ^fcA — 

-n. , 


AM 

CD 


M 


no 


. fur Porfaiis, with HoriMmtil Loudins AmUniwi 

by th# Mom»ht-DuinbbtiDii UetbcKl"; \V, T, Mnndu^t. “ 

Cenente and VonttractUmol Enginttring {July, UM2). 
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Assume unv convenient value for J/^h and J/b^ and cfl^culate 
the corresiwnding moments i/ on and J/nc- moment 

are now distributed and the joints balanced as per steps ( ) 

and {o). 

The sum 

J/'ab + + Jf'nc) == df'. • ■ (33) 

The moment duo to aide sway baa already boon fouml to be 
M\\ the balanced moments for the second diatribiitjon aro 

themfore altered in the ratios and those moments am 

added to those obtained from the original distribution (no away 
distribution} to get the true moments. 

Therefore, e.g., , 

f 


J/ab (t™®) “ d/'ia + d/^AS • 


(54) 


and similarlv for the other moments. ^ . j • *i . 

A number of worketl examples are now given introducing the 
various results given in the long discussion m the previous 

paragHiphs^ Again, the Procedure in the IIIOinent»Distrihution 

joints are locked against rotation, and all members 

are restrained from axial rotation or swajnng. 

(6) Joints are unlocked in turn and moments distobuted ti> 
the raeinbeiB at the joint cnrls and carried over to the 
ends. The restraints against axial rotation ophe meml^re and 
consequently the translation of the joints have remained on 

^*^(c)*We joints are re-loeked in their new positions before the 
swU rtstiints are removed. These sway "j;? 

removed and the axes of members are allowed to ™ 

resulting joint tran.datimi, there being no ^ 

The resulting moments at the ends of the rotated members are 

"''(rf)''A^“a*Siiilt of these operations, locking moments mid 
further swav restreinta are introduced and ^nseqiientl> ste|« 
(h) and (c) are repeated until finally the locking niomen s 

sway restraints are completely olUninated. ^ ^ xi,x mnttioils 

xMembeiis IVITH VAKiAteLK I. Tlic discm^on of the niothods 
has been based upon the assumption that the moment of 
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inortJs r^irtaiiis coitJ^tnnt throughout the length of oath tiiombor. 
Tliough seldom sttictly truo, the assumption gives results 
sufficiently exact for desi^iiiig purposes for a large class of 
problems in coatintioiis girders^ building frameSp 
stresses in riveted structures, etc. There are many case^i, 
however, in whiah the deviation from a constant / value is too 
great to ignore if the results are to be practically usable, and if 
using the slope'dctlection method, modified slope-deflection 
et|uations are required. Similarly for the momont-distribution 
method, this must also be modi fled for tnembers whoso moment 
of inertia varies ov^r or part of the length. The fixed-ond 
moments and the distribution and carry-over factors will differ 
markedly from the case of that for prismatic members. Tables, 
in other works of reference, have b^n prepared from which the 
modified values for these terms can be obtained, and when they 
are determined, the solution is carried out in the same way as 
for members with constant / fsee references (2) and (4J ), 


HKKERENCEIS 

(1} Soe adaptor IX, j;uj|n>S 10. 

ifflitinfomea Coaenit. Crowi and Mopmm. 

13) Tfieorff p/ Straeturm, Tmui«h«lko and Young. (McGraw-fim i Co.) 

IimOo^nUitt ef Indelefmmalt Strudurtt. F. L, fliimnvr, (Fitiwin 
Fublmhui^ Coipqmttaii.) 

Ktla^utn Mdhodtin, Enyinetrin^ Seience, R, V, SoutJiwoU. tOxfbrd.) 

Publi(«ktiQiw;Ltd.) 

of Swpy in C^pfical«d Rigid FfMOM," J. L. Mutlusaoil, 

^ Paper No. S, April, IJUB. 

wu-itb Horiiontul Loading, elo-" 

iSngimerittg, Vdil^and 3&. 
to Swi^/- A, J. Franota, Coaend* «i«( C'OJi- 

-MrucfionaJ angmttrmg, Nov, wid Doc,, 104!», 


(4) 

(5) 
(ft) 

(7) 

( 8 ) 
( 0 ) 


I “}l' Elsamples. In these problems, U'hen solving 

ay the moment-distribution method, 

I roportionate amount of unbalanced moment to be 
given to a particular twarn. It is repreaented by 

HJEK at the joint, or the ratio ^elath e K 
the joint. ^ relative K 


C.O.F. s= (^rry-over factor, 

F.B.3r. = Fixed Lending moment. 

Bill. S =s Balancing couples due to away. 
Bal. il ^ Balancing joint moment. 
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Illustrative Problem 15+ {Mee Ch^ipt^r 1\ * p. 98,) 

IWam over two bpima of lengtli 1* Witll a. iinifomlty 

diHtribvitfld \cnd of if toni per \uul limgtii- Find ih© monwnt at the oeoirol 
support. (Fig. '221.) 

ibsume El constant for the two spans and that the enila are 
simply’ supported, and that the supports are rigid> 

<ir per pni i Ict^th B <i^ptr unit lettatf* 

A l I 

I*- 't -^ 

Fia. 227 


WoiWit? by the Sl&pe-defieeHon Method, K is the same for botli 
beams. Considering span AB, 

= 0 = 2A’Jf(29AB + 0aA)+ 72 

loP 


J/ui = 2EK{6^^ + 


Due to symmetry of the beam and the loading about a 
vertical axis through the support i?» 

®BA ” ®BC “ ^ 

= 2iJi^(20^a) - 

ic/- 


a 8 ” BA — “ 12 


12 


^ BA — ~ 


ipi* 


Ntrri:. In all slope-deflection equations A"" for all members is 
equal to III, whether they are flxed at both ends or fixed at 
one end and hinged at the other. In the latter case, the moment 
at the hinge is zero : but the right-hand side of tho equation 
includes the fixed bending moment, treating the beam as fixed 

at both ends. ^ . .c 4 . + 

Moment-Distribution Melhod-No Sway, {a) Assume that .4 
and C are fixed initially : as they are lunged the ^al moments 
and ilfcB i»® I 
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1 1 
-^AH “ ’^BC ^ t ^AB ' -^nc “ ^ ^ 


Mvmh^T 

BA 

Bc as 

K 

C.O.F. 

BbL 

■ 

I 

i 

1 ^AB I 

2 

I L 

' 1 

1 _ K»d 

2 nh Kpo 

AlultepW 

Bal. M. 

C.O.F, 

+ A - 

“A 0 

'b 1^! ^ 

0 +1^ 

0 -* 

+ A 0 

iLU 

0 _i 

+ i 0 


Or—(A) Initially A and C are hinged: 

*’* *^^PAii = ^ ™d dff ba “ ^^fpBc ” — 

o- 


Member 3 AB BA ■ 

BC CB 

K i X 1 ; 

RtJ- K 1 , 

BdI. 0 1 ' 

C.O.F. 0 : 

i X \ 

1 

* 0 

Q 

Multiplo liil^; tVH.M. 

c.o. 

- i 

0 

+ { 

0 

HM '0 _ j j + ^ 0 


Note. In tbc first solution abovo, ^icb mettibe-r hiis been 
treated initially as a beam fixed at both ends, and tbereTore K 
for each meniber is I}1 {taken relatlvelv as 1) and at each onti 
(mclndinj? the hinged end) there is the fixed bending moment 
due to the load on a beam fixed at both ends. As the final 
moment at the hinge is zero, then the Bal. factor at the hinge 
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is unity. There is thus a BaL M at the hinge and also a cairy 
over from the hinge to the other end of the member. In the 
second solution above, the members have initially been treated 
aa hinged at one end and fixed at the other. The A value is 

then = I X j (relatively J X 1): the F.B.M. at the hinge is 

zero and the correct F.B.M. is taken for a loaded beam hinged 
at one end and fixed at the other. There is obviously no 
lialancing, in this case, at the liinge and no carrjnng over to the 
fixed end. 

niuslmtice ProOlem IS. (See Chapter IV, p. HiO.) 

iToaperfr. iTgnperfc 

- 20ft- >]? — - > 



- -i > 0 95 ft. 

1 

Fia. Zta 


JE/ = 40 000 (a.'-ton) units, and, as it is the same for both 
AB and BC. then K ^ III la tbe same for both membere. 

0-1 . . 

^AB positive = ^negative — 


jS/ope-de/f®c(ton .l/e/Aod, 

.Bab - Jfca = 0 

*Biia+ -Vhc = OordfflA 
1 X 400 

Mt s nH equal to = — jT " 


” ^ M BC 
lOU 

c tona~rt* 


Mj,b '2EK(29j,a + ®sa + ^^ab) + lbO/3 = 0 
= 2EE{6j,j, + 10®/3 

2il/BA -- 2EK{29j,b + ^ha + ®^ab) - 

3ilf BA ^ + 3^All) - 100 - 

= 2A'A(4flB(,+ SffcB + O^Bc) + ^00/3 
mI^ ^ tEKKQB^ + 2flcB + a^Bc) ^ 100/3 = 0 
- 2if BC = *>ifA'{3flB0 + 3 ^bc> + iOO . 

Now OuA ^ 


(i) 


(ii) 
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Adding (i) and (ii), 

2EK{Q8ji^ 4’ 3^ab 4* 3i^ac) “ 

0-3 OdS 

lo* 


60 


BA + -^ 

OdS 


^ 0 


'' 120 

. 80 , 000 / 045 , 0-i\ 

■ ’ - ”20^(“ 120 + 20) “ 

„ 40 , 000 / . 1 ‘ 33 \ 

450 
~ 20 

= 22*6 — 50 != — 27-5 tons-fb. 
and jfjKj = + 27-5 tona-ffc. 

M<»nent-Diatribution Sdulion. (Sec Fig. 229.) 

A 



Fn. 229 

Assume j = unity for both members: 


Momber 

■dB BA 

H 

Bol. K 
Bb]. 

C.O.F* 

1 X 1 

1 

“ 0 ' 

f X 1 

1 

* 0 

0 

N-a tWAY- J^. 

Bal, 

Q 

0 0 

+ 50 0 

0 0 

Smhy filing luomjoint 
• Bai. 

9 +30 

9 - 7-6 

— 16 0 

— 7*5 0 

£iU (tona-fl.) 

9 - 27-5 

+ 37-6 0 


“ ^1*. Amount to BA | x 15 and it ne ^ tiva ; 

Auuaunti Uf BO ^ ^ X 16 and u DAgaitive^, 
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XoTE. Sway Moments. 

Moment ^ba ^ rotation of i? is 

+ SEl^fP 5= 3 X 40.000 X 0 1/20* — 30 tom-ft. 
Moment If bo due to sway and no cotation of .B is 
— 35/A/I* = — 3 X 40,000 X 0-05/20* = — 15 tons-ft. 
Finally J/ba *= - tona^ft. 

Jlfgg = + 27-6 tons-ft. 

For a beam hinged at one end A and direction fixed at the end 
S, and cairying a uniformly distributed load, 

wP , trf*_lifl* 

-^FBA = 12 d" 24 “ ^ 

In this example .Vj-ab = 

ilcrtsptrft I ten per ft. JteaptrflL 

TiO. S30 

lUmtrative Problem 17, (See page 102.) See diagram Fig. 70 
and Fig^, 230. 

Stope-dejiectioyi Method: No Sicssjf. 


EK for 


BC 

CD 


El 

El 

El 

equals 

30 

40 

20 

EK for 

AB : 

BO 

: CD 


1 

1 

1 

equals 

^ = 

40 

’ 20 

equals 

4 : 

3 

: 0 


These am the relative values wc sliall use in the fllope-defiection 
equations; the values of the fl’s obtained will be the correspond- 
ing relative ones. 

Let tho Q terms be 
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CooHjdering beam AB — 

-^^AB ” 0 = 2^A"^tj(20^ -j- ftjj) ~b 1^0 . * , (i) 

=3EA\B{fiA + Sflii)-b>0 . . . (ii) 


t^^nsidering beam BC —^ 

^ao ” * * ■ (iii) 

*^^CB “ d“ — 133J , , ^ (iv) 


Considering beam CD^ 

+ ^?d) "1" , (v) 

DC “ ~ 2 ffAx!D('ffo “b ■ (^) 

I* 

Now wc have that— 

joint B equation: + M^q =? 0 . . , . (vii) 

joint C equations = ^ ^ (viii) 

Considering equations (i) and (li) and eliminating 

we find 3fBj^ 225 * . . {i%) 


Similarly for equations (v) and (vi) 

H" . . - (x) 


CVmsUlering equations (v^ii)j (viii), {ix) and (x), 
we find Oji = + 4dlj^ and = — 1<18 


Substituting in e(|uations (ix) and {x)^ 

-^11A = — nrvOB tons-ft. 
and -l^GD “ + J25d6 toiL^'fti^ 

These agree well with the com^ponding values found by the 
three-moment method. 
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Mmtttittt-Di^tribuliOTi Method: Ao Sn'Otf. Afisunie E- 
for all members = I, and I = i for all niembera* 
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naiuo 



AB BA [ 

BC CB 

CD DO 



i X 

B 

A-.„ • 

K 

Hoi. K 
Bttl. 

C.O.F, 

I X A 

0 

0 1 “ A 

0 

A = t " A 

F.B.M, 
BbI. m. 

C.O. 
Bat it 

c.o. 

Bit). M. 

c,o. 

B»L M 

c,o. 

Bal. M. 

c.o. 

BbL hh 

0 - 2S BO 

+ 4SB3 

4-133 33 -133.33 
+ 4fi-83 — 6‘aC 

+ 150 0 

- 10 

0 

+ I'flJ 

— 3'33 -1- 22-01 
+ 1-67 - O-lO 

0 

- 13 74 - 

0 

+ 

1 — 4-9S + 0-34 

+ 2*29 — 0'3* 

0 

- 0^51 

0 

4- O-OU 

- 0-17 + I-IS 

1 + 0 09 “ 0-46 

0 

- 0 00 

0 

+ 012 

- 0 23 + 0 05 
+ 0‘J2 “ 0 02 

0 

- 0 03 

0 

0 

1 - 0-01 + 0 06 

0 - 0413 

0 

-0 03 

-(-175-03 -125-00 

+ 12509 0 

^3f (ton£“R>) 

0 - L7fi-00 

I (-Wm) 

1 (-Wcp) 


CoatinuouB beam result.: 17a-00 

Slope-doflectioo: 175 08 totw-ft. 123-16 tona-ft- 

Moment-distribution : 173 00 tons-a, 126.00 toiis-ft. 

Ithoitrtitive Problem IS- (Seo page 1117, Fig- 71 and Fig. 231.) 
Fixed ends at A and D, therefore no rotation of the bi ain ends 

_ — — I tofi per ft. H. 


-too a. 


7 >|f - looft —j|<^60fr-» 


Fic. 231 

at these pointe, and therefore no balancing moment is reriuirerl, 
i.e. B4il. — Oh 
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El is oonstADt. 

Elji = EK for AB . BC i CD 

. El El ^ BI 
“ 100 ' 100 ' 60 

Relative EK is therefore 3 ; 3 : 5 

= <?D = 0 

Ora ~ Ob ; — Oq 


•^FAR ~ 


F n A = 10,000/1 tj ton»“ft 

-4/ BO ~ 

M, 

c-B = 10,000/12 tons-ft.; 

II 

a 


SCO — 300 tons-it. 

^Vab 


6{flB) + 10,000.12 

J/ilA 

= 

6(35^)- tO,OOfV12 

•Vjic 

= 

8(2t?B+ 10,000/12 


= 

lO(Oc) — 300 

CD 


10<'2flp) + 300 


= 

0(2Sc+ Or)- 10,000/12 


Joint- li equiition: Jf + Mbc = 0 
Joint C equation: J/q-h -f = 0 
.Solving nil thp above equations for iff, and Op, 
Oft = — 4-37 and Oc = + I "'43 

Tt h fijiiTirl that—' 

tonfl-ft. 

IIA = — “ 8Br>-77 t^jna-flt, 

— — im-m torm-fit, 

M ne — — 125-20 tooa-ft.^ 
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^fotft£JU^DistTibul^on Mtihod: No Bway^ 


Member 

AH BA 

CB 

GD 

R«L K’a 

Bd. 

C.O.F. 

3 

ft ^ ’ 

^ 3T9 S 1 

3 ' 

1 3 3 3 

2“3 + 33+5 1 

i 1 

5 

S 5 

¥ ” 3 + a 

k 

F.B.M. 

c.o. 

BftI, M. 

C.O. 

BfiJ. M. 

C.O. 
Bal. M. 

C.O. 
Bdi. M. 

ao. 

Bnl.M. 

C.O. 
Bill. ILL 

+ a33'33 - 833'a3 

0 0 ■ 

+ S33‘3J -833-33 

0 +20000 

+ 30000 —300-00 
+ 333-33 0 

n 0 

0 — 3000 

+ 100 00 0 

— 30*00 0 

0 +10B07 

0 0 

- 25 « 0 

0 0 

0 — 2S-00 ’ 

0 + 038 

0 0 
+ 15-62 0 

0 0 

0 - 2’33 

+ 4 00 0 

- i-36 0 

0 -h 81 

0 0 

— 1*18 0 ' 

0 “ 

0 - M8 

0 + 0-45 

0 0 

+ 0-75 0 

0 0 
0 - 0-12 

+ 0 23 0 

- 0* IS 0 

0 -f 0^37 

' |> 

, — 0-00 0 

1 0 0 

1 rt — froe 

0 + o-os 

0 0 

+ 0-W 0 

ilAf (lojm-ft3 

+ 8OT-07 -fiS3-80 

(Milt) 


-^043 712 —125 IS 

— 


Results 

J/ab 

(ton&'ft.) 

JfjjA 

(tona-ft.) 

df o p ^ D C 

[tonS'ft.) (tons-ft.) 

Slope-deflection 

method 

807'11 

885-77 

649-60 

125*20 

Momefit distribution 

807-07 

885*80 

649*72 

r2.‘>*l5 

Oontinnoua beam . 

807*13 

885*73 

649-93 

12.5*14 


Ilhoitratioe Prnblan 33. (See page 200 and Fig. 2320 

El is the aamo for all moinbers, K Ifl the sanie for 


»U mombers.i„ ,ij„, „ „„ horizontal 

ifrtw“Tlta ta-nm » “•'"’“'Sit Mded 

vertical axis through the load point and is symmetncallj loaded. 
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1 X 15 

■4Ifdc ~ ~ ^ — ~ totis-ft.; 


,, W7 

•5*rcB “-5" = — If tons-ft. 


-^^BA + 25f,i) + 0 

“ 0 ^ 2EK{2Qj^^ + ^?ba) 
SJtfsA = 2EK(20a^ + 45p J + 0 

/. 23Iba = 2EK{26^^ + 45ba} + 0 



Subtracting the expression for from that for SMb^, 

.\Jbc = 2A?A'(^flc + &cb) + 15/8 
Due to symmetry, _ 0,^^ 

.% -^Bc “ + J5/8 

^^tsA + ■‘Ifeo ~ 0 

/. EK{3d^j,) + 2^ff(flac) + IS/S = 0 

®BC ' ®BA 

s£/r(flg^) js/8 = 0 
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= — I "125 


H, 


1 - 1 ^ 

~iT 


0-075, and acts from loft to right. 


Moment-Distribution Method : No Swatf. 

Ijet A' — III be represented by unity for all the morabers. 


I BC CB j Ci> 


Coli. hingod ' 
M base. K 
RetX 
BaL 

i X 1 

3 

0 I 

0 , 

1 

4 

^ * * 

i X t 

3 

» 0 ^ 

Bal. M. 

c.o. 

Bui. M. 

C.O- 
Bal. M, 

CD. 
BaI. M. 

ao. 
Bd. M- 

C.O* 
Bd. M. 

0 

Q - 0-S04 

+ 1 *B "6 — l-Olft 
- 1-072 1-072 

0 0 

- 0-S04 0 

0 0 ■ 
0 - 0-230 

+ — ■0S36 

— W-307 -1- 0-30'^ 

0 0 

+ 0 230 0 

0 0 

Q, _0'0S6 

+ 0-154 — 0 -lW 

- oofl« + oosa 

0 0 
+ 0 000 0 

0 

1 0 - 0 oie 

4 , O'OW — 0 04^ 
— CH025 + 

0 0 

+ 0019 0 

0 ® 

Q _ ChCHW 

J- 0-073 — 0-013 

1 — 0-007 -t- 0-007 

0 0 

+ 0-000 0 

0 ^ 
0 - O-OM 

+ 0-004 — 0-004 
— 0-002 4 - 0-002 

0 0 

+ 0-002 0 

- 5 - 1-127 0 

lAfcpl 

vj,f (tona-ft.) 

0 -V-137 

+ M25 - 1-126 


These results agree «'ith the slope-deflection method. 

if = 3 X 1 for the eolumns because they are hinged at t e 
bases. 
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THEORY OF STRUCTURES 


lUuslrative Problem 48. (Sea Figs. 233, 234 and 335.) 


(//^)i "A AH ■ /^ac ' -ACD —" 20 : 

20 r 20 

= 1 : 

1 : 1 

K^i^I/Py, JEVb ; //Vp= 2 : 

4 

i : 

2 

//'(= I/P)-, JC'ab ; K'ao ^ 0-2 : 

0-8 

= 1 : 

4 


E is the some fnr all membam AB ^ ; CD = h. 



Bent etiuation: + 4/^^ + ^*(JfcD+ ^^ac) 

= 13 X fl = 4* 60 tons^ft. 

Shear equation: q. jfcn + -^^ac ^ 

' *1 A, 10 

= -)- fi tons (equivalent to acting at B) 

Distribution of the sway ooiiplea, assuTning all joints locked 
after a balancing (Bal, M) and carry-over (C.O.)— 

= irai) : (^f'cD = ^'po) = ■ K'ct, = 1 r 2 

Corresponding ahoais at the tops of tho columns — 

//ah ; lica ~ ' //Vo =1:4 

= 15<00 tons-ft.; tons-ft. 


i Ln 
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TtlEOBY OF STBUCTURES 


Mffmenl-DisiribHtim Method, by Step (6J: Sway Pr^Mem. 


MeimW 

1 AB 

^.4 

BG 

€B 

1 CD 

I>C 

Bal. 

C.O.F. 
Rel. K' 
Rfil. A" 

r 1“.;. 

1 

1 

1 

, ] ] J 

a 2*1+1 

1 0 

0 

1 

1 

2 P 

i 

■!<sH 

4 


-h 15 ttO — 15 00 

0 

0 

0 

u 

Bal. M. 

0 

^ 7-50 

i + T^so 

0 

0 

0 

C.O. 

+ 3 7S 

0 

0 

+ 3-75 

0 

0 

BoJ. S. 

+ J S3 

4^ 4-33 

0 

0 

+ 9-75 

+ 0’75 

Bftl, 

0 — 2 44 

— 2^44 

- e 75 

- 0 75 

0 

ao. 

— 1'22 

0 

- 3 5S 

- J ‘22 

0 

— 5'30 

Bol, S- 

-F 2 3tD 

+ 2’3U 

0 

0 

4- 4-78 

+ 4-78 

Erti. M. 

0 

+ ow 

+ 0'50 

- MS 

- 1-7S 

0 

C.O. , 

■J- 0-25 

0 

— chm 

+ 0-S5 ' 

0 

— 0-8!> 

baI. e. 

+ 0-46 

+ 040 

0 

0 

+ 0 02 

+ 0-92 

Bui. M. 

0 

+ 0-22 

+ 0 22 

“ 0 58 

— 053 

0 

C.O. 

+ on 

0 

- 0-20 

+ on 

0 

— 0-S9 

Btil. S. 

&'I4 

+ 014 

0 

0 

+ 0 23 

+ 0-28 

Bal. M. 

0 

+ o-os 

+ 008 

- 0-20 

- 0-20 

0 

C.O. 

+ 0 04 

0 ] 

— O'10 

+ 004 1 

0 

— o-to 

Bal, 8. 1 

+ Chqa 

+ 005 

0 

0 

+ O-IO 

+ 0 10 

Bfli- M. 

0 

-f o-os 

+ 0 03 

— 0-07 

— 0 07 

0 

^Af (tons-ft.) 

1 

■1- 25'S5 

- M9 

f-w*J 

+ 1’33 

^ 0 45 . 

+ 64S 
litcui 

-1- lilt 


+ "i{Mcsy + M gp) ^ + 59*9 === 60*0 tons-ft. 


l.s^ i9, Aftet the first balancing of tho joint inoment <9 
**j j. . ® cwty’Ovor, there hane been induced in the columns 
ad^tjona] moments of + 7-5 end + 3-75 tons-ft., whose sum 
18 11-25 tons-ft. 

(The sum of the fixing moments on column AB = zero.) 
Now + .Vba + + if Dc) 

— Pa ^ 13 X 5 = 59 tons-ft. 






















































THE SLOPE-DEELECTION, ETC,, METHODS 43!) 

Thciefore the sway of the frame has to introduce a further 
+ 4Jj-75 tons-ft. into the columns. (60 — 11-25 ^ 48-75-) 
Keeping the joLtite B anci 0 locked, and swaying the fran^, 
extra momenta M bc ™ 

introduced into the columns. 


Now 


M\u A" 


Now 


AB _ AB _ 

^i‘cu ^’cu 
il/Vu = -JJf'AB 


1 


.*. df'^B + J^'au + 

= 60— ll'25=s 46-75 

# 

i.e UU/'ifl = 48 -5 J/'ab = + 4*88tons-R. 

J/'cp ~ + tone fl. 


The joints are now out of balance again, so they must be 
ro-balanced and the moments carried-over. Additional moments 
are thus intrfidutjed into the columns and these have to be 
cancelled out by a further swaying of the frame. 

2nd iSrti. S. Additional couples in -4li are — 2-44 anti — 1*22 
R.-tons, and in CD are - 0-75 and - 3-38 tons-ft. 

Then the bent Buiumation becomes — 23-91 tons-ft. 

Having already balanced the external moment of 69 tons-ft., 
this moment of - 23-91 tons-ft. must be cancelled out by a 
moment of + 23-91 tons-ft. dividetl amongst the column ends 
by BWRjing, 

= 23-91 tor»-ft. 

iir^p = .W'uA = + 2-39 tons-ft. and 

M'ev = -M'dc ^ + 4-78 tons-ft.. 

Balancing the column end couples for the column end shears 
(see Fig, 234) : after the 1st BaJ. M and C.O., wo have m the 
columns (neglecting F.B,31.8), 

// additional at B = — j = 0'!)7o^, and 

at C — U’975 X 4 != i 




im 


THEORY OF STRUCTURES 


Thessc forces Actiug Jeflt to right and at the top introduce equaj 
couples at B und ^ of 

+ 0-{>75 X V *= + 

and at C and D = -\- 3-90 x | = -f- 9-75 tona.-ft. 

j^iniitarly for balancijig of the other additjonai jnoiueuta ahjcL 
will 1)0 introducer] into the coiumns duo to balancing the joints 
and carrying-over, 

iIotnent-I>islribu(hn. 31 ethod when Ueing the AUeniaiive Step (fl) ; 


la( Jl!)c8frj'6if/roa— jVo Steop Atloieed, 


Member 

AB 

BjL 

BO 

OB 

CD 

DO 

K'a 

J 

1 

1 

Bal. 

C.O,R 

' t * 

* . ‘ 

It , » 

h\UM. 

4- ]5’00 - IS 00 

0 

0 

0 

0 

BbL 

0 

+ 7’60 

+ 7-SO 

D , 

0 

0 

c.o. 

+ 3-75 

0 

0 

*f 3-7S 

0 

0 

BhI. M. 

D 

0 

0 

- I'Sa 

— 1-88 

0 

CO. 

0 

0 

- 0 04 

0 

0 

^ 0 04 

Itel. M. 

0 

+ 0-47 

4- 047 

0 

0 

0 

€0, 

-b 0-24 

0 

0 

-1- o-a* 

0 

0 

B4i1. M. 

0 

0 

0 

- aia 

- 0-12 

0 

eo. 

0 

0 ! 

— 0-06 

0 

0 

— ooe 

Bal. %r. 

0 

+ 003 

+ 0 03 

0 

0 

0 

C.O. 1 

+ 0 02 

0 

0 

+ 002 

0 

0 

Bat. M. ^ 

0 

0 

0 

- 0-01 

OhOI 

0 


-f- l&DI 

“ 7 00 

+ 7 00 + S-OO 

- 2-01 

- 1 00 


■^Ait ri“ + ^(■‘^00 ”1’ •^■^Dc) ” ri" fi'OO tons'ft. 

-f- Po ss -{- 60 0 tona-ft., ,V GO O — 6-tK) = + 54 tODB-ft.. 
introduced by sw'ay. 

For sway all joints locked, J/'cjj = ^^'abp 
or let = + 10 toua-ft. and = 4* 20 tojis-ft. 
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4»7 



AB 

BA I 


CB 1 (JB 


K 

BaI, 

C.O.F. 

1 

0 

1 

. 

1 

' . 

i 

1 

* . 

0 

Ejwiky FrB.M, 

Eia, U- 

4 10 00 

0 

10-00 
- O'OO 

0 

— 5-00 

0 

^ 1000 

4. 20 00 
^ 10 00 

-L 20 00 

0 

C.O. 
Uni. M. 

^ 2-50 

0 

0 

2 BO 

— 6-00 
+ 2’CO 

^ 2-50 
+ 1-25 

0 

4 1-25 

- B-OO 

0 

c,o. 

Bui. M. 

+ ISS 

1 ^ 

0 

- O’ftft 

4 0 03 
- 0-3'2 

^1-15 1 
- 0-03 

0 

[ — 0 03 

4 0 63 

0 

C.O. 
Bui. X. 

- O lft 

1 ^ 

0 

-f o-lft 

«0 32 

-|u CH16 

-O lO i 
4 D OS 

0 

+ 0-no 

— 0 32 

(1 

C.O. 
Bui. M. 

+ 00ft 
: 0 

0 

— 002 

4 0 04 
— o-oo 

4 O'Oft 
- 0 04 

0 

— 0 04 

0 

c,o. 

Bol.Tkl. 

^0-07 

0 

0 

+ O-OI 

— 0-03 

40 01 

-OOl 

0 

0 

0 

— 0-02 

0 

Silf 

i +ft‘60 

+ 7'53 

iJlfw) 

- 7 M 

^ lCh&7 

1 4 10-66 
(Afco) 

4 16-33 
(.VpqI 

2 columi 

. n.o™ntt = W.. + + «"-;5+„^S’ 


tlie ratio of v 07.95 = 0-795 

If is then — + 8-66 X 0-7D5 — + 0*0*j 

- + l^i-52 X 0*705 = + 12 l5tOoe*ft. 

~ CB I C'B _ ^ 

- S-Ol — i-w> 

f S 41* + 121& 

„ C-i7 i| + -f 



AB 

BA , 

Xo-sway 

BfliMnpnt 

+ 10-Dl 

^ 7-00 

Sway 

Monaint 

-F fl S& 

+ 5 33 

Firmi VolLifiJd 

+ 25'S3 

— MS 1 

(lond-ft) 



(ftfju) ( 



*j-rr.!4j») 
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THEORY OF STRUCTURES 



Sway is loft to right, or 2^* ajid botli 

are positive. 


* EKj^g ; SKgg = 1 t I ; 1 
df AB = H" + 15*00 

J/flA ~ 2(2 iiJb, + 3^a) IS'OO 

'Jfito — 2(2011 H" !Jc) 


Joint equation: + J^ac = 0 


.“. 80b + 2$c + 6^a — iS'OO = 0 
''VcB — 2(03 + 20 o) 

J/cD- 2(20p+ 60 a) 


Joint equation; M^g + ifen = 0 

/. 203 + 80C+ 12^a^0 

Bent equation ; M^s + J/ba + 2(Jf(;o + *^^do) = + 60 


60b + J30C + OO^A = + 60 

0B + 200 + 1(¥a = + 10 

«ii + fle + 3 ^a = + 7-5 

0ij + 40(j + 6 ^a = 0 


or 

Joint B equation : 
Joint C equation: 


08 — + I o2; 0 e = — 2*30; ^a ~ 1’32 
Thus J/ab = 25*96 tona-ft.; Jf — 1*00 tons-ft, 

■Ven — + 6-40 tons-ft.; if „o = + 1112 tons-ft. 

NoU on tke Moment'Dislribiiiion Method Aliemafive Step (6) for 
Skearinit Forces m* th^ Top a}id Bottorn Cwt Ends of the 
Members AB and DC. 

• Shears due to the end eoiiples. The only transverse force 
force of 12 tons acting from left to right on AB and at 

li ft fPiTfcl-n A ” 


5 ft. from A. 

■ _ 12 X 5 

'■ A 


— 6 tons 
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But 


-f- 25'<J9 + (" 


10 


MS) (i‘47 4- U*15 


=S 3-47S (-»“) At {->) At C 

= g-ons toriA, nearly equal to B OO tons, and both sliaaring 
forertj act from left to Tight wliich is tho direction of Pajh. 

The forces of 2-47S tons and 3*5-2 tons are the shears due to 

total shears in the members at A, B, C and /j>. 

At A the shear must be equal to the simple beam shear of 
e to™ ^ tm righj^to teft ph. th. cod ^opl. >k»r oj 

1:1?! A A, B. th/chcr meet ^ 

«,„a1 Attaip ADiVccr of 6 t»»s ''‘•“."8“ ^ 

‘Tc/ST a « .K?no “to 

■''oB lefttAwOt'o Md “d2 '0^'’‘’i 

tLA omc "ctool 0^ ot ® “tl C 0.™. equal 

"■^e*ASoleSl « A S;d B *7 oquoU^ 

“onfto'rm — ! SnpooS m, aad 

displacement diagrams arc given m -3o. 

Probl^n 49, (See Esamplo 9, PP* 217 and 220, and 
Fig, 236.) 

deferring t-o Fig. 236, 


A\i| i Apt; I A 


•Vc^ 


^CI> 

ft 


^ 1/5 : l“0(ti€!»riy) : 

E — unity (efiy) iiieiubcrs. 




amount A 
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TIlEOltY OF STRUVTURFS 


Let Oj,^ ^ = 0^ and 0^^ =. 0^^ ^ 0^ 

‘t I^AB — ^ and ^uc — 

f, A = 8^ =zi 13^, /, = 1^ 

From the slope deiiection equations for Jl/.n ^ 0 and M. 
it can bo ahoiiTi that 

J^BA = KS^b + 3^) 
wild similarly if ^ 2 ^) 

d^Bc — 2(20|a + flp) -{- 45 and 2{2ft(j + 0^) — 45 



Joint equations give ^ » 0 

"^CB + -^on ~ 0 

Shear equation: 
or bent equation : 


•^ba , ^op 
S ^ 12 


= 0 


(i) 

(iij 

(ui) 


- _ + f -^CD 0 

SubBtituting in, and solving, equations (i), (ii) and (iiij, 

®o 9*66; Of, t3 4- t-83; ^ +5-25 ^nearly) 

■“fsc — ^ ‘^BA = + 23-0'S tons-in. = -|- ]-84ti>ns-ft, 
*W^ca = — Jfen ^ — 33*12 tons-in. s= — 2-76 tons-ft. 

// at ^ 1-84/8 ^ — 0-23 tons and wets from left to right. 

// at f?= 2-76/12 = 6 33 tons ami acts from right to left, 

S ind columns are hinged 

i X 1*5 and I X 1-0 



















TfllS SLOP^-DEFr^EGTION, ETC., METHODS 
■ for this method, and no fising couples at A and D, 

' ■ 


4-tl 


^AB 


4 4 


METnibor 

.■iB BA 

BC OB j Oli CC 

K 
Bal. 
C.O,F. 
Rol. X' 

RcLK" 

B 1 

0 

0 

u 

1 3T5 

a ^ 

27 [j 

1 

s 

1 * 

u 

0 

■0 1 

6 

^ 0 " 

4 

1 373 

2 ^ 12’ 

B 

F.BM. 
IIbI. .M. 

C.O. 

Bal. 

B&i BL 

C.O. 
Rivt. S, 
JSiiL BI. 

C.O. 
Bill. S. 
BiJ. >!. 

C.O, 
Bel.S. 
Bal. M. 

G,0. 
Bat. 3. 
Bal. M. 

C.O, 
Eal. 3. 
HiU. M. 

C.O. 

BoJ.S. 

Bal. M. 

0 0 

0 - 23-8S 

+ 4SO0 - 1500 
- 2M5 + 24-70 

0 0 

+ 20'3& 0 

a 0 ! 

0 + 800 

0 _ lO'SO 

+ 12 3ft — lO-Sft ' 
0 0 
- e eo + 4 14 

0 0 

+ 3'33 0 

+ 3-11 0 

U & 

0 +$^72! 

0 - 4’afl 

; .V 2-07 - 4 80 

0 0 
_ 4 13 + 104 

0 0 

4 2-09 0 

+ 0-76 0 

0 S 

0 3“l2 

& - 

+ 0-52 - 2-07 

0 0 

1 _ 1.71 + 0 M 

0 0 

4 1-44 0 

4 0-27 0 

' U 0 

0 + l'S6 

0 - O'fil 

+ 0‘18 — 0-80 

0 » 
- 0-73 + 015 

0 0 

4 0-00 0 

+ 0-11 0 

n 9 

0 + oe8 

0 -0 34 

+ 0-08 - 0’37 

0 0 
- 0 30 + 0 07 

0 0 

4 0-24 0 

4 0-08 0 

“o 0 

0 A" 0.24 

0 -fl-lfi 

+ 0-04 - 0-lfi 

0 

— 0-13 + 0-03 

0 0 

4 0-10 0 

4 0 02 0 

a™ 0 

0 + O-JS 

1 0 - o os 

1 4- 0 03 — 0‘0^ 

0 0 
- 0 07 4 0-0* 

0 0 

0 0 

+ 0-03 0 

SJf 

0 - 23’47 

0 - J’8T 

(Wba) 

+ 22-47 — 33-32 

4 1-87 — s-n 

4 33-32 0 

' 4 2-77 0 

liWcB) 




Bpiit cquatiosn: M^a 

\ _ 1-87 + 1*S5 = 0 (veiy nearly). 


0*0 OOO OOO 
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THEORY OF STRUCTURES 


After 1st balance, 

H" S{-^ cd) = — 23 85+ t3’5 = ^ 10 30 
AB + cd) “ 10'35 

3/ 

+ * 2'^Usf Qjj + 10‘35 

^ 3*54 

3/\b “ "I" 8“00 

and BO onwartls ; or work from shear aquations and shearing 
forces and couples. 


Mom^nl-Distribiahn Inlrodttcivg the AUematim Skj} (0). 
(a) Diatribution refttmining frame against sway. 


Mpmlwr 

AB BA 

BC CB 

1 OD DC 

Ral. K 

Djit. 

C.OF. 

S 

■ 0 

s 

A i 

6 

81 ^ 

0 

F.B.M. 

Bal, M, 

c,o. 

B4il. M. 

C.O. 
Bill. M. 

C.O. 
Bnl. M. 

C.O, 
B>|]. M. 

CIO, 1 
Ital, SI, 

' D 0 

0 - n &3 

+ -ICOO — 45-00 
- 3M5 4 24-75 

0 D 

+ 2e'^5 u 

0 0 

0 _ 6-54 

+ 12 3S — 10-5B 
- fl-Bl + 6-04 

0 0 

+ 4-54 0 

0 c 

0 - 1-6D 

4 3-02 — 2-03 

- 1'42 4 1-08 

0 0 
+ 1^14 0 

0 0 1 
0 _ a-45 

+ U-M — e-72 

— e-59 + O-40 

0 0 

4 o-aa 0 

0 0 
ft - 0-U 

- 0-20 - 0-20 

— P-Ofl 4 0-12 

0 n 

+ om c 

0 0 
l> — <>(I3 

4 0 ua _ d-05 1 

- 0 03 4 n-oa 

0 0 

+ o-es 0 

s.w 

0 - 33-M 

1 

+ 20'4fi 0 


(6) Keeping joint# B and € fixed nnd BO iitiloa^led. Let the 
frame sway; then the ranmenta induced at the top of the 
columns AE and CD will be in the ratio# of their K' values. 
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12 X 12 


8X8’ 

•‘- ^'ab : A''ci, = Vi*^ : { JI = 2-25 : 1 = 9:4 
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Therefore, asauniiiig a value of J^^sah bs H- 90 tons-in. , then 
J^gpp =f + 40 tons-in. This sign, because sway Bssuniwl from 

left to right (positively). 

momenta aro now distiibuted in the uauiil way. 


Mambor 

AB BA 

BC ('B 

Ct> DC 

K 

Bttl, 

C.O.F. 

9 1 

0 

0 

5 

^ i * 

n 

» 0 “ 

Sway 

BiJ, it 

C.O. 
Bflt M. 

ao. 
BaI u. 

CO. 

Btii Mh 

c> 0 . 

Bill. M. 

0 + woo 

0 - +-2-30 

0 0 
— 414(1 22^29 

+ 4000 0 

- 17-10 0 

0 

0 + 6-74 

- 11-45 - 23 -as 
+ 473 + 13-64 

0 0 

+ ie21 0 

0 6 

- 1-22 0 

0 0 

0 - 3 60 

+ 6-82 + ^'33 ’ 

— 3-20 - I'OO 

0 

0 + 0 40 

0 0 

1 a - 0-25 

~ 0-80 — 1'60 

^ + D-35 + 0-02 

-f 0-44 + (M S 

_ 0-10 “O'HI 

0 0 

A- 0-69 n 

^ 0 

- 0'0& 0 

ZM 

+ 5101 


+ 32 43 

__ _ ^ ’ 


r,t *■ I — 0 

SheaT equation: ”g~ "^12 ^ 

or bent equation: ® 

In the first distribution (no away) 

3.lf , 

to allow for sway, a moment o( + ^ 

impressed on the colunins so that ^ ^ co ^ . 

Sow from the Second 

(+ Oil and + 40 units), 3 J/i,a H- '^^fca — + , ■ ‘ 

= + 218-10 units, Lc. 4* 21ii-10 units due to sway will produce 
at the topa of the columns, after distribution, a moment 
4-51-04 units at A and + 32*49 units at C. 

^ 44-84 unite w-ill produce after dvstnbution : 




+ unite at ^ ^ + 10-48 unite 

21840 


-j-_324»J^4j^4 gi _ ^ 0.68 unite 

218-10 


and 
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THEORY OF STRUCTURES 


Therefore, allowing for side swaj', 

iVjji ssi — ■ 32'oS + 10*48 = — 32*10 tons-in. 

=s- l a+tons-fr 

*^^ 0 D = + 36'40 “|- 6*68 = + SS'lS tons-in. 

= + 2*76 tons- ft . 

Check; SJ/pi -f 2 .Vcd — — fiO-30 + fl6-2fi = — 0-04 Ib.-in. 

(nearly equal to zero.) 

^ ”g~ = fl'23 tons f check ; -j-™ = 0-33. ] 

The displace nicnt and monieiit diagrams are given in Fig, 23”, 



^-orkwl by t(» iflfmwnt distribution inetbod 

Let E for all members be equal to unit}*. 

<■ A — fj ~ loo ft. units. 

„ h = f = 10 ft. 

„ P = 1000 lb., then Ph = 10,000 lb.-ft. 

Bent equation: «= _ pA = _ lo^poo . (i) 

In this problem, due to sway, ns .4^ and DC are identical, then 

aa “ -*^00 

*’* BA ~ — 10,000 units or M ^ = — aoOO units. 
When distributing these moments, Jet lOfbl iinita be the 
moment unit and we shall then distribute the multiples. 










the sr/}FE‘BE flection, ET(K> METUOm W5 

Tiiere utie no ond-fixing couples due to traiisverso loading. 

Hal. M {step indicates the bnlancuig of the moments at 

^Note isttp H), I si Operation. From the bent eqimtitni it was 
found tliat = = 10(H) ;«dts ,So we place 

— 5 X 1000 units at the upper column ends. This is indicated 

t^e joints B and C are out of balance. It is therefore 
necessary to distribute at B the imbalanced couple of 
+ 7 X X 1000 units to when joint Zf is now lotftteut 
and + i X 5 X 1000 units goes to BC. 

Then joint B is balanced: for — 5000 = + 2100 + i-DOO. 
Kitnilarly for joint C. 

Whe n £ is rotated and C kept ^ B|- _- [i f p 

then 1 of the new nioii^ent 
at BO mtJ$t bo traiisftiTed to 
end C of BO, i,e. + 1450 unit^ 
a!^ carried-over to C^ Similarly 
the effect at B for t-he rotation 
of V. There is no carry-over 
of BA from B to A as is 
hinged. Due to bi^lancing of 
the monienta at B and (7* we 
have introduced new couples 
equal to + 20 X 10O(J unlt^ at Ft<3. 23S 

the tops of the eolumns BA and 

CD, n wo have already balanced for away, wc must multiply 
those additions by equal and opposite co,™^nd.ng s^y 
moments or couples. Therefore wo must, ™ 
problem, add - 2*1 X 1000 units to BA and BC t2nd step 6) 

“"The*jl^'' C are again thrown out of balance and 
these nW additions of - 210 x lOOO units together 
+ 1-45 X lOOO units at B in BC due to carrj-ovor must be 

m-balanccd. 

(— 2*10 + 1 ■45)1000 = — 0*65(1000) 

— 0-66 has iMsen distributed as + 0-26 to and + 0>3i to BC. 
A line haa been drawn under these figures o s ow 

ioinl !,». »g»in been bal»l.»d. All tte .11^ .“","'5, * fourth 
th« »o,k Completed nfttr bnlrniting Ihi- jomt« foi tl® fourth 

time. 
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In this method of sway analyaiij, one should always complete 
the work after a balance of the joint momenta (Bal. MJ or 
after a (Bah S). 


Mumbor 

AB 


BA 

BO 


C& 

CD 

DC 

K 


i X ViP 




f X W 


Rel. A" 


3 



4 


3 


Bal. 

0 



t 


* 


0 

RquLvaknt 


i X ifiS 


0 


1 X M 


Itol. A'" 


1 



0 


i 


C.O-F. 


0 



* 


0 


F.B.M. 

0 


e 

0 


0 

0 ' 

0 

Bid. 

0 


— bm 

0 


0 

— S'Oe 

0 

BaL M. 

0 


+ 2“ie 

+ 2 00 


-h 2 00 

+ SiO 

0 

CO. 

e 


0 

-E- L-45 


+ 1 45 

0 

0 

Bfij. 3. 

& 


- 2 10 

0 


0 

- 210 

0 

Bab M. 

0 


+ esfl 

+ 0-37 


+ 0-37 

i + 023 

0 

C.O, 

0 


0 

+ Chl0 


+ 0 10 

0 

0 

Bab 

0 


— 0-2ft 

0 


0 

- 0 2S 

0 

Bui. M. 

0 


+ 0-04 

0-m 


+ 0“06 

+ 0 04 

0 

C.O. 

0 


e 

+ 0 03 


^ 0 03 1 

0 

0 

Bol. B, 

Q 


- 0'£)4 

0 


0 

— 004 

0 

Hal. M. 

D 


0 

+ 0 01 


+ 0-01 

0 

0 


e 


- S-00 

H- fi-OO 


+ 5 00 

- s-oo 

0 











T.he couples at the joints are aj] therefore in magnitude 
6600 units = _ 6000, 

A 

which oonfirnii^ fch© valuos for th 0 .^lutiooM given bv tho slojifi- 
deflection method that 

lUusiraiive Problem 51 . 

Koot^uig^ar Bonl ABC {Fig. 239}. It » dir[3<rtion-fix4>d at ^4 and C find 
jorntod at B. ftW nCi tmnsvtirao loads on tiko ififlmbGra. but thn bent is 

Bubjeetod to n. oluukgo nf 

Let E for AB^ BC “ 30 x 10* lb. per eq. in. 

For simplicity, let = /^c = 200 in.* and let 
Iab = ^BC ^ loo in. 

— = 200/JOO = 3. 

































THE SLOPE-DEFLECTION, ETC., METHODS 447 

Ut the coefficient of thcmtal cxpeofflon be 0-000006 per 
degree Fahrenheit, and let there Iw a rise in temperature from 
58' F. to 88' F. 

AS and BC will both eii>and hy an amount 


100 K 0-000006 X 30 = 0 0018 in. 


Due to this expansion AS will sway to the left and BC 



Fio. ssa 


upwards, i.o. AS in a counter clockwise movement, and BC 


in a clockwise movement. 


j ^ A = _and will be negative. 

Pab — fi ^ IQO 

I _ _ A 3 ^rij] positive. 

fBQ “ ]f)Q 


The small increasea in the lengths of the membore are neglected. 


Let 


^HA — ®ac ^ 


Stope-dffieciion Sduiion 
-Wab 


= 2EK{6s + ^a) 

+ ^a) 

^ ‘ZEKV2Ss + 3^u) 
= 2 Wh + 


Joint eqaatioQ Bt J^ba + -^^bc — ® 


30X lO'X 2X 3X 



J/bA = 3f AB = — -^DC 
JfpB = “ -^^AD 


^ ^ 6480 lb .-in. 
_ ^ 6480 lb.-in. 
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Momeni-DiMribtUton Method, Keeping tbe ends direction-fixed, 
the induced moments due to the displacement A ate, 

^ 6^7A/i® ^ — fi4S0 lb.*in,|=s away 
M\o ^ = + M/A/r* + G480 Ib.dn J F.BAl. 


Member 

AB 

BA 

BC 

CB 

Srt ay y.B.M. 
Bal. M. 

0 

- a4so 

0 

+ Mm 

0 

4- m m 

0 

SAf 


- 8480 

4^ 04^0 

+ $431) 


Note* In these example, the frame menibera sway only due 
txj the change in temperature ‘ once this has occurred there 
is no further away% i>e+ in the moruent-distrihutiori method, 
the joint will simply rotate and the frame is fixed against 
translation. 


Exercises, (n) For the fmme in illustrative prohlem olp 
let = 100 m. 

fp ^AH “ 200 in.*j^ / 20 rs; loo in.* 

» = ^Bo — SO X 10* lb. per sq. in. 

Then A j A ” 1, 


0*0018 0-0018 
Pab — ^A - ^o~ = + ^ioq” 


Slope-deflection equations: 


= + 18 X 10^ 


J/., = 2xEx2{20.-Sx^:^«) 
.V„„ = 2 X £ X l(2d„ + 3 X 


M 


CB 


= 2 X A’ X I 



S 


0-001S\ 

“ino''/ 
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. 0-0018 

Joint cquatiou Bi JfjjA + ^bc = ^ "To0~ 

Og = + 0-000009 
^ + P X 10-* 


JKiU = a X ao 3< 10* X 2(9 X lO-*- 64-0 X t0‘*) = - 0100 Ib. a. 

-WjLL = 2 X 30 X 10* X 2 (ISO X 10-*- 04-0 X 10**} — — 43201b. jii. 

Mpo « 3 X 30 X 10* X 1 (ISO X to-* + EHO X lO*') ~ + *320lb.'iii. 

jUfB = 2 X 30 X to* X 1 (0 X 10-' + S4 0 X 10-*) — + 3"flOlb.-in, 


Momini'Distr^utioti Method. 


^lereiW 

Ati BA 

UU t’/f 

K 

Bal. 

2 

0 1 

1 ^ 

1 

* * 

&wuy F.B.M^ 
Bal . M . 

BbJ. M. 

0 + 2160 

-)* 3340 + 3240 

+ 1090 0 

+ 1090 0 

0 0 

0 +540 

1 ® 

SiU 

- MOO " ‘‘320 

+ 4330 + 3TSO 


These values for the momenta agree with those obtamed by the 
slope-deflection method. 


The sway F.B.M, 

'uA = ^'ab - - . 7 = - “ negative. 

J/'bc = . I = -I- 3340 and is positive. 


t:*P»eixn (i). Sbotflh tl» bonOing ituMUHW diittsrtioii dUgnuiiH for 
Uio HwtauEulflJ- bant ABV. if it U hin^ at .4 and V. 


^ lOOin. ; 7j^n = 300in.*: 

/qq =00 in.; /^=190in.*: 

= j^^BC == 30 X 10® lb. per aq. m.: and 
the rise in temperature is from K. to 88“ F 
Oj, = 0-0000137; = ^ac = + 0-00003 

= ~ 4435 Ib.-in.; d/ao = + ^425 Ib.-in. 
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THEOHY OF STBUCTUJtES 
lUuatrative Problim 52, 

Ractangulftr b«nt ABC (Pig. 240), dinctlon fixod at A anil C. 

Ut ^ inc == 100 in. 

tt ^AB ’ -^EC — 200 in.* 

t» ^AB *= ^aa = 30 X 10" lb. jw sq, in. 

Let A be displacKi verticslly to A‘ by ao amount of 0-05 in. 
llien ^ 0 (j — ^ = O'OS^IOO radians, and is negative. 



There will be no away of AB, and neglecting any shortening 

®AB ^CB ~ 01 A ~ ^BC “ 

^ab = a:„c ^ |gg 2 

-^^AB = 2 X £ X 2 ( 63 ) ; Jf gg ^2x IS X 2{0g X 3^); 

— 2 X L* X 2(2^1,}) iJf BO = 2 X A’ X 2(20a + 3^) 

Joint equation 5: = u 

- ^ ^ B “h ” 0 

Oh = _ 0.715^ = _ i X / — 

^ 4^ \ 100 J 

— + 0'16/400 

4 > — 500 X l0-« = 375 X lO’" 

Afi, - 4 X ao ), 10 . X »-6 X 10 ‘ = + 45,000 lb..in. 

,I/b4 - » X so X jo* X 375 X 10-• ■ + W.OOOIWin. 

-W-c = 4 X 30 X 10* X 10-* (750 - ISM) = _ flo.oOfl Ib-m. 

- 4 X 30 X 10* X to-* (375^ 1600) - _ 135,000 lb-in 
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Moment-DislribiUivn Solalion. Sway BC, but keep B fixed 
against rotation^ Then the sway-fixing couples 

= M^cb. = - fiAVA/P; A//* = 0 05/IOOO “ 5 X 
/. 6ir/A/P 5= - 0 X 30 X 10" X 200 X 5 X IO-* 

:=- 180,000 Ib.-in. 


There will be no further sway, therefore the table is as follows, 



AB BA 

BC BC‘ 

K 

Ba\. 

C.O.F, 

3 

0 1 
k 

1 

siH |« 

' 

& 

^w&y F.B.M. 
Bai. M, 

c.o, 

Bai M. 

0 0 

0 4 oe X ia» 

- 18 X 10* - 1’» X 10* 

+ 0 11 X le* 0 

4- U-4S X ic* 0 

0 0 

u + 046 X 104 

0 0 

(lb,-in.) 

-p iS.OOO -H 90.0W 

(J/ab) f^Rt) 

— d0,000 - 136,000 

iJtflc) ("a) 


If the support /I was displaced horizontally to the left, say. 


Fm. 241 

by the same einount A = O’OOo in., then it can easily be show‘n 
that for tin's case 

= + 135,000 lb.-in. 

J/ba — + IM),000 lb.-in. 

f>0,000 Ib.-in. 

45,000 lb.-in. 

llluetmtive Problem 53 

Unnt .4iJC (m» Rk- 241). TIk* ilimeniiotw anil ptopertiM ot 
tiao mannWra rtro am (pvam in llio pnjviotM ppoblltm. 

Let the end A of AH bo rotated through an angle of -H 9 ab 
= -h — + 0 05/100 radians = 500 x 10^ radians. 






















“*3^ THEORY OF 8TRVVTUMS 

Tiiero wifi only oeeur a rotation of joint B. 

^Ali = A’bc = A' = 3 ; =.01^* iif _ gy ^y* j[, 

per sq. in. 

JfiB ~ 2A’A(20^ -f fig); 

JfpA = 2BK{0^ + 20a): M^o = 2A"A{20 b) 

3/jja + J/gy = 0 ^ 4Q^ — Q 

®A 

* < Ob ^ ~ “ 12ox 10^* radians 

,U_in •= 4 X 30 X lO* X 10-*(1000— 1S5J « + )U,%0001b.-iii. 

- 4 X 30 X 10* X 10'»(500-, SSOJ = + 30,000 tb.-ili. 

Jlf», = 4 X 30 X 10* X 10-* (_S50} = , 30.000 

,WcB •= 4 X 30 X 10* X to-*{^ las) - - 15,000 lb..io. 

The Sciution by Ihe MorneHt-Dklribution Method. Keeping B 
fixed against rotation initially, then KB.M.a in will be: 

-Vj,.An = + 4^A'fli = +4x 30 X I0®x2xf>00x lO'^ 

- + 120,000 lb.-in. 

^FHA =* + = _|_ 50,000 lb.-in. 


Member 

fl.l 

sc CO 

K 

BaJ, 

CrOF. 

° i * 

3 

i 0 

1 

Ibtf. 31. 

C.O. 
BaI. M. 

+ 1-2 X lO" + 0-3 X lO* 

0 - 0'3 X 10* 

0 0 
- 0 3 X 10* 0 

- ois X 10* e 

0 0 

0 ^ (M5 X lOi 

0 e 

2:.V (lb.,in.J 

+ I01$.(KK> -j- 30,0CH> 

- 3«>,000 - 16,001) 

- - - -- 


If ^ wa.s displaced vertically downwards and horizontaliy 

tha 1^ problems, and rotated through 

' P'PU ange alj annultaiieously, then the momenta at 
the snpiKirts ami the jointa would be the aiiin nf those foiitid 
by considmng the defi.nnations singly. 

^/>******^'^^t*^’i student is recommended to vary the lengths 

mvnn in'^uppoits, and doform similarly os 
given m the worked problems. 
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Illustrative PrMem 54. 

Rwlacguliir befit ABO (Fig. M2), with hingjaa at -4 mui O und rigidly 
jointed ftt B* Tlifl lengtliis of the mandjofSp fchoir B'is und w® the laime 
ea in tlifl two preoedlng problems. 

Now rotate the end A of the member AB through an angle 


Oj^ O O-'i/lOO radians, 
ss 500X10-* „ 


Tills, ill ofTect, makea the hinged end j 4, a dxed end, bcesuse 
in order to induce this rotation of + 0^, an ejfectivo couple 



FiO. £43 


must be applied to the member a a- The hinge C will, of 
comue, remain a hinge and there w'ill be no moment at C. 

/, ^ + Oj,) 

= 2AA{fl., + 2fl„) 

J/jjc = 2AA'{a0j, + 9a) 



= 4 X 30 X 10* X 10-*(1000- 1000/7) 



= -I- 103,857 Ib.-in. 


J/ba = 4 X 30 X 10® X Io-«(5ao- -mo 
d/jjtj = 4 X 30 X 10® X 10-*(- 1500/7) 


ss 4 X 30 X 10® X I0-®(500— 2000/7} 


+ 2 fp ,714 Ib.dn. 


35,714 lb.-in. 
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MoraeiU-Distribuliem Solution : No Sway, 



.4* BA 

BC CB 

K 

BbU 

C.O,F* 

2 

0 i 

i 

I'S {plniwd at 

1 0 

0 

F.B.M. {lb..ia.l 
Hal. M. 

aOr 
HaI. m. 

+ 1’2 X 10* -1- O O X 10* 

0 - 0'343 X 10* 

0 0 
— 0 257 X 10* 0 

- 0'172 X 10» 0 

0 0 1 

0 0 

0 0 

S.V (lb,.in.) 

+ 102,800 + 25,100 

— 25.70(1 0 


*^^AB — + 102,SOO Ib.-iji,: ilf ^ 25.700 lb.-in.: 


Jlluslrotive PnAlem 65 . 

^luiditr B Huaplft portal ABCD (Fig. 243 }, 
and D. and rigidly jDintad at B and G. 


Jf pp _ 25,700 Ib.-in. 

with. directioji-OxM b&aos A 



LetZ^n = lug =^ciD ^ lOOin* 

» ^Aft == I be = /cD = 200 in,* 

„ E for nil members -= 30 X lo» lb. per sq, in. 
for lill members = 2. 


l^t the fixed Iwac A bo displaced vertically downwards and 
to the left by amounts A ^ 0-05 in., and let the bnw ^ bo 
mtat^eil p«>!sitively tbrough an angle 0-05/100 

^ 500 X 10^ iia^ans. ^ 
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Due to these deformations, C 

through an amount A, and B to B the left t^ugh a 
horizontal movement of A,. Vertical displacement of B will 
be 0*05 in* = the vertical displacement of . 

ZLontaUv B' will be relative to .4 by amojt of 
(OOS-AJin,, assuming Ai<005in., the honzontal dis^ 

pigment of of DC wiU he 

— - 10 OOO A X 10 * radians. The sway angle of *4^ wdl be 
^(0 05 -WOO, and will he positive, i.e. A'B' with aspect 

to the vertical through ^ 

J.,et it be = + (««« - 10,000 Ai) X 10 
BC i-otates to position B'C‘ through a sway angle 

—_ (500 X 10^) and is negative. 

Ou = 0; 0^ ^ + 500 X 10 * radians. 

3 / = 2EK(2dj, + Od + 

3/j,^ ^ 2EKifi^ + + ^.0 

— ‘2EK{29a + Sc + 

3f = 2EK(6b + 20c + 3^c) 

3 /^,^ = 2EK{i6c + Hn) 

M^^^2EK{6c+ Hi>) 

joint equation Bi jf ba “H 

Joint equation 0: Jf nc "t” ^ . i 

Bentequation; J/ab + ^ ^ 

horizontal forces acting). 

Solving the above equations. 

fl 1 -H 500 X 10^; Ob - + . 

0^. = + 708 0 X 10-*; A|= + IO OOOj X iO , 

and then the values of the moments are found to be- 
JJJ + 130 X 800 = + 0i,080lb.-in. 

_ _|* 120 X -tao = + 53,fiS0 Ib.-iii. 

^ _ 120 X 448— — 53,71)0 lb .-in. 

^ + 120 X 326 = + 37,120 lb.-in. 

^ - Via % 325 - - 2",000 lb.-in. 

130 X (-1023}- + 132,700 Ib.-ln. 
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The Moment-Distribution Sdvtio/n,, Iinngino tho portal 
ABCD as in Fig. 244 (a) and (d). 

A is displaced vertically only by A = 0-05, Fig. 244 [b], and 
the joints B and C fixed against rotation. As in Fig. 244 (c), 
movo A to A' through a horizontal distance, left to right, 




^ 0 05 in. Then B tmivcs to an amount {J*05/2, ami C to £?' 
an amount 0-D5/3. There is no rotation of tho joints B and C. 

Next, ag in iig. 244 rotate A positively through an angle 
(>■05/100 radians, keeping B and C fixed and with no 
translation. 

f^»se (5), Fig. 244 (A); 

= ^^vcB — — := — 180,000 lb.-in. [A=0'05) 

Case (c), Fig. 244 (c); 

— Afpg^ — 4’ 90,000 Ib.-in. [A = 0-05/2) 

^FCD = ■'^^FDO = ^ 90,000 Ib.-in. 
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Case (d), Fig. 244 (d); 

= + iau,000 [eee problem 53). 

4- eO,noO lb .-in. {sec problem 53). 

Case (c) and /Total J/i-An ” + 310,IX>0 lb,-in, 
ca»{d) together! . = + ISO.OOftlb.dn. 

Bent equation: J/ac + -Vci> + J^nc — 

/ For balancing sway couples, 

±\r - X- where ± -Y is the sum of tho couples on 

a balancing and a cairy-ttver. 
j/'^g will be the distribiited Bal. S. couple for each end A, H, 
C and D, as A''ab ” A^'cn- 


MtmhDT 


K 

BaL 

C.O.F. 

K' 


VMM. 

C.O. 

B4 i 1, 3. 
Bill. M. 

U.O. 
Bal. B, 
Bai. M. 

CO. 
Bal. S. 


'LM fib.-in.) 


AB 

BC O’B j C'ii 

3 

S 1 

i 

I 1 

2 

* . * 

41 

‘ ; “ 

1 

; + t'iO + i"5<* 
a + 

_ 1 80 - 1*0 

+ 0-15 + 1X5 

— 0-W) — 0-00 

-J- 1'3S •> 

4. O-OS 0 ' 

Z l ot - X 

0 +0J1 

4- 0-08 + 0 08 

0 0 
+ Oil + 

0 -t- 0 08 

— 1'02 — l-Oi 

+ 0-47 0 


0 -F 0-24 

— O'24 — 0-21 

+ 0-08 0 

+ u-oa ^ 

_ 0 24 - 0 24 

0 0 

j. 0 34 -t- 0 00 

C 0 

0 -K 0-08 

1 

1 ^ 0 fl3 — 0 03 

^-OW 0 

0 » 

0 + 0'04 

~ 0-03 — 0 03 

+ S8.000 Hr 5X000 

^fi2,WOO +27,000 

— 20,000 +123,000 

1 ^M^] (.Wpc) 


LxBBCISB* pn>%lau* pr&btom iWS. 

»■«'»"" ^ ■'«■" 

(p, 45l!i) r&T hiDt*. , , 

.4 m: .If.B - 

— _ 10,800 lb,-in. 
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THEORY OF STRUCTURES 



Exercise. 

A "h p”^dV> ^a. d^.T^ino 

at A, B. imd D due to a iiTufonn tE&li 

^ tlw wlio^ framD. ft ^ d-t>D0006 por ■ E 
Tlua is B sway probl^^ 


I in toinperaturo of 30^ F+ 
* 3<> >C 10* tb. par oq. id. 


extend vertically upwards by twice the amount of 
Ot X therefere there will be a po«itjye rotation of BO. BC will 
iilao expand and therefore subjeot the whole frame to bending. 
Using the Blo^^deflection mettiod, let B move to the left 

IY «i ^ ■ “ negative rotation at A Bx 

then aa d will be less than the thermal expansion A of BC, 

0 wj]] move to the right by an amount A — rf, and there will 
bo a poait^e rotation of CD. There will be two joint equations 
and ^o l»nt (or shear) equation to be developed and solved 
for the joint rotations and d. The end momenta can then be 
calculated from the appropriate slope-deflection equation. 

solutim by (Ae Moment dis/nbuiion MetAad. Imagine that 
^5 ifl restmin^ aga^t rotation, so that BC will extend to the 
riglit by the thermal expansion A. BC will rotate positively. 
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BC will sway jiositiTOlj as jiidicatffd in the prexioiia pamgraph. 
fningioe joiiita B and C have hecn restralnetl against rotatinn. 
whilst the mcinbeis have tjetended, (Jalenlate tlie end-fixing 
couples AfFBC = '^^FCEt (intl = l^rnc «^ing the formula 

Mf= I giving E and p their correct valuea. Aa indicated 

in the examples, balance these moments at their respective 
joints, carry over Sal. S, and continne as in the illustrated 
examples. The momentg arc found to be, approxitnatcly, 

-Vaa — — 28,000 Ib.-in. ; df„A = — 24,000 Ib.-in.; 
dfen 22,000 lb,-in. 

These values satisfy the shear equation, 

I ^ n 

120 ^ 00 

This method of anaU-sis can be applied also to investigate 
the effect that the elongations of the membem of a frame due to 
axial forces may have on the bending of a frame. The analyses 
used have been based on the assumption that axial deformations 
of structural members can be neglected. If we wish to take 
these into account, we treat the previous results as an npproxL- 
mation, and applv them to calculate the axial forces and axial 
deformations in 'all members of the structure. Tlie cross- 
sectional areas of the luemljers must be known. The changes 
in length obtained in this way can be used in exactly the same 
manner as we have just ns^ the thermal changes ill length, 
and we can calculate the additional moments at the joints due 
to axial deformations. These moments are usually neghgthle 
in frame structures. 


nifistmtive ProLlem *0. (See Figs. 246 and 247.) 

lli#nAf4yflbi ofn tno Elcnis], jsinsle 

fixed and F. HofiHmOd loiids of 1000 lb., lurtins trom left to 

nro appUetl at ih& jomta B axiJ C. 

Lot the lengths of all the members be lOt) in., and their Is 
equal to ] (10 in.^ 


All A's = I; I^t E for all members = I 
A'ab - Ef^y 1 A'pe ; ^ ^ ■ * ’ * ' . 

The frame ivill swing or away in a clockwise direction. 


Then^AH = 

l^flc — “ + ^6 




460 THEORY OF ETRVOTDREE 

There will be nf> sway of tho hori 7 X>ntal membera 

Oy =0 

~ ®IHS “ One = Oj, 

^CB ~ OcD = Oo 


As all the meiuboTS haTe tlie same leitgtbs and properties, then. 

dg = Og ; and Djj and 

and similarly for the top 
storey. 


lOOoih- 


POOOlh- 




Ffc, 


Solution by thi i^/o/je-Un/^ee'/ion 
Meihod. 

♦Vah = 2(0a + 3 ^a) 

J/^DA = 2C20a + 

= -‘Vbh s= 2(30i]) 
d/pc 2(20a ■}■ Oc ■f’ 
Men = 2(9^ d- a>o + 

= -Vet, = 3(30c) 


Joint equation (J?): Jf ^ Mnn + J/bc ^ 0 
Joint equation (0) : + J/cd = 0 

Bent equation, lower storey: 

2(3f ^ + J/ja) H- 2000 X too lb.-m. 

Bent equation, upper storey; 

3(JJcn + J^Bc) — + iOOO X 100 Ib.-in. 

We thus have ^ equations for solving 4 unknowns, (>„: 0^1 

Solving Oa ^ - 13,900 

f>c ^ — -5000 
4 a = + 2 fl, 63 S 
= + II jOno 
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Subatitution <if these values in the necessary equations gii'es. 


±= + 60,100 Ih.-in. 
3 /ba ^ + 40,100 „ 

i/„B ^ ^ 50,700 

3/j,P ^ + 20,100 

3^cb ^ 30,000 „ 

= _ 30,000 


at joint B = + 600 
{nearly equal to 

aero). 


Bent equation, lower storey, gives 2(100,200) 

= 200.4tl0 11). in, ^ 200,000 Ih.-m, leqd. 














THEORY OF STRUCT0RE8 
Bent equation, upper atorev, givea 2(50,1003 

' 100,200 Ib.-in. scr 100,000 Ib.-in, reqd. 

Sdution btf Motnmt-Bi»tr}hutifm Method. 

K for all members ^ J. 

A'' for all vertical niembeis praprtional to U 

Tbe sway fixing momenta; 

-V'iB + .V'flA + J/'ep + M*yy^ = 20f),000 

Now if theae lower members AB and EF am swayed without 
any rotation of the joiiits B and E, then the above momenta 
are all equal, and equal to + 200,000/4 + 50,000 fb -in 

SiimlarU^ swapng the members BC and DE, without rotating 
G join C, 5 and the 4 end csoluinn moments induced 
w,J be equal to Jf = + 100,000/4 = + 25,000 Ib.-m. 
Moments in multiples of — lo^ooo Ib -in 
It is the multiple which will be babiocedi ote. 

-MiMTibur 


Kal. 

G.O.F. 

K' 


r.n.A[. 

lift!. 

Q.\X 

Bal, S. 
Bal . M. 

exx 
B^L y. 
mh 

eXL 
BiJ.S. 
Bal. M. 

C.O. 
Biki. S, 
Bal, m. 


1 [ be J5J5 

1 EF F£ 

0 ' 'T 

1 

1 1 

1 i * 

1 ' ^ 

1 

lED 1} 

i 

i 

1 

+ soo + BOO 

1 0 - aso 

0 0 
— 2-SI) _ 2-90 

+ 5‘EM> + 5-ao 

- '2-m 0 

i 

- 1 M 0 

+ i-Ufi + r-ss 

0 — 0-09 

- l'2r> _ 1-26' 

0 0 

— 0-00 — o-ooj 

1 0 _ 1-25 

■f I HB + I -S8 

- 01»« 0 

- 0 48 0 1 

+ U-V2 + 0-72 

0 _ 0-30 1 

— I>'48 — O-JS 1 

0 0 

- 0-30 _ 0-30 1 

0 ^ 0-48 

-I- 0 72 -1- 0 72 

— 0-3(1 0 

— O-la 0 1 ^ 0-lH _ 0-J8 i 

+ 0 27 + 0-27 1 0 0 ; 

-0-U ^0-14 -0-14 

0 — 0-18 

+ 0-27 + 0-27 

- 0 U 0 

- Ch07 O' 

-1- O'lO + o-io 

0 - 0 OS 

' 0-07 — 0-07 j 

0 0 ; 
- 0-05 _ 0-05 

0 - 0-07 

+ 0 10 -1- 0 10 

— 0-05 6 


E.\I tlb..in 4 j +gfi.9w +3n,60o‘j ^aO.OOO -JJO.MO 


+ 39,600 +fiD,900 
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Bunt equation, lowor storey, + + .19,600 + 39,©M) 

+ 39,900 = 199,000 ^ 200,000 Ib.-in. 



BU 


“1 

Cl> 

BO 

DE 


ED 

K 

liiil 

C.O-F. 

K' 

1 

■ ' 

J 

1 1 

1 

1 

Stov 

+ am 

— iS’BU 


+ a-DO 
- l‘3S 

0 

- 1-26 

0 

- 1 ^ 

+ 2'50 
- 1‘3S 


+ 2 50 
- K'5y 

C.O, 
Bill. 1^. 
BbI. _\I. 

- 0 63 
+ 2-J35 

- 0'^ 


— Itb 

+ 1 

- 0 Oa 

^ 0 63 

0 

- O’SO 

- CHS3 

0 

- O'SO 

^ 1 25 
+ 2-S« 
- 0-50 


-6-63 
+ 2-Ba 
- O’lW 

CD, 
Tfjki. S. 
BfJ. >1. 

- 0 S5 

+ 1 10 

- 


0-4S 
+ 1 10 
— 0-1& 

^ oas 

0 

- 0-13 

— 0 35 

0 

-0-10 

— 0'4a 
H- MO 
0 10 


- 0 26 
+ MO 
- 0 5S 

c.o. 

Bill. S. 
Bikl. M. 

- 0^it> 
^ U-12 

- 0-U 


- (hlS 
+ 0-42 

- 007 

-O'ttJ 

u 

^ 0 07 

-O'lO 

0 

0 07 

— ihiS 
+ 0 42 

— 0-07 


^ 0 10 
+ 0-43 

-0-14 

C.O, 
BaL S. 
Kfla. M, 

— 1504 
H- 0 I S 
0^05 


— out 
+ O'lO 

— 0.03 

- 0-C4 

0 

— 0 03 

- 0-04 

0 

— Ch03 

— 0 07 
+ D IB 

- 0 03 


— 0-04 
+ 016 

— O-OS 


+2<a,3(l1> +.10,400 

-30,600 -30.600 

430^400 +20*300 


Bent equation, upper storey : 

2(20,300 + 30,400) = 101,400 Ib.-ln. ^ 100,000 Ih. in. 
Joint equatifiu (5): 30,000 -|- 20,300 39,900 ~ 0 

Joint equation (f-J: + 30,400 - 30,000 = - 200-0 ^ 0 

I’he moment, sliearing force, and displacement diagrams are 
given In Fig. 247. 

S/iMring Foir^s i» tfif dfewfier#, 

(fl) AB and EF, At A an<l F, both = lOtm lb. acting right 
to left, and their aiirti balances the external forcea of 1000 Jb. 
and 1000 lb. acting left to right. 

At B and E, the shearing forces must be l OWlb. in each 
member acting from left to ligiit: i.e, thoir sum is equal to the 
2 extenmi loads and of the same sign. 

(A) BC and E[>, At B and E the shearing foroes are both 
= 500 lb. acting right to left and they balance the lOOO lb, 
load acting at (J from left to right. 







































THEORY OF STRUCTURES 


At C and D, both shearing forces are equal to ;>00 lb. each 
acting from left to right^ and equal to the external force of 
1000 lb. at C and of the a^mic sign. 



From the actual calculated moments the above shearing 
force values are very nearly equal to those given above. 

lllmtrative Problem 57. (Figs. 248, S40, 250, 251.) 

A fjtkm&a bridgQ or op6fi girdiir, ponaifltiuj^ of two rtscUmgulftr 

fnunoji Himply.quppoftod at the Lot the fniliMj bo ARODEF^ Ooiiiisliiifi 

of tlie 2 eofitmuouB beanH ABC imd and tho a vorttoaL moTiaborw FAm 

EE and DO. Tba wbdlo Struoturo h moaolithio. It [b supported at F and D* 
thfl iconiborB liavd the- loti^b af 100 in.., and tbo soiiw^ JE and /. 

So Jet 3AA « L for all main bom in tho Hlnp^-dciloctiou squat tortn. Tho 
Lippor mombont AB^ BC aro loaded wjlh a mufarm load of IS lb, nor ini* and 
Ihera lx a point lofttl of 2l»D0 lb. fit tliO joint B. 
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4021S0 

Joinl'_A 


Joint B 


1350 


350 , 

u>«« 


2200 BW 

JoinI'F 


Joint E 

forced in LB. units 

Coii;^s in IN.-LB,units, 

Fiw. 2Sl 


4fl5 
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THEORY OF STHUCTUEES 


The reactions at F and D will iwth be 2200 lb., as the beam 
is symmetrical about the rertical member BE, and, as it is 
symmetrically loaded about this member, then under the 
loading there will be no moment? or >/eb : tli« beam will 
deform ns shown; members AB end BC swaying to .4if', 
CB', and the members FE and DE to FE' and DE'. 

There will be no sway of the members AF and €D. 

After distortion, and due to symmetry and symmetry of 
loading, 

®BA = (Jjsc ~ ® j ^ OfE = 0 

The frame ABEF sways to tlio position AB'E’F [Fig. 248}, 
where the angles at B’ or E' are zero. Therefore ijnagine tluit 
the frajiie rotates positively about E*B’. Them is no change 
in the lengths AF and ifiJ, therefore 

^AB = ^B'A = + ^a ; = ^J5'F = + ^Ai »*>’ + 4 

Let = flp,. 

Stope-Dejtection Sdutton. 

JfiB = SAa -b 3^ 4- 10,000; 10,000 

^^AF = 2®A + =5 2fly *f 0^ 

— 20*' + 3^: Jf pp. = 6p, + 3^ 

Joint equation (.4); M = o 
Joint equation (/"); + JfpE = 0 

Bent equation: + My^ + My.y 

= (+ 22UO X 100) + (- 1200 X 30j 
— + 100,000 lb,-in. 

Solving the resulting 3 simultaneous equations for ^,3^ and 
Ojj, we fnd 4> == 10,778; 0^ ts* _ ] 4,534 and Op = - 11,200. 
The moments are tlien; 

^AB = + 40,260 Ib.-in. 34.800 Ib.-in, 

^AF = ^ 40,260 Ib.-in. Jf UJ, ss + 48,134 lb.-in. 

— — 30,034 Ib.-in. -|- 30,534 Ib.-iti, 

Note, The joint equations are satisfied. 

The bent equation: -f 40.2f5t> + 34,S(Ki + + 36,»34 -f- 48,134 
= 100,128 ;£r 160,000 Ib.-in. 
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(Ib.-iii.) ^ 30.1K^ " 40.237 + -10.335 4 3^.700 -- 34.700 - 40.335 4 ^0.235 4 30.004 
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Member 

FE 

BF 

EB 


BE 

Mf3 

m: 

A' 

1 

[wUli 

«Oi) 

t 

[wltli 1 BC, 54] 

(With i 

1 

Km 

Bal. 

C,O.F. 

K'iyrK' 

i Cu'illi J'-4) i 

ir 

1 

1 

1 

6 

i 

1 (With DU) ^ 

1 


0 

0 

0 


0 

0 

0 

BaL M. 

0 

0 

0 


0 

0 

0 

C.O. 

0 

0 

0 


0 

0 

0 

Bal. S. 

+ 41,m 

+ 41.575 

0 


0 

-4IJ75 


Bfa.M- 

- 10,1SS 

0 

0 


0 

0 


C.O. 

0 

- 0504 

0 


0 

+ 0504 

e 

Bat. H. 

+ 15,047 

+ 15*047 

0 


0 

^15,047 

- 1G.C4T 

Bui. M. 

- 27&tJ 

0 

0 


0 

0 

+ S7SEt 


U 

- 13H5 

0 


0 

+ 1305 

0 

Bal. 3. 

+ 200» 

+ 3000 

0 


0 

- 2009 

— 2CMS0 

Bat. M. 

— 353 

0 

0 


0 

0 

+ 353 

C.O. ! 

0 

- 177 

0 


0 

+ 177 

0 

Hal. 3. I 

+ 1^53 

+ 250 

0 


0 

- 2 50 

^ 2G0 

BaL M. 

" 45 

0 

0 


0 

0 

+ 45 

C-0. 

0 

- 23 

1 0 


0 

+ 23 

0 

Bal. 

+ 53 

+ 33 

0 


0 

^ 33 

- 33 

Bal. M. 

^ 3 

0 



0 

0 

+ 0 

VLM III.-in. 

+ 35.002 +40.004 

0 


0 

^45,004 

-36,002 


Bent etjuatioH« ^ u a “I” An'S” e p 

= + 40,235 + 34,760 + 36,tH)2 + 46,004 
s=s + 159,001 ^ 160,000 lb,-in. 

After tlie lat buUince aiKi carry-over, tlie sum of the inoiuentii 
at the enda A B and FE 

= — 7500 + S^ifs from the bent equation, -f 160,000 

In the let lialance S (Bal, !il), 4^1/'^,^ = + 107,500 |b.-in. 
and M\ii = + 41,875 Jh.-m. 

joints A, B, Ft E are kept fixed and AH, FE swayed 
equally; then the momenta induced at the ends *4, B, F &ud 
E will all be equal to 




































THK iiWPK-DEFLEC'TlOS. ETC., METfiODS 

AfU^r the ^ntl balance anti can^''-tiver, nciditioiml mometita at 
the ends of the horizontal raembere AH and f'E are 
for AH, — and — 10,4fly 

and for FE, - l»d»S and - U/M7 

The total of these nioments =! — liO.lSft 

43/'^h = + ao;iS9 

Thf Sheariyuj Forces in the Memiterjt AH and FE, 

Shear ettuation; to fizid the shears for the end coni^les 
^ ijg cqa&l to the sum of 

I'JUO . ,, 

2200 lb- acting vertically upwards at F and ooi) 

Acting vertkAlIv d^iwnwattls At A. 

Tlic sum is mw lb, acting Yertically iipwani^. 

_ 75 q.|jHj_ acting upwAftls at the cut ondof the 

inHinber^JI^ at A ; because both couples are counter- clockwise 
ones. 

M FE ~t~ KF „ g50-0 lb. acting upw ards at the cut end of the 

wciubei/'A’ at B, liecaiise both coiiplea arc mniiter-clockwb* 
ones. Their sum is l«0l-21b. acting vertically upwanls and 
thus tlie shear equation is satisfied. 

Total mrnrhiS Force at the Cut Bnds AHFK of (he ifevAera 
AHandFE. 

AH. The total shearing force at .4 will be 7.7U-0 lb. (upwards) 
plus — wf = * ^ the simple beam shear also acting 

unwanis The total is therefore iSoO-fi lb. (upwi'aida). 

m total sharing force at if is lb. actixig 
due to the end couples plus the simple team 
acting upwards. The sum is JSO-fi lb. acting „ 

FB. There are no transverse forc^ acting „ . 

the shear at F will te S.-iO-fl lb acting 

lb Acting downwatds, both due to the end ^ p ■ 

.IB pi...»» 

B = 1001'2 lb. acting downwards. This balances the 
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THEORY OP structures 


forces acting on the panel ABEP\ which are 3200 lb. upward 
at P and 1*200 lb. downwards on AH, giving a resultant of 
1000 lb, acting upward. 

The sum of the total shear at .4 and P must ofavionsU' he 
equal to and of the same sense as the reaction at ¥. 

At A, the shear is iSnOdj ib. upwards, and at F the shear is 
K50-fj]b. upwardfi. Their sum is equal to 320!-3 Ih, acting 



upwaixls and equal in magnitude and sense of action to the 
reaction of 2’2()0 lb, at 

It can be shown that the direct force in ,4 F and CD is 1350 lb. 
fcompression) and in BE it is 2OTJ0 Jb. — 2 x toO lb. = 1700 Ib, 
ieomj>resaion). 

The diagrams of the fnreesi acting on the joints A (and 0}, 
P {and u), H and E are given in Fig. 25], 


HhtsttaHve Prahhm .58. 

■! ''«*! c. with mt Miieiitrid Iwwl 
= “1 BC = b. CalcutDto tl» 

itbOmcn tH at ,-|, ami C (Fi^, ^ 

Referring to Fig. 252, let B sway to the left; 

^Aii — find is + 

and is ~ 

^ ft . 

^A 

0 A = Oc = <► 

.Moment at B due to P is Pd, and is negative. 
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jSlope-DefiMion Eqmtion^. 

H" a(^b H" ^a) 

Joint oquation (fi) : J/^ji + + (— ~ 

/. 0b(4A-^ + 4Ab) + ^ O^A,,) + {-Pd) = tl 

There is no liorizont-al force at B. 


(i) 




and 


Bc 4“ d/ t^m 


= A' 
= X 


- HA _ j^^wi:r+ 

••• “»(v*-x) + “*^(t + X-5)"'’ • 

K K 

■ if ^ - then 4^, = (I, anc] there is no sway ■, 

■" a 6 

• ^A_“- ^AU_^ 

With no sway, 40,1 A,, 

„‘l« + 6/ 


,'. Spi = + 

fhen Jf 4 ft —" *^Aj( * ^ ^ 

Jil 


4A, 

« _-j.™ JL. 

h’ iKj, a + (i i ' it + b 

a 


‘ Ba 


.Vpc = 4A 


Pd b 


«’A4H'fl + 6 


= + Pd. 
= + Prf . 


« 4- A 

6 


a + b 
_ Pd b 

^^c%i ~ *2 ' o + i 

For other cases take specific vahies of a, A, rf, P , /^ut -f^ac 
solve the two equations (i) and (iij, 
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Taking tlio general caae^ where swaying oceiiK^ find wiiat 
liorlzontal forcre applied at would prevent sway. 

if swajdng is preventof B w-ill come directly under *4 and 
directly over C. 

Then ~ and 

Joint equation: ilf p 4 + + (— Pd) = 0 . 

PA 

a h 


Shear e<iuation: 


CH 


= F. 


uA ” r df |jc “ 2Ap . 

/, 4(A\ + ApKJb = + Pd 


r. Pd 


4 (A'a + A'h) 


.*. ~ + P<f ■ 


iffic = + > Jif 


. y ^Pd 


(A'^ -[- iT^) ’ 
A'b . 


J/.. - + %; 


_ . -If _ I 

(A'a + A'J' 2 


3 pd 


A'r 


(JTx + Ab) 2- 6 -{AV-I- A'„) 
Knou'htg the direction of sway, the direction of J' will bo known, 
jp „ 3 Pd (hKj,— ffA'tt) 


2-ol. (A'a + A„) 


If 

then 


A\ = 


tfp 


3 Pd {aKj,-aK„) 

“2 06 *Viif„+-frA'„J = ''- 


which confirms the result previously obtained that away does 
not occur when KJKj^ == afb. 

No atca^. Lot — = ^ j Lm /I _ _L 

^ac (** ”6 V /bc V 1 “ 2* 

i'C. a = />/2 

6 




fc/2 + & - ^'*3 


Then 
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IlltuitTfiHvt PriMem 50. (Sou Fig. 2.'i4.) 

A nqetimguliaJ' portal CAUD is ftt tho suppcrlg V and D. 

OA ™ DB » ^ 

.4^ f (bentn) 

Tt)Si wtiixmifi hu&v^ EL znoizfcEint of inpriiEL 1 1, and Lb^ Imyn t luit ot /. C4 
DB aro londoci with a uniformly va:r>dn^ load ^rocq q por uiut at C and 

D, to Hsro fit A and jB. E in thu for nil rnmbor ftnd aamimo- = 1. 





Fic;. 254 

f/h^ 

The fixed >;«ndiiig ruoments at C and A are equal to + — 

(iiici — ^ reepoctivcly. As the i>ortal is sjTumotricaHy loaded, 
3v 

we ahould consider only the motnents at C and At with the 
pros'iso that Oi,,^ ^ fljj = — 5 ?! — Let 6^ — &c- 

There wiU be no sway due to symmetry of loading. 

A'ca — -^Afl = ~ 

It can be shown that 

oA* 1 qh* 

^^s.c = '^Ac(1‘o9.v) — *2 ' 20 


J/ 


CA 


0 = 2Ks;{‘IS(j + Aa) "H 20 


^2A'j,{*2fl^ + Op) - *>Jrp(5.0 
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Joint A equation; ^ 0 

solving for «, ; . ,*> 


Then J/i„ = - = ^- 


Imqhr 


”, where w = A'p/A'f 


60 (2»rt + 3)’ 

It ean also Iw showu that <>(, = — 5^- { 77 -^;^— ll 

' 120 Uc 2/f u + 'iKj 

iS’o/»/ion hy Mommi-Diitributian MeihotL 

Let A = 1 ( 1(1 in., = /^i, !00 in.^, /ss](K(m. ami 

/ab “ ■'5^ KAc* (for C hinged on CA) 

{ 9/'®\ , / I 9A*\ 7 

^ P W j J " m 

when q = 10 lb. jicr in. 

‘^^Ah = — J^Af? ~ + lb.-in» bSlopc-deflection Metliod). 
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aIC 

ab 
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1 

a 

il 
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- 
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i> 

+ 5Ji33 

n 

UaL M- 

0 

H- :uim 

+ JKI 34 - i334 

^ 34W) 

II 

tio. 

. 

fi 

- IH17 + 1107 

0 

u 

bh.1. y\. 


H- 7111) 

+ 407 ^ 407 

+ 7IM> 

u 

i\ 0 . 

b 

D 

- :!34 - 1 - ?34 

0 

i\ 


n 

1411 

4 !I4 - tH 

- NO 

II 

0,0. 

n 

Q 

- +“ 4 T 

U 

0 

.M. 

II 

+ 2 ^ 

-1- III - ISI 

4^ 2 » 

0 

0,0. 

II 

ri 

lo 4 10 

11 

fi 

Riil. 

0 

+ Ii 

+ 

4 - 4 I 
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Bent equation ; — 145U + U 3 lt = n. 

It can be Bhuwrv that the horizontal reaction at the liingc C 
is 318-74 lb, (acting right to left ), and at D it is 318-74 tb. 
(acting left to right). 
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The shf^aring for(« ftt the top of coliiinii CA is lMi-2rtJb., 
acting right to left, and at B, top of coluiiin I)B it Ih also 

lb„ acting left to right. For CA ^ = 50(1 = 318*74 

+ 181*26 ss .KKI lb. (-<-). ■ 

The total shear at the cut end C of the member CA is equal 
1450 

to - - - lb. actmg from left to right due to the end coujile, 

1 Ulr 

*lhi , 

plus -r^ .simple beam acting frtim right, left. 

Tot 4 il shear at V is 1 4 rjlt lb. (^) + 333.53 lb. {^) 

= 318’74 lb. acting right to left.. This is alstJ tlio reaetiori 
at the hinge C. 

The reaction at the iiingo IJ must be al,w 31 >4-74 lb,, bxtt 
acting left to right. 

The shear at the top A of the mcinWr OA is = 14 lb, 

] fth 

acting from right to left plus the siiii|ile Jrt.*aiii shear - . — 

■J 

acting from right to left. The total shear here is therefore 
18l-2tillj. acting fmin right to left. The UtUil shear at /i for 
member B/J muet be IS 1-2^1 Jh., bat acting from k^ft to right- 
The diagrariis of miunent^ shearing force, and displacement 
are given in Fig. 2-14^ 

I/lmfjrative Frofjteifi <5^1. (See Fig. page -iTIi.) 

{C hinged) = - 3833 ^ 

Uent cqmition: 

J/aC+ -VllM = ¥ ^ I ^ 

Fn^m the joint equations for .4 and B and the bent eqtiatioJl, 
Jind asing the s 2 i}pc-deflection equations fssr ^^114 

and it can be shown that 

fljj = — S.'jO? ; Oa — ~ 2M^ ; aixd the sway angle for 
f".4 and I>B — + 

Tlierefore, 

3Mn. ; 4/ AC = + i 

lb.-in. ; = + Il0ft3 Ib in.. 

^ lOdhkS Ih.^in, ^ Wjm lb.-in. 
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The hori^ntal reaction at C due to the couple of—700<j lb,-iiu 
at ^4 ia 7fj lb. acting from right to left: the rcajotioo at D due to 
the cuupb of — 9t!00 lb.-in. at ^ ia M0-6G Ibn actmg fmm right 
to left. Tlie corresponding shears acting at the lops of the 
columns act in the direction left ti> right and their sum b equal 
to lb. The proportionate shear due to the load on CA 





and acting at the tops of the cohimna m lOG OG lb. acting in 
the direction right to left^ Thus the total shearing force acting 
in tlie top of the coliinin CA at .4 is J GG^tJG Ib. acting kom right 
to left plus 7G-0lb. acting frora left to right. The miultant is 
GO-B lb. acting from right to left and this balances tho iJO-G lb. 
acting On the top of the column DB at B in the left to right 
direction. The total horbontal reaction at C is 333'3S lb. 
acting from right lo left plus 76 lb. acting from right to left, 
giving a total of 409-33 lb. acting io the right to left (iireetjon. 

Thu? the sum of the horizontal reactions at C and D is equal 
to 500 lb. acting from right to left, and this sum balnni^a the 
dead load of 500 lb. on CA which acta from left to right. 

Iho momeut^. column shearing force^ and displacCHicnt 
diagrams are given in Fig. 255. 
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Bent + 7<J()3 + tWfift — + 
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The example.^ gis'eii ha%e been in eotineetion with simple 
continuous frames having horizontal aiui vertical priainatie 
members. For tlie in which sway occurred, the relative 
movement of the panel point.s could l>e detcrniincfl by g*^metry% 
aiw) w here there were f}rj|y one or two degrees of sway freedom. 
For more complex frames, frames with iicm-prismatic niemljcrs, 
with sloping ntembers, and with a mimber of degrees of sway 
freedom, the student is refern^d to other works, a feAv of w liich 
arc listefl in the references given on 4^0, 

The Calculation of the Ajidal Forces iu Members of a Frame^ 
In the determination of tlie axial forces in the memlwrs of a 
frame, the shearing forces acting at the ends of the members 
innst be eoiisklereci. Tliese can lie determined by the metboti 
given in jiara, iVI^ ptge ko, and summarized in equation 
page !J5. It will be noticed that the shearing force will consist 
in i-Mirt of that due to the lateral loading and in part that due to 
the end couples. The forces equal and o|pposite to these slu^aring 
forces represent the shear action of the bent members of a 
frame on its Joints* Considering tluwc actions as external 
forces applied at tiie joints, we can calculate the axial forces in 
all members, and, jf a frame has been restrained against lateral 
movement, the forces restraining this movement. 

Ell a struct lire such ns that given in Problem Fig. 2fl4, 
page 481, a force will act on the joint at .4 due to the member 
AD : this will act in the meiid>c:rs OA and AE, CA being ex¬ 
tended and AE compresset], Thi.^ is a statically indeterminate 
problem. The magnitudes of the forees de|HUid on the cross - 
seetioniil areas of the memliens and their lengths. In the pnib- 
lcm+ the liars arc cif the same length , and if w'e assume the emss 
sections are equal, we cnnchide that the load at the joint .1 
is equally dividcfl between the two Iwim, We shall Jmve a 
tensile foree in of the same magnitude as the compressive 
force ill AE^ The horizontal l)ars /i.4 and AD can be treated 
similarly. 

The axial forces in ihe bars can be calculated without any 
difficnity, provided that the eiifl momeut.s a^re know n. It has 
Ijceii left ILK nn exercise for the student to deUTniioe the axial 
forces in the members of the frames^ wdiieh have been analysed 
in the llhLstnitive Problems. 
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EXAMFLKS 

I to 12, Coiwtruct tho fthpitf and nvomEnt J.tL’h^rAmK rnr ennh of tUo stniE-tuiw 
jfbown in Fi^. 25tt td 267 for tJyo Uwuls mid (?nd condiHon^ ifivtitr In probloitiii 
5 and 0 (Fi^. 26f> and iht 101x111*4 iirw matb of alaba mikkiiig itjj Olllveit 

wild a 1 ft. slHp of tisn oidvort Ja oonHiidon^L 

13. (Son Fig. 2ti0.) Tlio cidv'ort w juat filtwl with w'ntor w«:ig}Lii>g fl-'Q lb. 
por cubic foot. Again, coniitdcriiig a iitrip of 1 ft.^ oulcidato Itio momenta at 
l3w enda of tho Ainbfl dm to iho wator l™i only. 

14. (3oo Fig. ia.'i.J 

(a) Roinovo tite liorimntjil loiid^ and ro^analyiM? ihn fmnio wlma * ig 
lodikNi tiniformly al tho nito of lt> lb. per in. ^ 

(/>) Re-imnlyAo tVw utnkclnro wispn a load P of 24tfMl Ih. ftfta from loft to 
ri^l- 4 it tbci mid of A li. ThonL' am no ot lior loudH on tho atnirturo. 

(r) If F = 30 X HP lb, |x*r eq. in.^ find I lie htin^oninl movcmctit of HV 
In Problania JH and 14 (!^). 

15+ Bc-annlyflo tho structnro in Fig. 266, If f> ia dimiSoceiJ. horiKontally to 
Ihfr right by 1 'Id in., no Etkllitioi^ of tlio siipport taking f^toco. K ^ X 10* lb, 
per sq^ in, 

16. Ro analyte tlw Stnictniw in ¥t^. iSfi ib\ if only EV bf icNidwi uniformly 
at- tlie rato of tOU lb. per iit. 



Loadir^ for all beams is iTon/ff. over tbe beam fco^tfi. 
E ■ fimstant Mo d isplace mant of aupports or hinges. 

Fia, 


P-llbn 

A 




6 ^- 


-20 

P.^iTon 





4 A _ 8 _C V _A _B__CtA'Wlt: 

o f IsVf*— ^ 


(b) ' ' ’ (d) 

A]J Members £I ■ Const *4QOOo(ffc)^-ton units 
Mo displacerrien^ oTsupports or hingira 
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1000 Ih. 



I-AB.AD,AE. - iioln unita 
I - AC ^90irLU0it5 
Fia. ^<34 




I - A8 ^CD, * 200 in.' u m ts 
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Fro* 267 
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Tub Rbciprocai, Theorb.m and thk Mechaxicai. 

Sowmox OF Statically Ixobtebjiixate Stkuctckes 
Ba.ski> ox tuis Theorem 

;21U* Tii& Reciprocal Ttiedrein. TJiis theorem comprises two 
different st&tOit of Htresa of mi clastic systenL «Sup[K>8e any 
weightless clastic body either solid or a framework—statically 
detcnninate op statically indetcrmiimte—-is aapported in such 
a way that the reactive forces <lti no work wlieti applied to the 
bod 3 ’. This will ooctir («) when t)ie points of support are fixeil 
in space, for then no movement of the fsniits wdll occur, and 
(fr) w’lven the Imdy is supported on frictiontess liea rings for here, 
supjHWting a rigid supjxui. any movement is at right angles to 
the reactive forces hronght iiiUi play. For an elastic bodj% the 
relation between load and displacement is linear. 

In the first state of stress imagine a single force P, applied 
at a point a on the body, anti in the second state a single force 
Ft aiiptied at a point 6 on the body. I’he displnocmcnts of the 
[Kunts of applieatitin in the directions of the applied forces are 
P« - daa und Fa . iu the first state, and i\ . and P* . 3,* in 
t.he j^coiir] wh«+rc 

= di^^pJaeeiuent at a (Jiip Uy unit loatl at at in theiliirtsgtiuii of 

" 5J ^ TT M tk pi Ff^ 

““ S* ^ ++ Jt ^ tP II F^ 

*^4* — If iS a „ F a 

The reciprocal thcc^reiii states: the work anno by the forces 
in the first state on the eorrespruuliiig displacements i>f the 
second atat^ b equaJ to tlic w ork done by the forces of the 
second state on the corresiJtJnding displacements of tho first 
state. Tills mean.4 for the simple cose taken: 

= . . . ( 1 ) 

To prov'e this theorem^ let ns consiiler the strain energy of 
the IxKly when the forces F^ and F^ art* acting together, and 
use the fact that tlie amoiuit of stn^Ln energy does not depend 
iqH'jn tl^e order in vidiieh the f«.iTce 3 ate applied but only ij|K>n 
the final values of the forces. 


THE RKClPRfX'AL THEOREM, ETC. 4ft3 

In thu first nuinner of loiidi»g, assume that the force w 
applied first and later tlie force The stniin energy stored 
during the npplitfation of is < {Pa ■ 

Apply now the force at b keeping tile force P^ on at n. 
The work done by jP* is 4 /** -iPb • It will be noted tliat 
during the application of the point of apjilieation of the 
previously applied load Pj iias been diajjlaocd by an aniount 
Pfc. bab* Then Pa does work equal to P^ . (P^. This is 
not divided by 2 because the force Pa renmins constant iltiriiig 
the time in which the pr^int of appJiention undergoes the 
displacement P„. Hence the total strain energy stored 

in the bocly due to the two oivrations in the first manner of 
loading is 

U = iPa . (P„ . A„) + \Pt . (P| - Abb) + Pa . {P* ■ Aab) (a) 

In the second manner of loading, ajiply first tire force P^ and 
later the force P„. Tlien, repeating the same reasoning as for 
the first manner of loading, we obtain 

f \ = J P* . (P* . <i**) + IP. ‘ {Pa • + Pb. (P. ■ Ab„) (3) 

U must be equal to tbeteforc equating equations {‘2) and (3). 

/. P, . fP* . = P* ■ tP* ■ 

i.e. = * 1 ,.{■>') 

or, the deflection of V in tiic (Jirection of when unit load 
acts at h in the direction of P* is the same as the deflection at 
'fp when unit load is apiilied at ‘a’ in the direction of P^, 
1’hls is Maxwell's I*ftW 

If P„ = P» = P, then P -. lias = P® - 

or (lia*) — . (3) 

and a verification of tiiia conclusion for a juirticular case is 
given in tlie Illustrative Problem 0, page 33, 

Equation ( 1 ) is a sirn]jlc form of Betti’s Law (I 8 T' 2 ) which 
extemhi MaxwcH’s Uw. This theorem can be provixl for any 
number of forces, and also for couples, and for forces and 
couples. 

As an ox ample, consider the bending of a simply'supported 
prismatic beam of length /, In the fimt state, it is bent by a 
load P, applied at tbe middle 'c', and in the second state by a 
bending couple ji /4 applied at one end Unit iMd^ in the 
direction iif P^ produces the slope 0 ^, = P,'IttA/ at rf. ami a 
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unit coupio applied at 'd* in the direction of produces the 
deflection at ‘c*’ Equation (I) gives 

^ • am) • ' 

or i^(deflectioii at r dm to = ,l/^(sIope at d due to P^) 

This example ahowa tbat a reciprocal relationaliip exist* between 
a rotation and a deflection: such a relationship may exist 
between rotations, but care must he taken in selecting the 
correct rctationship. (A rotation must l>c accompanied by a 
moment.) The application of Betti's £c|nation will help. 
Conaidering equation (i), 

' *«» = Rm »II '1 K < 

Then Betti’s equation will rend 

^ ^\{!/ha) - • • (^) 

Agnin, cxinsidcring equation (OJ, 

U 

^ f ’ TirtFi ™ R ^ ^4t 


let 


and 


.1/,. 


— * df^ — 


16/;/ 

u 

liiEi 

Then equation (6) will read 

^>‘i/44 = . . . (8) 

If, in equation (7), P, ^ = p^ 

anti if, in equation (H), js of the sutne magnitude as d/^, 

!ftd ^ inaguitmle. 

Ihese are ^riicular cases of the reciprocal thoorem when 
considering the total displaoementn or mtationa, for equal 
vames of the forces and couples gn^ater than unity. 

Aow’ let P^ and be a force and a cotmle in the first state 
app at « and d, and let and .)/* be a force and a coutile 
m the s^nd state applied at fr and c. and be 

the total displacement at 6 in the direction of P, and the total 
rotatioii at c due to P, and .V, acting together in the fii^t 
state. Lot anti bo tho displacement at a and the 
rotation at d ^n the direction of />, and M, due to the toiul P, 
and tho couple acting together in the second ^ate. 
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Th^n it mn be ^own that 
* ■^aE&e) H“ ^ Pt * 

TLuSj eontiTiuingT if a number of forces and couples represented 
by and act together lit repreaentative [Kjiiita u in the 
bist fttatCj and a number of forces and couples reprcseated by 
and Jfji act at repiescntative fxjiiits 6 in the second state, 
then the general form of Betti's equatiori h 



where and the displacements and rotations at tlie 

points a in the first state due to the forces and couples In the 
second statc^ and and are the displacemeiits and retatioiiii 
at the 5 bi tbe second state. The displaceinents and 

I'otations are in the directions of the re^jpective forces and 
couples. 

Es;Eaci5ES- 

(J) Show timt tko alop of » Iwion m A caiiaed by a uioiiittflt ftpplifld ut It 

iH tquul la tbu hIuIjO al Jj whun thtj ftftmo uKHm-Ot 'm applied ut A. 

(2| Show itiBt this tdoijfl of fl I?*™ jit A c*u«d by ii load ut if i* Turf uinuii 
to the aJobc Ut it whon the somo lo&d is upplied ot A. 

(3) SIiow t hut LilCi deflection of u boiWH ut A hy u niummt At B $a 

oiijii&l to the ijeflection &l & when iho momBni ta appUed wt A^ 

IllmlmlivG Probleift til. 

A bwuai oft of UAtfonii Bautiuii is buill in ui a arid it i* HupfKjrUd tm ujriKid 
pro* ut ft. ft IB at iha soxne alLivutiua oft at a. Tto la oticc MtatirtUly 

iiidotamuiittte. Let /?* bcs the oKt^ul rediindarU. Draw llm influrajici law 
for iho pfop reacticitl whan a load P dw ispan of l&ogtTl L Neglnat 

d.isplaccHiwnta duo to ahoorh -(Seo Fij^. 

In Fig. 2ti8{a) IS given the actual state of loading; in 
Fig. 2titi (b) is given a second state of loading (imagiiiaryjK 
P having been taken off and R^ replaced by unit k^ad. No work 
is done by the reactions at th^ support a* Considering the 
second stage of stress, it can be shown that the equation of the 
deileeted cantilever is 



— 3j;/ 


neglecting any disphvctnnent due to shear. 

Therefore tbo work done by the foroes of tho first state of 

*ivwr.s4joj 
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Kta'iBi un tbu displnccnicnt^j of the nceend tstate uf j« 

/■*. , djj 

„ n^P /3 \ . / P \ 

^ ■ fiEI (» ” V “ **(3!?/} ^ * 

'I’hf work dune by the forccis of the hccuiicI state t»f stress on (.he 



jsr. Sta^e 


2nd. 

((m^maryi 

nr 



t'lG. 20 s 


2nd.Sta^ 

(l^'JiAioary) 

iftT 


displace inent of the first state of stress is sceto. Thus, usin^ 
Betti's equation 

r = {J 

J?* = P. -5-(a — ») . . . (11) 

and tins is tlie equation of the iiifluotico line of A*, and tite 
deflecteil beam line in Fig. 2tt8 (6) is the influence line of i^,. 

IHwtralire Probkw B2. (See Fig. 26S (e}.) 

CamriOenng piwioiu pmblnn, lot Jll., bo tbo u^turnal rodimJiuit. 
twfuaniot the influimDcr boo of iho llxing cauplo xlf,, at « (wd Fin. 2 i 5 il <*) J. 
Xi^l«'( iJiHplDLVjqpiit dlld 111 ahfor. In tlw lioeoiicl ataio of Mtrcan, tho IcnkIIhc 
“PP**"* <■ “lal dodwlliiit the beam an ulie^ii, ifuniOPWi; ft 

1 tie etjuatioii of the displaced lieara line can be shown to bt> 
if ^rq — d“ W®) 


““ - 3® 
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Using tlic rpcijuncnl and it*4i,soning ft» before. 


/. + »*). * . (iii) 

in hotli tsftsofl due regarrl i)oiiig to the sense of the rcaetioiiH. 

/. 1 ’he clcfiec'tefl iK'Ain line in Fig. iOS (c) is the inHueiioe line 
of The exftinijles wmsiderecl have lieen for the di'lermina' 
tirin of external redundantH. (*onsi<lering tlie first. ]wrt. of t he 

let w = 4 - tl'P» ■ ^“4 “ 2 ) "" 

Then,V.. = y^P/-y = y|TPf 
l''tioTn the equation of for if = 



1 

2X2 




nhMrattvf' Probkm fl3. {See Fig, 268 (rt) and 

Dnvw thD influonec line for (tie prop reeetton when a W P ero^ 
«twa of lenetU f. Allow for dL^laoemoin rtoe to «» v> that duo to 

lirailmff. is coiwtant. G.l ih 


Considering Fig. 2fiS (A) for the seoomi state of stress for 
let and he the displacements dne to shear at A and r 
respectively. It was shown in Chapter V, pages 12<>-128, that 
the appnixirnate deflection due to shear at a section in a canti¬ 
lever U equal to t.iine,s the area of the shearing force diagram 

hetween the origin {support) and the section, where nt is the 
shear eoeffident of the section, A is the cr^ sectional area, 
.md G is the elastic modnlus of the material in shear. 

Thus for the case of loading (,‘onsiderwl, a cantilever w ith 
unit load at the free end, 
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Then tJie total deflection at r due to shear anfl bending is 

m. nl 


7i»i® / 5 \ 


P 


AO 


•nd at 4 ft is + 35 


I’herefiffc, by the recipnwal theorem, 

+ 3^) (7!“ *) + *: 


m . lyl 


i? i-® 

IdCt X ^ iii , — . iv’hcre i" is the ccntroidnl mditts of gyration ; 

then it can be shown that 

^ + 6Xn 

P 2(1 + 3X) ■ ■ • 

Prom this relation, it can further be shown that 

^ _ »(« ^ !)(})— 2) 

PI 2(1 + 3xr^ ■ 

Note, It can 1^ shown for a prismatic beam AH, direction- 
hxed at both ends, if allowance is made for displacement due 
ti> shear, that the end-fixing moments and d/pj,,„ wherj 

a load P IS at a di£iianoo of nZ fK>rii the support A , are 

-Vpiu = — ft) (1 _ » 6X)}/(1 + 12A’) 

— J“^Afifn(l — ft) (» 4 . BX )}/(1 + 12 X) 
whereX^fti.f 

■ ^ howexCT W shown, for rectangular sections, if ijd 
IS > *0, where I IS the length nf a ffxerl-endcri Iwam and d is 
the depth of the ^ction, that the effect of the sliearing force 

fiduTtffl' 

shearing forew on tlie anglra of rotation at the 
Ti Timoshenko and Voting * and 

\ momenta by Professor ]Wis<i, and 

A. Amirikian in his liook of Rigid Fmtnffi. 

• TimOBhenk.. nmj Yotmj#: Thtonj (./Slrturiwr,,, tMcGmw.Hill Bodk Ctp.) 


(14) 


(!fi) 

( 10 ) 
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llhiatratim 84 . (Fig, 269 .) 

A oofitinuoue beam A€B ijt Bimply-imppn^d A Mid B and eontijiwmia 
owraa intemwjdiftlfli rigid ffuppsrt at C. An itro al tM wip elemion, 

A load F caa tmvel ovftf tha spiui OB (iw Fig, El h* cOTwtiiat. 

NeeWt displBcwnooritfl diw to sliear^ _ ^ - n 

Thia atruptwD ia dmoe etatimUy intdeicniiiatt'to- CatwiUTMt tnn itiuiwi™ 
liiHsa (a) of the reofitloDH Auppofta 0 iui<l B, and 

bonding momont at C* 3«J Fig?, 2651 {b}, (e=)* and fd). 

Infi,fence Line of (see fig. 2ffii>(a)eTid (6))- Remove P 
JUid rcpIflCc tii6 support C by unit forcp ftcrtinj^ upwArds ciitrjiTig 

First State 

fif 

Stress 

Secofid State 
(Imaginary) 
forftc 

Second Stat? 

(Imaginart^ 

lor Rb 

C Second State 

Ac^r'^Utal (Imagina^l 

onitleeipSea fiwMc 

id) 

Fie. 269 



a displacement 4 c ^ Then by the masoning of 

the previciua problem 


Hence the diKpkeed 
line of iff!. 

Influ^f*e fJjip. of 
ma^soning. 


l>eam line in tlio Fig. 269 (h) the influence 
Ej, (see Fig. ^2m (f*) and (c)). previous 


- ^as ^ F - ifi 



the displawsl boftni Imo in Fig. (c) is the inftwpnce line of 
tioic tin- senitp of action of Hi, changes sign id'iien the load I 
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ieavei* the span AC ami enters the ft\m\ CH. In this iwirt of 
the problem, and have been external rcclimclanta. 

Injlttfinef. Litif of Mf. An example of tkp- deturminafion of an 
interna} rinhtvdant. (See Pig. 3D9 (*i) amj (d),) The fiixt state 
«! stress is the aetiial state. Theio ia a lien<ling moment Jf, 
at the aupiwrt V acting in Ixjth span.s ,-lC and CB. For tin- 
second state of stress remove the load P and cut the heani to 
tlie left and right off?, and replace by two eijualandopposlti' 
iiDJt couples, one acting on tlie span ..4f' and the other on the 
spfin CTi, Ihis case is now statically deterjninate and we iiavc 
two beams dispinced simitai-ly as in the illustrative problem fi2 
]L 4Hfp, fhe deflected beam lines are as indiciiU*!! in |'’ig. 
2fK* (rf), and they are the influence lines for ,1/,. 

Jn the first .state of stresa J/, does no external work as then- 
is no cut and there is no dispJaeemeiit off', 
t-ising the reciprocal thcorern and Betti's Cfjnation. 


+ f?'„J ^ p . , = I, 


M — P - ^ 

' ’ + flV 


Hut 6' 4- fi* ST r 

" iEl 

■ \f — _■ 


.. Mf is prfjportional to and the deflected Ijcam lines in 
the aowmd state (hig. im {,/) ) are the influence line for d/,. 
Faking t if P when on span .4f i> flistant ii,/, 

from a '*”1 + 


Taking C an otigm, if p „.hcn on sjian Cfi is distant 
from C. ^ 


ExERcrsE ON the Coxn>’(;oirra Rrasi Pkori.km (Fig. 

curticiTi'of wli^h r**i sdlciulHU! tho vatiir iinU ncruu> of 

4iw. {nl tor, i |t| 37-.1 tortH.fi . 
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PKOltLKMt^ 

1. A Ajy ia direoiian-fijEfad nt Ewth fliida: rdww by Uhi rw’iprocai 

LlbourDxa iSiiil * Pi . ti(i — whore P \»n trwiaVE™ Icwwl at « diHtallOC 

from A. A'/ is a ctinstant, SkoU-il tJie innuont'O lil^e of .U^u- 

ReforrUiig to Fig. 117, illu^trulioo ProbS(?OTi J443, Mhow the* 

rvoipmcnl theorem that if a load of 50 lorn is nppSied at Iho joint t iioii tho 
Lk*fi4X!i-E0ii at ,4 \b tbo Kimio as tlait at wbon tho 50 loiw wua n|]|iliiKJ eit A 

ITso tli* formula = 

3. A Uvrni A €'If is rotiiiJtUOUS over a ngid tfUpjJOrt V and fdmply-KUpp<pni*d ut 
A and R. AV •m €B = PI i* i^orurtant. Show hy tbo recipmoal t^ioorciii 
tJult wIiOEi a load P ia at a diatunt f fn:im A thn maotion at V ia oqunt to 
HJ Sjkutoh tlin uiftiiotlL'o line of 

iJ20, An CMiinplii stiowing the use of the njuiprucal tlieureni 
for the analysis of a struetune iti which there are two (extemaJj 
redujidaQts to be found. 


2 

~a7T' 



Fir, iT(J 




Consider a beam Vat>D simply-sitpijorted at t he onils C? and /J, 
and continuous over two intermediate rigid auppjrta at n and b 
(Fig, 27<J). . • * 

Let H load P be at any [Kisitioil r\ this sj-stejn is twice 
statically iudeteruitnate. Let the two mluudant quantities be 
the support reactions A* and acting at a and b respectively. 

TJie principal ^tlaticaUy delermiwtie sysfein is the simpU'’- 
sup{K>rted beam CD. Beniovo the Load P and the tw'o unknowns 
X. and X,. 

(J) Apply at ‘a’ a load A\ = unity to the .simply-supporti^ 
beam CD and we get the displacement diagram given m 
Fig. 271. 
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The displacements are— 

at a, fijo = displnooment at a due to unit load at a; 
at r, brn = displacement at / due to unit loa<l at o; 
at 6, dta. = displacement at 6 due to unit load at u. 

By Jlaxwell’s reciprocal theorem — 

^th = = displacement at a due to unit li>ad at r ; 

~ ^ 4 , — displacement at 6 due to unit load at r; 
^*n = <Snt ~ displacement at a due to unit load at b. 



(2) Similarly consider the eimply-suptxjrted Ixjam C£t with 
~ unity acting at 6, and we get the dis placement diotfraiu 
Fig. 272. •& 


The displacements are— 

at it, dtt = displaecmcnt at it due to unit load at it ; 

at r, = displacement at r due to unit hiad at b; 

at a, dat = displacement at a duo to unit load at 4. 

Also d,t — btf and ^ d*,. 



4a, W'hich, by Max weirs 


eonsider the simply aiipjnurtcai beam 
CJi with the load P acting on it at r. 

Then the diapkeoment at a w ill be P , 
reciprocal theorem, is equal to P , 6 
Xow pla^ on the beam at the'displace,ncut position of 

a the reckon X„ (vertically upwards). Now the total dis¬ 
placement upwards due to will be . d . 
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Now place on the beam at h the ronetion acting vertically 
iipwavda; then the diaplacsraent at a duo to JC* will be 
A*. or X*. there ia no diaplaoement of the support 

at a, then 

Pbat — '‘^o - ^n» + 

or Fb,i, — Xa . + X*. dn . - (17) 

^jimilarl^'' wc find 

• Kt ' Xa . + A'* . ^41 

or P . drt ~ Xa. 5fli + X*, . ' (I ^) 


Considering the equations (17) and (t(i) and sohHng 


and A’’*, 

/%* = A'a , 5 ,* + x* . 5*4 
Noting that 5** = 



for X, 


• (10) 


m 


InterpreMioiis of E^uaiion ( 1 !)). Considering tlie deiiomiimtor 
of eijuation (19), 

is reduced hy X 

i.c. the displacoinent at due to unit load at & ( = 5«t) multiplied 
by the ratio 


displacement at b due to u nit l oad at . a 
diKplaoeiiient at due to ntiit Uuid at b 


Considering the numerator of equation (lU), 

5,, the disiilacement at r due to unit loail at a is reduced by 





m 
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i.6. the (li^piiioetneitt fit r due to unit load at i multiplied bv 
displac emen t at h due to unit load at a 
displacement at b due to unit Toad at b 
If the load P \& tii r = b, then 

A V — A V A 

Or* X c ^ Ojj X T— = 

also (5|,„ becomes =! 

and the iiumemtor of equation (19J is etjual to zero. 

Therefore, If all the ordinates of the displacement diagrarn 





CFGKC> Is the S^dia^ CJGKD it the £|jCtta^ reduced 
Sbfl/Sbb 

Fill. 274 


for the principal Kvstem {the simply-supported beam CD) with 

unit load at ft are reduced in the ratio of ^ and the new 

diagram superimposed on the displacement diagram for the 
simply-fiupported beam CD witJi unit Joad at o, then we get 
the above disp acement diagram, Fig. 274. which is the 
diagram for the beam CabD with only the support a and there- 
lore the unknown A/i removed from the system. 

Lquation (2Q) is interpreted ^imilfirly, 

171 Disensaon by the Reci'proeal 'nieorem Method. 

Fig, 2i0 Shows the actual load conditions of the beam ; cun- 

A second, and imaginarv 
IS HhoB-^n in Fig. 274. The external load 
removed. The supi^rt at b 

™ ^ A unit load 

pplicd at a, causing a di^pkoi^ment of at a, and « 

.l»pla«,m<.at i„ .t r. TI»a by p™vio,„ r»«,7i«g „„<l »>ing 


Betti's equation, 


Similarly for A'*, 


A . . A,, P , A,„ = 0 
A' =/>, 
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Tho secQTiil, or imagiTiHiy, state of stress is for the ounditioii 
of unit load applied at fc after removing the support at h and 
tlio load P and retaining the 8upi>ort at ra. A displacemeiit of 
Afci at ii oocura and Aj,j at h* Then 

X*. 



Tlie iiifluenoe tines for X, and X* are therefore the respective 
displaced beam lines: for A'a when the support at a is removed 
and that at i retained, and for .V* when the support at b is 
removed and the Biipjjort at ej retained. 

In the mcehanieal solution to lie discusseti later, it is tho 
shaded diagram which Is obtained, ihere is no displacement 
at t for unit load at r, that is the snpiiott at h remains on the 
structure and the only one removed la that at fl. Here a known 
displacement is'causctl at a, and the corresponding dis¬ 
placements i,o are measured at points r. 

Then X\ = P.-^‘ - . ■ ■ (ai) 

^aa 

.Similarly for A%, There is no displacement of the boom at a, 
that is, tho supptirt leinains on the structure, .At b, a known 
displacement A** plaeecl on the bcom and the corresponding 
displacements at joints r ectnal to Aj,^ ore measured. 

Then .... (22) 

In Fig. 27+ the ordinates of the sliade«l diagram sre those of 
the mfluenco line of A', to scale. In practice they would be 
]ilotted on a hcjrlKontal base. ,, . . ■ j 

If there was a third redundant X,, then X, would be obtained 

from the equation 

x,= l‘x^ .... ( 23 ) 

If X, is a couple, then A,, represents an angular movement 
in radian measure; see later discussion on p. "Ip'* 

This is the mechanical solution ; the method of attack is as 
follows: keep all the redundant* on tho structure, except the 


m 
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unknown which in required* Release this one, and at the place 
at which it acts cause a known displacement of, say, then 
by some means measure the displacsement at the point of 
application of the Joad P at the posttion r. Then the tmknowh 

required (say) = P . . 

vary the (volition r, then will vary and then we are ablt^ 
to plot the corresponding value of against the po^iition r^m 

that we art? able to obt^ain an 
influence line for Jl,, 

221. Before procetxling to a 
diseufssion of the meehanital 
solution of statically indeternn- 
nate structures based on the 
reciprocal theorem, consider the 
solution of a simple portal 
ABCD (Fig, 275) fixed at the 
bases A and IJ* Let the lengths of 
the columns be h and the length 
of the beam t: let the moment 
of inertia of the two columns 
be / and that of the beam /|. 
I^t a load P be applied at r 
distant from -S, Tho frame is 
three times statically indetermi¬ 
nate: let the three red uud ants l>e the eomjiononta of react ion 
at the base A. These are the vertical force the horizontal 
force ff 4 , and the couple 

The student should prove the following relations by the 
slope-deflect ion method. Assuming that E for all members is 
the samo n-nd neglecting axial and shearing force cfFecta: 



37S 


JL _ , I / 1 J ^ 2h 1 

Jil ^ n ^n) - jj(, qT^vj) - 


,1/ 

P 

7r-»fl 

( 




+ ffl) 


(25) 




where g = hji and i = 


. (26) 














THE HECIPROVAL TffKOREM. ETC. 


4Et7 


If j = 1 and 1 = 1, 

M_ 

PI 


tf* y-M 


(27) 

(28) 

( 20 ) 


If thp mpitib^rs have difFerent vnlues of E, say h fitr the 
columns anti Ej for the beam, and letting EJK = e, then tlio 
equations become 

M.. (1 1 — 2w \ 

~Pl — - — n)[rqr^;“ *2(1 Hr (ieffOf 

3 


^ = «{t 


V\ „ i n{l-2^}) 

p — (t «)| + j ^ j 


(3*)) 

(31) 

(3*2) 


EX£ItC13£. 

Dewlop eKppassiona for the Hwny ufigV* + of IIm colujrt^ d^w'thft 
Ob Witl dc of Ih* joint* B and C njapettivoljf Hi probtem* ‘ I 

And 1 = uml f ^ 1. 

Let correspond to Xjj, ^/ji to A'|j, and J * to 
Bv the reciprocal theorem, wo liavc 

A a _ At* , A * •— ’ 

~P ~~ Aa. ’ 'P Ah’ 

and these clieplacemcnt ratios can repbee the fora rutioa in the 
ootTcsponding previousiy developed equations (31) and (3«). 

Lot A'c eon^spond to Jf then ^ where = angular 

dispJa cement in radians at C ! let = -j j “■' 

where is the diaplacement of e at unit diataiioo from 
the centre of rotation, and A,-,- is that at distance I frem the 
c^^ntre of i^tatioii at C, 

Art _ A«- 

A^;. P X I K. 


PI 


Then 
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Centre of 
Rctat^ori 



Fia. 2'7lS 


A A 

The disijiacement ratio " or . " can t^rilace the iiujiiient 

ArV' Arc 

ratio in fj^quatioii as5?uining agabi that i^hear and axinl 

foTco <li&plae<sinent^ are negligible. 

ContainsicF}i. e hav'c now soon that a force or nioment rati^ * 

is equal to a displacement ratio which ia equal to a dinieriaionleH^ 

expression incorporating the 
positinn of the load, the pnjpH ' 
tics of the material, the lengths 
and momenta of inertia of tlis- 
members, 

'222. The Mectianical Solution 
of Statically Indetemimati: 
Structures Based on the Recip¬ 
rocal Theorem. It has been 
shown that the [ieflection curve 
for any continuous structure 
due to a unit load or couple replacing aiiv redundant is to sonu 
sea e the .ntliieiice line of the redundant; This feet iimkes jxJS 
eihle the inechanieal analj-isia of redtindaiit stnictinT?i by the tise 
of models. MetJinds ofanal^’jjis ha^icd on thiji principle have been 
e^clopeo. \ n-rioiis methods range from crude natier models 
or tmiiKr spline:^ to othera rt ldch make iisoof finecise instruments 
to create arid measure dellectioria of aeciiratelv conatmeted 
motlela of celluloid or other imifomi materiiil. ‘ 

W hen a inathematieul theory is uaed, ideal conditions are 
assumerh Loatfe are afisiimwl to act at points: materials are 
asMtiJim ^ perfectly elastic; centre line dimensions are used 
neglecting the thicknesa of members; the effects of brackets, 
fillefe. gu^*t {dates, ete., are neglected. With a model, one 
deals w|th a fehn^ted atriictnre; bads not mdnt loads: no 
ma na is jierfectly elastic, all members have thickness; and 
dimensions are snhieet to human errors. The accuracy of the 
T^ults obtains] fmni the u^ of a model entirely dmwml on 
hor% accnnttdy the mcxbl represents Its full sc^aic structure or 
prototyfw. Pile same jh true of matliematical ifieories. The 
objecd of any mathematical analysis is to learn as much as 
imssibie abon the probable distribution of stresses in an 
imperfect fabneated stnieture. 

I shown that eon.‘iidcring two mdiits on the 

i structure for unit load applied 

at one point, that the ratio of diaplaoements of these points is 
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eoual to « force ratio at these points and that this force ratio 
hy means of a mathematical analysis is equal 
expression or quantity incorporating the position t>f the Iom , 
;ST^*>[>^rties\f the material, the lengths and properties 
fmomente of inertia, radius of g^Tution) of the meniljere. Jn 
fact, there have been developed a numU;r 
eciimtioiiii which are dcrii t^d equations of similiturtt?. I luia we 
can have aiiv numlier of systems, having the same displacement 
ratio the same force ratio for tlie same (Umenflionless structural 
quantity: i.e. having the same geometrical form of displacement 

‘"'‘llTt us consifler the tUmensionless equations for the simple 
IHirtal with the (xilumn bases h^ed, 

Ivheit^ E is the same for all members and neglecting axial amt 

I - r iTVxntc: urill hr Ktvii that thc foFCf? Aiitl inomtsnt 
Hheurmg forcecItccUs. it win upmn — h!l 

fAtios ctucnd niMJti m, and the nvlios fj and i where ? - 

■• ^ iR a ease of ilesigniirg a model to 

respective members. This ib a ci^ oi fi 

Chech the analytical analysis and to design the model «iin 

to assumptions made in the tiieoretica 

ETr S tmVsvstems; we shall imve the same force or momen 

ratio when n is the same in the two 

; is the same. Thus when we make 

the prototVI*. the r t o 

1 e all cetiti^ line dimensions will be set out to tlie same scaie 

■i?, fi“ S i ratio.: «« .lirat iloea not play a part, »* can bntM 

L 111.KW aitli all moatbea having r.-ctongolar ^^ion._ 

uk „k ivL ihf nrototvue the sections of the corresponding 

an.1 olr:ii 

in tZ pnW mid and /. arc the corre.sponding moments 
of inertia in the model, then 

/., = •‘J- 

1 - >p„ 

. hen- d,. nn<l d “I""' " 

the model; or 

d, 


dim _ 3p} 
'dm " V / 
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Tho nnnlel Is thprefore u di^tort^d .‘»ti*iictiire when conitiaitid 
with the jimtotype. 

We Cttti, now briefly describe Professor Bi^ggs’ nietiiotl of the 
ju^'Chaiijca] of st-aticalJy indeterfiiinate ^triictiirea. TJie 

hne diagjTjm cjf the mudiA is geometrically similar to that of the 
prototype, nrid tlie depths of the roctungular scietions of the 
model tire proportioREiJ to the co1m> oiot of the moments of 
■,, hroiidths of the sections in ti.e model aro constant, 
LoiluJoid p chiefly used in the construction of the model, and. 
es cc uioid which Jias been kept in stock for some months is 
subject to shrinking than new celiuloid. it is recommender! 
that celluloid be seasoned. The model is cut out of the sheet of 
celiuloid. Professor Peggs’ apparatus consists of a number of 
gauges wfuch, in tfic case of an external redundant, arc fixed 
one part ton rlrawing boarri and one |>art to the model at the 
action at which it is required to determine the redundant. 

e gauge^ consists of two jiarallel steel bars, with of 

opji^ing -notches?, h*ld togetlier by Hprings to eJlow a sniiill 

Pl«8« “f 

accurately sj^ihed sjsces (tolerance plus or minus 00002 in,) 
aro provicled for introduction lietween the bais, for the purpose 
of determining amounts of thrust, shear, and rotative lUspiree- 
^ thrust and shear displacements employed in 
about O’U^ in. It is necessary to use snuill 
rlfvflaAi-' ^ modeh* because the ratio of 

practieafly corroct oiiJv when the 
® small microscopically measurable distance 
tion th^ external redundant dcterniina 

attached ro*^' means of a clamping plate, the model is 

liinmvl Thn «' 1 1 fletfllc ]ioint if tJie support is assumed 
sted balk tlf M "‘^^-rvals on oiie-cighth-incb 

“n^n.mr J,„ ? of the ,„Slel. too 

V-itotel„„ ^ ^ tontain in the two luiire of oppoeinfr 

Of, over the ^***' ^^*®f®hntter nticroacope is set 

ft»»ilion of tho loed in the 
of the hoo'iied inari nneroscojxt ia set in the direction 

n la of thLl^Se, ■’f l•'"W in 

Z ? TOn™,o 7 ‘hn vetticnl tliriiat (or 

m LTKe “f,“"“I welion „t the eupport i» 
re jum.l. Die noriiwl pi„g, „ 
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pair c.if sinaJler thnist” pluga instrttal, sfj causing n vert-ical 
dispiacciiicnt of the supfMirt. IJip niov’liig cross-wire of thu 
Jiiicronietor in now brought tangciitial to <i rt'ference iiiark oji 
the motlel at tJie assumed load jMiint ami an initin] reading' of 
tlio micrtiiiictcr taken. 'I’he small thrust r>lugs are now remo^l 
and larger thrust plugs are inserted in the gauge. The refercTire 
mark will move across tJie field of view, and again the moviii*^' 
cross-hair is brought tangential to tfie reference mark, 
second reading is taken, the difference between the two 
HI ierometer readings represents the displacement in the direct ion 
of the applied load, The retjuired component of the reaction 
now equals the ap[j|ied load multiplied bv the ratio of two 
known diaplaceiiients. namely, the measured one at point r 


Then A’'„ - P . (Xotb. 


and the gauge disphicement A 

There has been no rotation or horizontal displmjemetu of the 
support.) To find the horSzontnl coi«jK)nent of tlje reaction, the 
movable bar is causes 1 to move pmalleJ to the fi.ved bar bv a 
pair of shear' plugs, the dUplariements of the point of the 
applied twjtig measured as before. Ud be the gunge move. 

ineiit and A^ he tlie tangent inoveinent. Then A'* — P , y *. 

In this ca^ no vertical or rotative movement of the supiwrt 
has Wn allow^. To (ictermine the rotative, or moment, 
eoin(Nment of the reaction, tlie supfiort is rotated through a 
verj- sma I angle determined by the rotative movement of the 
movable bar with reTeretice t.i the fixed hmr. The movable bar 
(s called to rotate by a |>air of moment' plugs; one plug is 
alightJy lar^r than the other. These are inrerted in the \’- 
r micrometer at the load pidnt 

b * 1 if revers^cl aiuj ariotlitr illicitj meter rejicJiiig 

a en, e ^ii^s are so arrangetl then, that the centre of 
rotation remains fixed and there fs no • vertical ’ or ' horizontal' 

brated so tlmt t he movenmnt at unit distance <fbctA„) along 

•«oi ^mtre of rtitatum is knomi. Xow let one 

inch of tlie model correspond to X feet of the )>rolotvf)G, 

J'>;plijwment of the reference point in‘the 
direction ^the applieti load P fb. (of the prototv|wl, 

r..r rh« cfomporient of the redundant reaction 

for the prototype m Ib.-ft. unitsi then it een be shown that 
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c(HTft 4 pt»rul» to 0„ radiariH. and I inch of moclfl cnrresiioinlti 
to .V feet of the prototy pe. 

it is oniv in coriiiection witli momeiU iieterrrunation« tJiat 
tile scale patiti of the n\odeJ and jirototypc is taken ftcHuint of. 
This haa been noted in the tlieoretical analysis, for a moment 
ratio contains a length iliinensioii of the structure. 

Thns the oi>efatiotia can be reiwated for a nnniber of ^xjints 
oorresponding to different « values nml thus the influence line 
for the unknown can be obtained, , a , ■ 

Signs. The raicttjseopes employcil in me^uring dcflcetions 
are opticftllt' inverting, ao that tiie image in the inicroacoi® 
moves in an opiwsite direction from the observeil load 
Aceordinglv, the following general rule for determining tho 
sense of anv reaction or stress is formulated If tfie image of 
the load imitit in the microscoTje moves m the tiirection ot the 
asciuincti load, tlie reaction coinix>nent acts m the same direp^tion 
ns the eorresiamding gauge displacement of liie supi^rt; if the 
load point apiH^ars to move in the opisisite direc ion to the 
a.ssumfd load, the reaction coinponent acts in the oppinite 
direction as' tho eorrespnding gauge ihsplacement of tjie 
support. U'fieri earr>‘ing out cspeniuents, notes are made of 
tfie sense and tlireetion of these displacements, 

flare must Iw taken in oiicrating the gauges and 
po.Hitioning of the microscope scale Tem|)emture may ii^et 
the readinis and if a largo nuinlier of mierwcoiie.s are used, then 
the temiH-ratnre of tho niom in which the cM^runent takt^ 
place shiuld remain constant. Using only a single in,cnisco ^ 
and |N>rforming the gauge o|5erations for every target t m 

anthoT has found tltat temperature changes are not of serious 

redundant determinations, ajnenilier is cut in 
two - the cut oncLs are BnciI to the gauge bars and these are 

mounted on a frictionlcw l^'^^ing consisting i>f tw-ng^^fflatea 

in between wliicii are steel balls, The oiicrations are eamed out 

as de,seTil)cd for external retiundants 

\ detail drawing of the deformeter apjairatuH is showm m 
Tie *’77 p ayl. For asifll force and sheariup farce strain 

possible the ratio L '(f« should, say, he greater than lo for an> 
member in the model. The effect of the siste of the connections 


rm 
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will then also }»e made aa small as i>ossil)Jb. Further work 
however is required in the matter of tiie design of rliatorteti 
inodeLs for the probaiile time stress determination of their 
pnstotyiies. liiere is a second (lonsideration in the desigii of 
inodels, the design of a model to give the time stress anali'sLs 
of Its pmtotype. This can be obtained by having a model whiclj 
IS an exact replica of the prototype as regards material section-: 
connections, etc., but the further probJem arises, is it feasihlr 
to experiment oa sucJi a model? Further research work is 
roqujneti in tJiisi connection, 

Summahy. To desi^ a planar rigid frame model of uniform 
ttiiekncM on the basis that the moment distribution will be 
due to Hexure only, the sections of tlie members can be lect- 
atigular, and the depths of jjairs of mcml^ers to have the ratio 

<3? 3 / 

^ ^ V 7^’ where f and /j are the moments of inertia of the 

corresponding members In the prototype. The ratio of the 
length of a model member (centn? line length) to the depth of its 
rectangular section should Ije greater than 20. If the nrototvp 
memlH-rs ha™ U,e same value of then the model can be cut 
out of a sheet of isotropic material, such as celluloid 
Ejr^nmrplai aauVi# of the portal far iihkh fke equaiiont for 
I A. ilA J/a "''c yitxn m paraaraph 22J, bfj means of Beqqi 
Defo^e^r Apparaiin., The theoretical results have te n 
obtained from equations (27), (28), and (29): he. for memte. 

AH I tP ^ centre line dimensions and the same section, 
and the ratio e ^ I . 

I he following table givcg tho experinientiif an<I t!ie<in:*tical 
resulto for a plane celluloid frame (fixed base portal) having 


*> ! 



1 Kxpart' 

Tl'kwirfl' 

1 tLcfvlly 

0 

J-OO 

! J-OO 

PJ 

0-02 

0-DI 

0-2 

OM 

0-82 

03 

Ch73 

0 71 

04 ' 

063 

0 61 


0 .51 

U-20 

i}-e 1 

0-42 

0-39 

0-1 

0'30 1 

0 29 

o-s 

0 IS ' 

O-IO 

0 9 

OOS 

0-00 


__ 

{lb.) 

1 


f'aXpPTi - 

^ ThenitJ- 

1 Eiperi- j 

TTiwjJtp- 

lount'diy 

1 

; nwnitftlly 

ticnlly 

0 

1 0 

0 

0 


0 05 

002 J 

0-10 

010 

CIOS 

Od(S 

0 20 

9vl 1 

|>1| 

0-27 

0-20 

1 

1 (M2 

0-33 1 

0-37 

0131 

0d3 


(3-42 

0J3SJ 

*•"12 

0 1 1 j 

0 11 

() 36 

0-35 

0*13 

0 4I 

0-07 I 

o-os 

0^26 . 

0 34 

0■^^4 i 

opjp ' 

0’J3 1 

0-20 
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A = ? ^ 10 in.; aectioiw OOS in. thick by " fi in. 'hvii. TIip 
I teani length iff.’ was divided into inches, sfj that values of » 
variffl from 0 bv 0-1 to 10. P assumed = I lb., always 
acts upwards: from left to right and Jf, in an anti* 

clockwise direction. The model has lieen treated as a full-scale 

structure. , . , 

The differenoc between the experimental and tlieoretical 
values, especially for -1/^, is probably mainly’ due to the fact 
that in the celluloid frame the joints JJ and C haveai^. whilst 
m the theDretieal anftlysifl they are poinU at B and L, iShcar 
and axial force strains hove, also, sUghtly affected the moroent- 
distribution for the f-d ratios are eciual to l0,f0-6 == l<>-66. 

In the esperimental frame the beam length l^twcen the 
columns is in.; the centre line length is 10 0 in., thus we 
introduce another linear ratio 0 40 10 0 = 0 04, The corr™- 
IK^nding ratio for the erdumns is O-70/lo.O - 0 07. Ihese 
jire unitv in the theoretical analysis and it wiU tic IcJi to 
experiment to determine the precise effects of these ratiM. 

The results of 1 'a, and can 1» plotted against n, to 
give influence Lines for these cjiiantities. 

complete analysis of a iiniHi storey stnicture la given m 
the EirucUiral Enginmr, October 1030, in a paper by the author 
and Mr, H. V. Lawton {see References). „ . 

A second type of devince is the Coiitniostat-Gottsehalk. .V 
model friinie can be built up of stcehsplines of about g in. in 
width and of variable thickness. On a str^ght edge are 
mounted knife edge supports for the apimes. These anppoi^ 
can move along the straight edgp a^ut nglit angles to ^1 ^ 
displacements arc large and the disjilae^ e as ic mes o ■ 
splines give the influence line required. 1 ho nece&snry displace¬ 
ments can ly0 sealed off. No mieroacoiies are reqmi^and this 
apparatus is therefore cheaper than the DeTormeter 

apmratus. There are other methods of analysis of structures 
by means of models, and a description and a large number oi 
references are given in The of /ndcferuuBflte 

A7r^£^:^wref, by F. L. Plummer (Pitman Publishing Corporation). 

Ri.;yKRK5;cKs 

.S’WJ. 0/ Af-rmVJ.. F«rt« I and »; 

t2) Tftwry o/iftwefa™, rinujal^nkD und ^ 

(41 .rr^cAnniail SoTulien of irtrtjftw ^ ^i 

En((int»nl Slid Sllij'bilildere, Swjtlnnc). 1934 .) 
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(5) “An Experiment in Statica,” O. OottAchalkr iJf>wmai o/ the Frankhn 

InsliluJ^, Voi, 2070 

(6) THt d/ Engirnmnif Siruettmay PipfiaitJ and Baker. {Ameld 

CnO 

(7) Thi ETp^iHmmial Study of Sttmturts, A. J. S. PippMtl. ( Arnold A G&.) 
(BJ Tht Fi^fimeiilaU i^f indtttrmmaie SfmcHireA^ F. L. Plnmmijr- (Pitnjun 

PubliflhEn^ OorporationO 
(ft) Other referencee, see CJhnpter LX, p. 210, 


ANSWERS TO EXAMKI.ES 


CHAPTER 1 


t. ShDfir fom | 
Moiiienii j 


Mftx, 26 2S(^). 
Jlia. l&-75«+). 
SitftSL &khn ft. 
Mia. WTO- 


2. rUutkioas ftt ffupportu, 3,^ ajid twia. 
Moni^nt^ at supports -h ton-ft. 

^ 6 tdn-ft. 


At ccfnirol 2-UJn toad pt. + ^^U>n.4i. 

*. Support rMietion 815 tons ; fct pier + difor 11. ^ tom- 

Pior ra«cti<ffi 2J-$7 tOM ! S^*- P«Sf “ 

Mumoni 10' Ifom lolt Aipport 33'76 Mft lt, 


IL I2‘0tun-f(. } 'SUrn-ft. 

3. ReAatian-^Loft support, totiB, 

Riffht wpport, 35 tana. 

T. 5!diii?bt9 at pt«T + ISO toa-ft. 

4 . 112'Stan.ft. 

- 59 tandt. ftt 10 tOOSf load pOtfit, 

S. Mai, : 42,m^ lb.-ffc. at ll-T it. bdlow Btilfiioe. 

0, PEaducO 10 tonfl to N.A, nud thnn traolvo vertically and 

Moment al fllCHi pomt = VDltiCftl component X arm alonff Ilf.A. to 

filed point, 

la Beaotion at A, 33tOM I mai. mOTnetnt at pier » 7 2 tOfi-rt. 

Raaotjon at 12 ffc. pt. 317 tona. 


CHAPTER II 

1. Lfflid on a, €, A ^ 

2. 3’472 ton ID. 10-4 tons/vq^ ill. 

3. 37-0 itq, in. 

4. ^ 4-05 tona/aq. in.J = I'15 tona/sq, in* 

5. 10,3001b^ sq im temaion. 25,0001b, eq. m. comprttssion. 

0. 1000 rt, 144,000 lb. .in. 

7. 0'75 tdD£/N|. in« 

«. 8 toriit; f tnn per foot tun. 

10. J30« lh.,'iKi. in. »t riKht wpiiOPt diH> lonmic. puaitive nMWnent; 344 lb.,»q. 

in. Bupp^rt diift tQ max, jws^aiivp ihdRWITI- 

11. 440 in.* 

12. - /„S d - 51 in. 

13. i„~-OI28iA.< 

14. ^ID. 

sot 
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CHAPTER III 

L ^3Ltt lit. 

ftliix. moment ^ I,S 32 CentriJ 3 m. 

3. A H 6'S ID. — (neglEMTtmg benm 

** 5‘1 in.—(allowing bc^tun dcOixtion)* 

4 . ’30 m. 

15 ^ ™ 12 j 000 toDa/fiq. in. (noarlyj- 

7 . /| ™ in. ™ jV 

e. = 0. 

10 . y* = ' 3 P in.; y*„ «= - 3 &fl in, nt 13 2 ft. froin Hgfit-h^d support. 

11. V - 45'l toD-fi. at lO'S ft. rfnm 5 cwt. -ciid. 
y^ mm ‘G3 in. Slope. 'OOOOSS. 

12. *07 tona/root nin. y ™ -375 in. 

13 . E = J^l^-^.OOO Ik/Bq. in. /, . 37 S 01 b./ 3 H}. in. 

14. y « 0«3 in. 

7 tona/riq. in. 

Ik (a) *15-2 tona/toot; -17 in.j (c] -10 

(e/J y, = ■l.'i 7 ID. (rj y| =* -I IS in. {>i 13,000 IcinJi/flq, in.j 

17 . y, = m a.; = - 127 / 1 .; y„ = -ITflfl. 


CHAPTER IV 

1. = «0 ton«; Jifj, = 2^>0 taiifl ; .t m tons, 

jUa 4i>0 ton-ft. ' / rentro nupport 4’S2 tona/fiq. in. 

3, « n-0 tona; « 2l>’3 loiW; 20’2S tona; ^ I-4S tomf. 

3. Mox. = 3-52 tona/sq. in. Momenta. EikIs 42,000 Ib.^Ji. 

Cfentni. 30,nt¥l 


4 . (fl 3 If I, ^ 

Max. nog. 
n. / ^ 173 in.^ 





24 


m = 

Mox. ne^E^ » 


ic4j* 

~T 

123’ 


7. (feft iHipport) = 1105 tons; = 20 II tOna; 

/f, = Si bg lonsi jjp = 31.32 toiiH. 

S. 14-2 tom. 

0 . Tension in tie S '32 tuns. Rt>fliiltaiit nwtion nt A «■ &■ 2 tcms; 
“ + 25 ton-ft . 


CHjVPTER V 

2'39 

^ “ A ^ “■ in. (vairj'iiig y oietliod). 

Max. aliear = -07 tozi/iBq. in, (nearly). 

2. Mftx. shear xtresa = ’143 tcm/aq. in. 

E = OOOO totmjvi. in. .V . 2500 tonjsq, in. 
y, = ’00144 in. = -lOb in, 

for Dllipw „ a* (<in;]Q n 
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5. ■429/ 071 - 1-82 twiB/sq. in. 

6. j/f load) ^C? " “ -OlOO tn. 

(uoifoim load) 'W®® ^■ 

7. LfD = 9. 

CHAPTER VI 
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'mill 


mils-.*; E - 13,W) Utml 
in. 


1- ton.',q-in.) 

XUnkin?, 30S l-Mii s 
2. = Short column. 

5, Max, /^ !■ 7H)1 loni/Bq. M- /( “ tOll#j'K|. m- 
a, 4-77 ton® iq. in> 

t, Mnx. comproaflivs HtTO« = tonysq. IHr 
MiTi. oomprcw^o itreaa 'IS ton.^eq. m. 

fi. Foclcr n| 4, &5'S tona, 

la FMtorof iatoty. 4, 12-0 lona 

11. Max, fftre«, 3-lS tomt/iq. in. Min, mto. 

I , il-4 twiir Banking. 

12. a « E - 10,600 tonflj'aq. in. g Eulflf tfantnrof mfoty - 4) 

13. R,S,J.^ 215 4 tona Cast i fan. 250-1 tana, 

14. Eulor, ») It. ! 434 uwi, t®) 3® >"■ '»)' ! 13 « *«"•• 

“ " ^ “ '3,000 toBi/nH. in. 

TnuU 

21 tona;'»q. in. 

15. External diamoier ™ 4^M in, I » -454 im 

18. X 6-78 In. (y, - 4 is-1- 

17. 4B'3 t<mi. 

18. 271 tOM (fUftkitifl; /, = 21/* toiw/iq. in.i o = 1/7600). 

19. 3-7in.byn*nldn«: 2-58 iz.. *ppn.*. by Edor {«btaln*d Ir«M fomwl*. 

by trial and entir mfrtiliocl).- 

2)0, 5-fi tAna 


2L Rankine, a *= 


4 iiu s 115 wna 


- / 

Euler. 8 - 13,000 toni/iq' in- 431'0 W“ ^Sf-" “ 8,81/ 

22 Hinged cndJ ; 


-L Kuikiiu!, !0'4 tfltia. 
7600 

Eul«r. 38'58 tons. 


17—fT Jiao) 
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CHAPTER VH 

H. 2-Ji7 (cr&mprc^oii) m EP. 

3^ '£!] toit (coiDp^]i in EP ; 


4. a/ ■= C7' 5 tons (tsaiHilfl J * 
ifrfl 74'D tOzu (coinpriMBi.) ■ 

5, DJ, ELt 10 tons compression.: 

S. 1'02 tom, DJ compro8S4on ; 

7+ Load in S Ions campresslon 

S Wind lo*d only, M35 tona in FL {comprersEdon) 
'^ITd tonfl In NM (tomion}. 

®' CF— tons (eonipd^ 

EG ^—• fi-O tons („!- 
33‘-5 tons ( p, )+ 

10. £-09 tons comp, in OF. 

11. A/tfW&fT, 


Ids torn in FQ (cjofnp^J* 

« » 25-0 tons (compresaijonl 
?/ = Ions {tenmJe}^ 


KA, 0 tons tendoEL 
■11 Ion, Km4 cOmprcounn. 
l^od in JVAfp H)B ton comprcfficcn. 




1*2 

l'& ton (Co 

4-7 

L-5 tons[C4 

7-10 

l-O Urn (C.j| 

2 3 

0 

4-5 

0-5 ton (C.) 

LO-S 

ft-Tton (T.)| 

1-4 

2 toiis(C.) 

G-0 

0-5 ton (T.) 

OdL 

bd ton (C- / 

4’2 

0-7 ton (T.y 

5-9 

’o-7 ton (C.) 

1 SIL 

L <1 tdn (C. J 

2^ 

0^7 ton (04 

fi-7 

0-7 ton (T.) 

ii-m 

0 5 ton (T4 

30 

0 

6-9 

0 5 ton (C.J 



4-G 

O-Ston fC.) 

7.S 

0-5 ton (C.) 



SO 

0-StOn fr4 

g-9 

O-aton (T.) 

1 

1 


CHAPTER VIII 

2. ^ in. 

3, y = -405 IF in. (IF is in tons)# 

S. y at CT. load point = 1'41 In. 
y At lOT- load |30int » *70 in, 

b«m = sr - M -pp«^ „ ^0 .11 ^bnr,). 

^ ' ST “ '033 in. Appn>i. {IjA >■ 40 all nuiinbAn). 

7> V - m in. 

fi. -83 in. imdor load ; -Cut'- ft' jrtm leR oupfwrt. 

B. -JI2 in.; iTt ^ >iZ5 in. 

10. H.D. of Jl to right .. 0>25S4 in.; pt C to right - 0- 


13814. 
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CHAPTER IX 

1. Pixing eotipiM. beam and nlumna. 

If “<* / \ ^ 1 

* 4 + 31/,; “ 4 ■ A /, 

%'T^^ 

Mur. neg, for beam *■ ^ 

2. FIsriTig oouplofl + ton/ft. end of S-ft. eolunin- 

+ .p p, 

Max, moment befun^ « ^^l$ion,^rk 

£F >= 0'23S tom. 

3. C<7 11-S uma by Lt- liVk. (comp,) H-8 tOfifl by mpcr^pcMkion. 

ffXvU'Stom {Leni.] IZ^SioiiA p, ^p 

I. (Same frame aa in Lj 
OoJ. b«n cfmplea = 

A 

(Frame ef No. 2.} 

Fixing coupleii coL baaea Sbortp - tcn/ft. ; beam^ $'Q lon/ft. 

» It Lopgi "^-SS tt *. 4-6 p^ 

&■ t7^ Lt. \Vk. - 3-11 torn (eompnuadon). CA by aupn. - 3-^5 inna 
OE „ -3-47 ., ( 4, ) CE p* 

BF „ = + 4-0 {tennnn) BF t. « + 3 56 tone, 

FU - +4-23( ., } FD .. -4^3 ^6 tP 

5. +27 75 ton/ft. 

7. + 31-84 ton/ft. 4% ^ Itt-TOton/Jk ( + b 


CHAPTER X 


3^0 Bay. 4th Bat. 

Tons- Tana. 

Top tuombor^. , 145-'4 (Com^J I55'4 (C.) 

Bottom nvember^ 114-JS! (Tonaifin]i 146-4 (T.) 
Lt. vertical . * 45-4 fC.y 26 0 (€-) 

Right vertico] . 36^(C.J 12-5 (C.) 

Diagonal . 4 e4-2(T.J 37-55 (T.j 


4th and Sth Bats (eounterbracol* 


lat 

Bay 


, L2L Iona 

2nd 

Rf> 


4 05 p. 

3id 

IV ■ 


. 50 5, p 

4th 

pv I 


4 46 „ 

6th 

IV *■ 


* u „ 


(No conn Lorbxacingi] 


5. Height frame — 20 1 l {I} ISO Iona (2) Comp. 6-56 toiia. 

Tenile 1M>6 „ 
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T- 40' ft. vertical « 
00 ft 


fl. Tfjp member 
Bettom mfiffitHir. 


Toim 

. JSO^S (0.J Top member + ^ 
« 27'9 (C.) f DkftgortAl . « . 

(T^.jl t Bl^ttom member , 


Tona 

m (C.) 

05 |C.) 
144 {T.^ 


^ 9^-5 (0,) DiagonftJ 

. 81 0 (T.) 


Toni. 

30 0 (To&Hltk). 

7^7 (Campre»D.f. 


S. Ofitre 
E^di 


^15 totii IcAdm^ -\- IO-ISh ^ Icrna. 

-e-IB .* + S-5.-10 5 p, 

-+■15 „ „ EigLt si^port> + l5 Ujiia; 

4^—15 p|, i-i M #F Hh 23 IP I 


lefth - 23 toiuL 
.. -15 ,* 


10« 5T1^0 {i.-toiuL Hm + 3917 UJTiA : i?, -^42 I tena. 


Ludi only (10 ttmi at B) 

12r Top member . * , ^ 

Ditgotkal . . I « 

Bottom member ■ ■ 

L3, AO - 23-3 lent {eonipnotitboa). 


(L4 tom) At ffg) 

Tooa 

, » 114-2 (ooEnpreoBiODj. 

« . 02--1 (tezmile). 

* Sfl'4 [teiuilfl)- 

AB^ 18| toiu (totajileji 


CHAPTER XI 


1, (H Ifi toofl. (2) 25-S toot and IT-S tone. 

{3} Max, At icad point — 240 ton-lt 

Max. poa.p 75 ft. from left support « 135 ton~ft 

2 («) ^HT, 3-30 trOd^ TbnMt> 3-07 tded. 

|&) 7r> tfln-rt fmu, neg.) 3.7 tjm-ft. (iubt. -f |. 

4. (1} 12-0 tatn. 

(2) Max, B.St 50 It from tbe abutment; - llOton-ftf load at M^tioo 

point 

+ 72 ton-ftp load! at emwti. 
lj<^d at S^etEon Peijit. Load at Crown 

Reaiiltant tbiu4t at ]*f6 abut V® + 9,67* » 10-35 t«nfl ; 13^5 tona 

- pr right „ V8'54* + 3-33* - 0 i 13 5 p. 

5- 3-e tom ; 2-9 tuna j 2-1 tons; 1-33 toua ; t-l Uma ; 2 9 toua j 3 0 tona 
6. 4-4 nq. iu. 


% 3i8'S ton-ft. at 28-1 It from eocli nipport; S5 lona. 

8. Max, tH 4itulaj^eaps cActi support I , , 

IP i and . . I 

Centro , . 


9. HorizotiLal thruit, 50 tons. 

Max. B.M. ^ 125 at 15 ft. from left support, 
4-450 at 15 ft. I. rinlit p 
-150 at 45 fl, PI left 


LO. Ma 


BuM, at 23 ft. from left luppoft 
at m fu 
™ 20^15 toaia. 


223 len-rt. 

223 tomfi. 


. 0,000 lb. 
F 2.250 M 
*i4pBOO .. 
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fll3 


11. mAx. ^9-1 

AlaxL pooitlv^ niomnnt » -h L4L 10 Iona cwntm 

Max. tkC^tivo maitL{?iib=3 - 159 tqnTEt,^ 1^ tana at 59 l^tiAll. 
R^fluLtdiit iJiJwt, JS lonM At £9 ft, r ^1 tent 

IS- Max, rvc^tivo memunt tb 45 ft. 400 tenJL 

AIbx. podtivu moment at 30 frem nght mtpport « 520 ton-ft 

NomiM thruit At 30 ft. from right support « L20 tent 

^IlX. atrsaa in libp 7+7 Uin^a sq. in. (eompie^); 4-27 ten# (cemp.) (Min.]l 

13- MftT. nagAlivA momant, 30^4 ton^ft. at lactHin 25' and 95' leadi; an 

iBEnahor part 

Mtic. pomtlvo EmimaiLt l4't t* SO^ftiidOO'') ot b^m 

Itax. shear negative and poiiliYe l^S5 tent both loads on ihA beojo 
and OnO La at the Ondt 

^fliM ^ ^ tons: VorticAl prerenn^ ^ 3-12 tent 

I5i H ^ 1-901b. whsn imil load at C; 53,5001b. 

chapter XII 

£. S'7 tena/aq, in- (teimonj. 10* 20V 

3. H 4^70 tens/iq. in. Pi ■■ 2-75 tona/aq. in^ 

4. 30-3 tona/aq. in, l#fiaiJe 

tetuiiler 

Anglo 31^ 43^ and 121* 43" vlth 3 tem plane. 

5. Set Fata. L0O> equatiena 37^ 40. 

Sx Fn " 2-01 tonjj'sq. tn. Pt “ 0-87 tena-sq, m. 

7. Sa QuentioD 4. 

0, “ + 0 tena/sq. in. {tana.J+ ^pfin “ “ ®‘® ha. {eomp.). 

a = 13“ 15'null l03^ Ifi' te vertieaJ. 

10. tfl) 2-5 tens at 39* to normal. « 3-32 lora or -78 tena i 

= -75 pt Oi* 3-02 \ 

CHAPTER Xlil 

1.- 0 6 fL / „ ^^OOlbL/sq. ft- [Ranldnal, 

545 pp /^aj4;JOO Pt (wedgfl) nr ifrictionjL 
2^ 3-0 ftr from back o( wall. 

3. Htwett. 

4r SeE text. 

5. & ^lO'O it, 

0. Normal stress at dry face. Water 

10,000 Ib^/aq. ft.; IC,) 5,390 lb. aq. fi. 

Shear jdty face), 5,000 Ib./sq, ft- (water faeal aero. 

7. Kasultant thruit » f^'5 toru> 

Normal ntr&aa {dry faco), 3-7 tODi/aq. it. water fnea^ koto. 

8. 4.900 lit 

0. 32]b./Hq, ft. 

10. Xhuptb, 3-12 ftr brtadlb, 4’8 ft* 

11. 5 a. 

12. Ranldna, 5,000 Ik 


Prie., 5,OBOIb. 
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Dry rue#, E;fiaa/«qL ft. r&cc, zvio. 

S NonoAl Qtrvi^ vertiiMl aurfnceB. 

Dry ffisw, nil ; ‘VVator fiico* 1+17 ioBBjeq^ ft, 

14. fa) 1| tona/aq. ft. (Mnst.). fej 3-55 t^na/aq. ft. ftidnip.) m 

[h) 21 tansi'iiq. ft. to asejo toti/aqp ft* {teiiHioil). 

(if) 4 tona/»q. ft. to s^ro at & It^ from 
dry fftct?. 


CHArTEH XIV 


L '^Vidthr 7*^$ in. EfToctivc dapihk 23^ m, (ovt^rAlLp eavp 25^0 iii.). 

Area KLoel (tnaaioii only), ] sq. in. aay, | in. bare.' 

I in- diBi. Atirmpa ; 0-in. pEteh near abuttneii ta. 

2+ (<i) 1'2 X lO^ in. per ineli laoig^tli. (6} 2'7 in. Lb. porinoh IcriLgitl]. 

3. KffoctiTre dopth atwlp 17 in. {ats^l in tnnaioA 3, Idn. bara, nrfi, |.m. b*rBi>. 
Area ateal, -M aq. uu (a = 600 Ib./aq. in.; t = 10,000 Ib./iq. In.; m = loj. 

4. 9 and 0 ft. 1-43 iiq. in. (fu«& of hmr -715 sq. in.}. 

0 nod 10 ft, l-as p. ( pp -79^ „ ), 

5. Weight of (rybid feet eonentar L50 lb. LF Igoo Jb. 

^ 'fi ton. 

6. 199 ft. per foot run 

7. 455 in.* (n = S0Suip*i£fn mt 15, 

fi- * = 7d00 lb/eq, in. e = 520 Ih./sq. in. fnf^tccfing i^'Omht of beaTn). 

{w - JS, li « 7 in.). 

0. 4l $ lb i^rt. run ; / ^ J>-95 tCkD.4j'H|, in* 

10. SLiOrt eolnoiii, 107^5 ton^. 

11. I - |dj M =. .4* = 0’0076d. 

12. (a) 12iii.- ib) 1.872,000 Ib.-in. 


13. L = ^50 lb- per aq. in-; - 18,000 lb. pw aq. Ln. ■ I =. -j 5 = 10 3 

futd d H 20-6 in. 2 

14- ft w 10,000 lb. poF aq, in, 

15. A — 13,500 lb. par sq. in.j ■ 4751b, pnr aq. in,,- = 47401b. per 

a q. LEL. 

10. Load = 10,975 lb. 

17, 20 m. X 20 in. Ovara)!, 

/# mmw ™ P®*" ± /* = SO lb. per aq. m, 

A lb- por aq. m,; /* = 1302 lb. per aq. in. 

20. U « 60 S lb. per sq. in.; - 18,000 lb. per aq. in.; f = 40 8 in. 

21. FlAngn only tolcin^ tanaion Inadi N.A. depth = 4in + /, = 13,200 lb- 
peraq.in^^Y fc* (KI2.500 Ih.-in.; Stimjpa^otrm 10*000 lb. per sq^ in. : 
loa^i ■“' BisUv In. 


22- fo) 523,000 Ib.^in, * A, =. 1-12 aq* in. 

(ft) = 1’22 &q. bi.: ,4^ = 1-49 aq. in, (teneien). 


CHAl^TKSt XV 

1. (a) Af^c » q- 200 tan-ft. = Mr* = 0, 

(ft) Mr* ^ - S7-9 iMi.ft, 

(c) Mr* h — 98r5 lan-fh. 

(d) Aft* --63’3ton-ft. 


ANSWERS TO EXAMPLES 
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(e) A/p4 = — fl3-0 tdO'ft. 

= -f- fiO'5S ' 

if) Jfj,B - + 711-70 lon-ft.; Mjk, = flOSJton.ft.; 

Jlffg „ 4. 10-27 lott-ft. 

^a) A/^ — — SSloa-fl.; = — lU-fi 

(i) Jfij, - - SStun-ft,; A/p* = + e-iJlton-ft.! .Wet - 0- 

(«) .V*p — - 25 ton-ft-; Mpi = - 7-l-( ton-ft.; Afop - + 3-57lon-ft. 

id) Af*p = -- 25ton-ft.; A/m w — T'lSton-ft. j A/pp ^ + 3-57 too-rt, 

3- («) A/„ = - 3333 II).-in-; A/,* = - lO.OflT Ib.-m. ; jlfpt - -f- lfl.6S7 

Ib.-m. 

ib) - - 5560 lb.-in.; A/,* n, - ]],]20 Ib.-in.; 

J/pp ■■ ^ 44.430 Ib.-in. j ^ R? ^ 

(«) it/pp = A/*p = JO-5 X lO'fSO Ib-'in. * 

A/UP = *Vb* !i — 9 X 10*/'301b,-in, 

A/p*, * jlfpp - + 0 X lO"/3Sll),-in. 

Met - —18 X lOK/SO Ib.-in. 

A/nf >- Jfcp = + 0 X l0'/39 Ib.-in. 

Af„ = - 21 X J0*/3ftlb.-m. 

4. A/*p - 4 4760 Ib.-iti.; A/n* - 4 20.230 Ib.-in. 

Jl/pp -t 4 29,750Lb.-in.; A/^p - 4 13,090 Ib.-in. 

A/q) b — 13,060 Ib.-in.; jJ/pQ- — — 11,9001b,-in. 

5. Ajfpp — 4 135.000 Ib.-in.i Ale*,— — 135,000Ib.-Ln. 

,Wp* - 135,000 lb,-in,; A/co “ + 135.000 Ib.-in. 

0, J/*B " + 104.760 lb.-in,; A/m =-64,700 lb.-in. 

7. ;Vf*p = - l7S61b.,in.; J/p* - - 3672 lb.-in. 

A/*, = 4 10,714 Ib.-m.; A/pp - - 7144 Ib -in- 
A/pa — — 8930 Ib.-in. ; M^p — 4 6930 lb--in. 

S. A/p* = - 27781b„in.: A/pc - - 2778 lb.,in. 

A/pp <= 4 5555 Ib.-in, 

0 , ,ir*o = 4 59-43 lofi-in.! A/pj = — 23-72 ten-in,; 

jl/*p = — lU-20 toii-in.; A/pc “ — 14-47 Uni-in,; 

-Witi =" tan-ln. 

10. A/pp = 4 180,000Ib.-in.! .1/9* =■ 4 00.000Ib.-in.j 
A/p-p = — 60,000 Ib.-in. ! Af ac = - 180.000 Ib.-in.; 

^ Ij'A in- 

11. .1/*, = - 9.10ton-in.: A/p* =■ — 18-20 ton-in.; 

Afpa => 4 11-36 ton-ln.; ,Vpo = 4 3-68 ton-in. 

12. Afip “ + lOE)-7 ton-in-! -Up* - - 115-7 too-in.: 

,li/cp —1“ I5O-S ton-in-; ^1/iw ^- 

13. A/pp » ~ 466H Jb,-fl-: -Wp* - + 5201b.-n. 

14. (a) Afpa = - 10,0001b.-tn-: A/p* -- 32,000 Ib.-in.; 

,4/tp - 4 32Mlb.-L£i.! Hoc = + 10. 
ti) A/*p - 4 143,572 Ib.-in.; Af** = 4 *144 lb-in.: 

A/pp = - 27.650 Ib.-in, ; .Vac = - 66,428 lb,-in, 

(c) iac =0-12 in. 
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IS. JI/iB =, — M.OOO lb..m. i jVji •> - I00,0M Ib.-in.; 
Afaci “ + no.iwtuu-in,; Afe, = + 204,000 Ib.-itt. } 
DO =-2fl 1,000 U>..in. 


18. ^*0 = ■■ 4lli> = 0 (iiy azviJiyuK); 

■*^48 = - 70,000 Ib. ia.; .. - 140.000 Ib.-ia.; 

"• — 300,600 Ib.-io. f Af^jp o. + 140,000 Ib.-in. j 
A/„ _ -{. lB6w600Ib..in. i Af„ i- + 33.300 Ib.-in.; 
•Wnt “ ^ 28,000 lb..in.{ Mgp « ^ 14.000 Ib..iii. 


SUMMARY OF FOIiMUF^AE 


L Bending Momeiits mil Sbfiuliig forc^— 

Moment » C^upje = = Fx 

nShoiiriiig fofiM fit a natiqn duq %Q irre^gMiilir 3CNUlf : 

... QT + If, 

CuitUQ^ror^ Io*d fit Wld : 

in. 

= - W 

Cfintilevflr, uniformly clIitHbul^d lortd nJfing wliolo Imgth ; 




wf* 


5, =-u»*- 

Simpio b«u^’^p central loud 1^': 

Jp..,,M.„.-!2 

s.-±?. 


* 

3 

4 
1 

5 

7 

7 


Simplo bcamt uniformly ilifithbuteci lOfld Along vhoifi length *. 

w* 

M --- 

a 

S, =* — + iffi - . * 


Udl IPX* Wff* 


Rolfition bfitvreen Imuiflp ^hcarm^ forcea, and momenta fc^ beomi * 

. . . 


10 

0 

IS 


H. Simple Bending ml Momentfi ol InaHia 
y Jf ’ 

!!.‘.l. «.‘l . . 

I H !f y 

[TnayrometricAl sM>tiainB about N A \ 


/,- 


‘V.y, 


/. 


Jtfy. 


z^L 


M ^{Z 


n 


2S 
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theory of structures 


Momenta of inoriin: 



^4[]i 

. . . 

» ■ 


2e 

i„ - . 

» ■ ♦ 


2 a 

'^MK ^jcx Am"* * 

» ■ 4, 

■ ■.. 


^11 + ^¥1 ■ 

* ‘ ■ + 

m ^ 


“ /xtima*.) 4- 

- * 

£7 

-f 1„ 8lri*n . 

- * r 

m. 

31 

/yq - /jHE dn*a 4 - Jtt - 


1 ^ 

37 

/, rwtBnglo about N A. ^ ^ 

■1 « 



£9 

1, iH|uAr& about X, Ar p. 

- 

41 


I cirdo About dinmotor (XiA«) =■ 

•kH* 

4 p 


30 

I [Rontb^i Kulob 

+ ■- i 

■ 

31 

m, Doflfiction ot Simple 




dV M 1 




dr* E7 ” S 

* 


41 

dy 

^ » ton 1 im i rndiona 

■ 

* + 

42 

W. H, MecBolAy'i Method oi Findmg DeflMtiaq*^ «« . 

p42 

-53 

Simpio beam, contrat load : y *0 Jl!!. 

. 

* 

44 


Simple be&m^ nnirormlr durtributod load +11 m 
Sunpb bf?azD^ £ lyinmfitrlcjil load* - y ^ X 

\ 8 e / 

doflecUiSn pwtloii of booin bonding to am of a cin^o = 
Cantilowr^ lood mt ond: y ^ 

C^ldovcr, load not At ond * m hi * ^ 

tjj * - 

Cwitilftvar, unifannly diilHbiitcd load, whale length: s/„. = ^ 
Reletioee betWHQ lend, ahw, moment, dope, and ifofleclimi 


. 4« 

. 41 

43 

asj 

. 6S 




OF FORMULAE 


AT 


-3 




M. dx 

Kl 

dx 


y- [*■ 

■ ■ 

- if*.' = if 

Ria^- i.i) = 

laterpretAtion Ei^ns. (£0)^ oncl (!S4} 
RwEimiM!, U - ^yjLf’.iij - 

fM /dM\ . fM, 

Far n p]bt« girder fafrTing lAfiotionte of incrtliL / and 1^ 

^ n Mm ^ ^ Mm , 

y ttnirc jE = S . dx ^ J ^ 


. m . dx 
El 


34) 


i¥. Bnilt-in and Qantinnfiiu Seams — 

Buili-in symm&tncoJ loodiog : 

Area i>r iimpio moment diagram » Area of fixed moitient dingrain . 
Central load W ; 


Fixing CQupleq 

Load F, rtf Trota left au| 


m „ . if: 

4- —j Coatrid nMjment—g- 


rt (ar%m) 

Uniformly diatributc4 load- 


od F, rtf rrota left support (ar^gm] 

= PI . rtf I - fi^*; J/p - f1^ f**(l - »\ 


Fixing couplea > 


H-Coatral moinnnt — — 

12 -4 


fTtfiiierifi any landing ? 

Area olatmplofrtaiiient dtagrBjn ^ Area of dxed moment diogrtiu , 
Moment of ftreo of ffLFTipIc moment- = MoixM&t of area of fixod momnpt 
diagram about f bo odgia dlBgram about the origbi * 

Reaction* i f 

Beiection, bidlt-in beam i 

CecLtfil iMd 

■uJ* 

UniNTorndy dutributad load 


IS ^ 


5JI» 

5S 

&S 

fiS 

71 

7^ 

73 

ai 

liS 

S3 

84 

87 

87 

85 

88 










520 


THEORY OF STRUCTURES 


£7onfiTit40iir Bni47uf 

Th&OttFEn of IhfH imoiTiGntJi ^ 


‘iT + '• > + (If + 17)“" 

Hee^tioiU {ezampFfl]i. 


B ^ R + ^ [f _f. Aro-,w* 







DefWtIanB ^ 

+ a 


m 

Propped B«amjt . . . k ^ 

e 


]|0 

DistriliaUDa ol Sboar Stress - 




Modulus of rigidity « f? ^ al^ar Btrag 
flh«OT alriin 

- 

* 

I1T 

^ s /"Ifi s ,_ 

fl - ^ w= “fs - ■ 

- * 

* 

m 

3-S^ 

For reot«ngt» ^ .... 

- 

* 

m 

, las 

For circle ^ ^ .... 

e 

- 


For buiilt'up eeciion: 




Flango ^ ( 1 >* - eH) . , . . 

* 

- 

124 

VVob J (i)> - «PJ: Web *».,„ = J ] 


'1 

1 124 

1 0 '^ 

ShooT rc^fflUGo ^ . p*r unit of volumo + 

, 


m 

DgOogiioii duo to sheiurin^ forco: 




For varying q wm ^ S, dx 

* 

- 

121 

For corutoxit q •> ^ Js * cEt » , , 


■ 

ni 

wht*n! C for rociongSo « 

A 

• 

■ 

J27 

Circle . 

, , 

A. 

L27 

Simple hoATEi. tuiilormly dktribuled load i 




irfV? _ *p|i 

Jfm *.ni» -g^ Hof varying f ^ (for conAtAnt 9 ) . 

* 

128 

Simplo boom wilh oentrsl loud % 




wia . . Wi 

■V.Mni'f ” -f(f tverying g) «. j_ (coneUnt q} . 

« 0 


12 B 
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liunU^rty for cantilever; 


(1) Vn 

(3) S'. 


trf» iri»c 
2AO 2« 

w'f me 

AO nr 


tUiK 


m 

12S 


¥1. Cpl nmni — 

Eultr. AxiiiJ laiuls ; 


£7^1 far pin -mdi 
■» 4 for ends 

i for 1 fixed and 1 frea and 


R Ankhi r. Axial I oacLs ^ 




JdhuBfiii^i Farabollia EqilAtian ; 

American otraJi^hb line i 

5 -/.-a) 

Struts, HKcntrically-loadcd. 1 

Sbortp /# 


1 +^'B' 


£ i ^ 
I 


Euler FariEL Pin joIntB: 

CritioAl value nf F ia 




^)-i| 


AEl 


il ^ i* sumJI 


Fr^aea 


■(VS-U+5 


L39 


. I4D 

. 142 

. 141 

. L45 

e 147 
. US 

e 148 
. 14» 

. 140 



44. 


artt'Hf)! 


m 


Bankine Form t 
P 
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0 

CorobLned ^nd Md UAntwrAQ Laod^ Fin e^ndi i 


rioi 

Cass J. 

Tf^BJuverse load W at contro. 




, w fsi , / ( fW\ m 

FmM ■ 2pV p ■ “ 4P 

a 

151 


“ ^ (f ‘ V]£)7 +J ■ 

a 

m 

OoK IL 

Unifotmilyrdistribuled tranBVErie Ic^ad, 





- 



/, TOz =: ^ [*M -1)] 7 + 3 ■ 


15S 

Ca« /, 

P<P.= n*SliP, 




f ^P ,m Wf p p, 

' 4Z^ iSEi ■ Z ' j5^3p 

■ 

lfi3 

Com 11, 

, P , ttfT" , 6 icJ* F 




^ Aa ^ 394 ’ Si ’ 2 ' P, — F 


154 

vn. Ffimed StractniH. Dead Loada— 



Wind preBsurai: 




•= P pin S {{^oodrqaxi) . , p ^ , 

•i 

175 


n -J. £ -SfUl S 

" “ i +.in‘j , . . . 


175 


/*„ ™ P Bill (Hutton) . . . 


176 

Vm, Dedectioa a! Fedect Framei^ 



1 WMT 

Rctflience of mambcn _ 

2 AE . 

■ 

170 


SCf 

V ^ Jip. (Cailig3lKno*8 thcoTEXTi } p * * 


1711 


/Force in a membor \/Total force ui amotnber' 

\ 



A A eiue extoma] loads , 

} . 



^ A£ 

X 1 Je-s 


W y » SS.«. — 

end 

lft3 

183 

FMbenniB, y- Xy*.V. .d*. ff/cofutwt . 

■ 

198 

Fotbo^i)^ ± Jm fi/wfwttot . 

1 

IBO 





SUAIMARY Of FORMULAE 


5n 


UL SUvsaea ia Eedoadant 

d f U = work dDEii:!i ita ib& incmborsp^ 

\ ^ indoding thb irdiUidiLDt irvcmbor y 


dT 


dT ^ 


Vs AE/ 


dT 


i-O 


For ODA rodufidmit bM. 


Tt-- 




^AB 


_y 

yt 




Vi 




EKHfAE 

Fqr two Todiindant bftra swe pages 198 md 

^ ^ S^ni^ + ^i^jj + " 

y^ - = yj' + ^iy« + - 

y^ yjii 

Sir/ 


Eendiit^p 


— erj^ ^ 

.-/■? 

•/j - Q 

£ 


MjWj , efe/AV 


Port&l Fwbo: O^ntral load P in beanip btisa Mtigei 

8/i 




2 A* ft} 

3*2;+r, 


L95 


107 


. 103 


. 100 

. 100 

. 100 


201 


J A Vm' 

- -- 

C yum 

/ rtlj* . 

■ t * » 203^ 

= 0 = 

r -li -fc » 209 

= & ** * 

. too 

y^ “ 0 = yo^ * 

. . . . 200 

y^t “ yw ^ 

, , . .209 


mud 31s 


Portml Frame: Side hori^ntaJ lo*d F et tbo ot e eelumn* brnmei bingwi^ 

. OLS 
mad £1T 

. 213 


1 


- P 4 )— f*!' 
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Aj = ffj — — — 


X. Bemmi and FramM with Live LoadJ— 

-w, = It’iSfi + . + . + + . 

HKi when tan a ^ ton tA a oiaXi « 

*i>r + t] + f + t]] 

E«jui%'ulont tinifcumly-dutllbufced load for liidment 


8 


EDAx. moinent 


Shew At A HKiioa =1 . 

Equisolufit uuifarmly.distritnjtcd load fnr Bbew J 


- - -S, 




ori.,= 

XI. Aichc? and Soapfoslon Irid^as— 

Arcbiu. Generai oquationa: 

(frj p M 9 + 5 e« e + ^ v*^ IF, . . , ^ « 0 

(O ^ , 0 

Tbf^.hing^Mi Arch, M ^ ^ 

/ForunglodoadV |rnJ W' 

\ load on / 2y^ 

Single conccrntratcd moving load =* ~ 

RadiaJ shear at a sectioo du* to unit load i 
^ CM rin , 

or Sjr — - Fj cna fl, 4- sin 

Normal IhruAl aI a eoction dtte to unit load : 

^ Fj tin Oj . 

or 


PtSc 

p 2IS 

. 22o 

- 

, Ml 

. MS 

. m 

A sasi 

* 

. m 

. Sfie 

. zrr 

. MT 

, m 

. sea 
. m 

. 26& 
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Ilangiii2$ tnbSa t Coatlniioii^y 



tAQM 

= r =3 ^ BM 0 

M m m 

■1 

271 

H ^ isr cOH* d j T ^wr eoa' & 

■ ■ h 


S7S 

(At vericxj T ^ H ^ » 

- 


272 

mWd : UdifoiTEi hormmtfll load. 




. 

. 

■1 

273 


+ + ri- 

■ 

273 

Dip Qt cabb, m (I - *)ac . i ^ + 

■1 * ■ 

- 

273 

Lotigtli (»F cmUe, L ^ r ^ 1 + . 



274 

Anchorai^: 




PjvQsurefl on (fiacrd pulloyj //j T cob a - 

T COB o . p 

1 

274 

F^^Taina -h Tmifi * 

A 

274 

PrPMur?* an (movable HJiilai]l Hi*= 0 




Tew a *= 

STi eo« ^ i 

r 

274 

= T ^ c + T, ain , 

A 

274 

Thm-hiiigod truaB t 







277 

It 

li = . —1. . 4 1 

■ » p 

+ 

273 

SinglB cofkCMisnicBlcd moving load on tbo alifiooin^ girdc-rs 



Horizontal tensioa in enblot 




„ Win lf’tl-»)t 

// *= —■ or —X— “ i 

Sy,. -Jf. 

■ ■■ I- 

• 

27S 

« »' 

"bIPJ ^ * - a • 



2 Ta 

Shmr At A Bootion, 




d; 

* ■ m 

‘ 

278 

- ± 'S„ + gj 

m H * 


278 

. „ . 2J|r*(t-IlK(- SiJ 

or ± 1 

. 


278 


KIL Prindpal SIrwM* — 

(NofioaJ stresa) w jj cih* 0 ^ Itangplltlfll Hti¥W) ® ^ 

CoRibinBtiac of A ILOITD^ itid A tangH^ilial slrt?!# J 

• • ■ 


FlincipftI itrfrMc*^ R 


. 
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totl 2fi K ^ . 


5*0* *- Vt + ?• - 

Twg like pofpoadkiiitAr forces (cotabmitiioii} of j 
Pn *■ ® ^ - 

Pi “ CPa ^Pf) aiii 5 , CM e , 

Fr ^ com" 0 

Angle betw^a muJt&nt and ncnnaJ : 

I41I1 tf 


Pi 


-J\ 


Pi 


Pn 


ii 

^PmZEr 


\ pin 20 


_ P* + 


{unJak# fcrcofl) , 


PSaiMj tar wlJch nwultuit Jitnaa is moat indioDd to i1,e, norma]: 

1 H- -fUl-^ 

Pp 1 - aia ^ ' . + . a. i + 

OTis 'iii i ^ ~ 

Pp -f P« ■ * , , 

Ellipse af stroes . 

■ ' ■■ + ji 

Cenjugpto MtTwam 

* * m 

„ OtH J V' COB,* J - po gl ^ 

co« d VinM' ^ ^ ooaV 

Combination of t^o noriori bIxm*™ at right nnglo and i. tangontiid 
Principal straneo R ^ j 


,-V® 


-Pi!* 


1-9* 


PiQK 
a 293 

a m 

. 294 

a 294 

r 294 

_ 29^^ 

. 295 

. 595 

, 295 

a 297 

a 297 

, 299 

. S02 

a 994 

Ptrefei, 

, 307 

a 307 


zm.— RptainiEjT Walla aad Dama 
Eart.li iovfll, back qf wall vertical fHankijicj, 

P* -= iPaA i!^ V p l-^6\ 

Earth la™l, doping back of wall (RanldnaJ, 

Pr “ ^ 0 




/ j -aon^ y 

>T -h tsin^/ 




313,314 


313 























SUMMARY OF FORMULAE 


or F, 


Ion mm 




<1 9 

(1 + iiinfh) 


tan* S + 

tan' ^45* 


tHJl ^ 


Vertical csarth face retAining wall mtli poflltive surehafgca 


f> ^ i-A* Jl J — V'oaa^ A — ooq* f 

^ 2 coid-h y'Dc** — oei* ^ 


TFed^ Th^ries 
P/« 


fan* (p— 


am p,l^l(^^ + /?)[] + V^(p +p)«m(A- fli J 

Difftributioa ol iioriiltil itree^ in a hori£4nt4^1 sectioft of it jnaiHinry wall, 

i-^-K'+t). 

^-^ 0 -?). 

Foiiq4atlofia: anifcrm preeHura, 

^ W' / I - Jin A * 

' Uf^ji \l -I* Bin 

or ^ . • - - ■ 

VaiTing pitHfliim uniformly » 

j?. </ ! +Ha . 

Pt \l - ain 

, iT . /I + *^ 4^* 

WhMB Pi ^ .-■*-■ 

Aaalyilia of Grmintjr Dam .**■»*-■ 


SIV, Eeuilomd Beaoi^ 


Flitch Beam, M 

4 


2/, 


(i,> 


Ht/, + 


E* 

£' 


627 

315 

316 

318 

3^0 

3^2 

322 

324 

334 

325 

326 
326 


. 340 

. 340 

. 340 
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TBEORV OF STRVCTVREB 


Rtii^orctd QQntFfi^ 

Rtmlofnod teDBion lldA onlj^ sogtiiaii, 

n a daphh 

■ • ■ 

For I » l6p€<Ml Ih^Bqr c = $00 Jb./sq. in., m 

(n) =f -3S ftr n =1 -SM + * , , 

(6J mgfncnt i= iS = »5W* 

(o] ^Vr&4 tepBi^e rdLatorcemojit .i-i: ^ = '0008^ 


— *rtr 

mA{i^~n}^ b7%*j2 . 
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Tee.B^m, (Remfonwi t<!fkBioii Bidfl < 5 iily); N.A. within tlw Blub, 

B 

t ~m{d-n\ 

B = n^d : dp = ijd ♦ 

2rm + 

" 2m* + 2t\ 

Ann oC latcmAl moincnt of rt^istiiiicG, 

^ ^ j *1* + - l2tnr#| ^ I2fflr> 

i J * * • 

lnt«]niBl mornofliti of reglitatieep 

. 


Dutributioit of Shear SbtM. (RecUn^u- brom ), 

s H Epw^lng of atirrypfl ^ a aeolion. 

For rodB at 4^\ 

= 0-707flitj - 0’^07^4*/q * 

For vorlkiBl ■ttrrupflp 

^ f ^ ^W<i * . , ^ 

Bond stziGBa md anohornge, 

“ ^u „ allowmbJo bond itroAS , 
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343 

343 

34$ 

347 

34? 
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351 

3E2 

362 

352 
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Coiuidering mta of tiwisfcr of from coTurrato t<a tenflion Htool, 

U ^ ^ , I, ^ 

R+C- columns. Axial: Eofidffp 
Short oolmmiB^ with. lator^ tiM or hoo|i8, 

ar^a of connmuii h Aj^q « A + (m- 1) 

W ~ c^{A A' . , , . , 

Short colunmA with Bplnl ne^InloroBmont 

™ A" “i“ .. i- » 4 . 

For roctfingul&r beAmB (r^bilofocd on tonafcm sida anl^rh 

Effective momiHlt of tnortlA on a cOciOfOte hatb abgoit N,A- p 

1 -tiY 

likluivAlent comprcaaion modulus « 



S^roment of rvfiiatanoo 



fAQE 

3^3 

307 

367 

36T 

371 

371 

371 


XV 4 Slope-iflflettioii and MomHit-dtitriliutiOB llethodfl 
Sign Ctonv'ontiDn 

Summary' of Moment-atifTiift^, Oany^ver, Swny-momwit BUnhe«i and 
Shear ptiffhEwa fnetors , * - ^ ^ - 

Fond tun ental Slopo-dt^ftectioo E^inalion^t 

iLBA"(20,u + 6,, + 3^) - .. 

2A'A-(aO*„ + 0„A + - -VjiB . 

OcitetuI litopo-ilEtleoUOTi Eqimtioiu. , , i. 

Total mclm(4^lH at tin' prda A oii!l /J of n londnl mttfil»ifJ/f, 

i<f*i =- (±)-WriL + + Ofti + 3#| . 

Jl/a* = l±)Mn,L + 2AA':0*p + afftt* + 3^) . 

Joint Equatkuirt, 

2 incfiiboT^ BA luid BO rigi[|Sy cotuiectcd nt B— 

A/ni d- A/|it « 0 • - V • 

2 iiiE>iiiben$ €B and CB rigidly ponnoctod nt C— 

A/cd- 3lcp-0 . 

For a numbor of ipembera mwting ih a rigid joint— 

to Op whott? n stand# for near moment.^ i,e. moment 
itTa mpintwr at- tty« joint (Knd . . . ■ * 

Ilent Equation for a given portnl (F%. 

<*u*, + (J/, + - /'«(0VPrtu««ing mmflwt) . 

Shrar Eqimtion for tho sAim portal— 

(Afla + = P . - p 

A, ^ 

or ^ ‘ a; 


374 

3P1 

303 

3P3 

303 

363 

397 

397 


397 
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Gumufm! Shear Ei^uAtdon-^ 

2 CplLmiD End Mgroenta _ ■“ _ 

Ccrliiizm Langtha ^ *h ^ 


Lwgtha 

For tho portal aholrzi in Fig, 232— 

Mk + Wp , .V,> + ilfc , M, + .Vb 
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Moment-dulnhLition Method . ^ . 

DcBnitioim 

^tlfTness factor, ciuTj'-ov'or factor 
Positivo and Negative End Momcnia * . ^ ^ 

Moihod of Moment-diHtnbLjtion * . + , , 

]llUEinli,tivti Examploa^ Both Blethoda , . ^ . 

Axial Forces in Mefnl«?n9 of a Frame ^ , 

Reolprocal Theorem, cte. 

MoxwoU's Law, l8fV4; 6^ ^ ^ ^ , 

BoLti'a Law^ 1 ; 

Simpla Fpito, equation (1) P, . (P, . d^) - P, . (P, * 4.) 
Geneml Form, equation {10) 

+ SAf, . = SP*, + Z.W*. . 

nimrtrFitiv'a Proh]pma, 
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. 410 
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410-12 
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413-20 
43€^78 
. 478 
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.483-^ 
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AM^ 

. fWO 
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* 1504 


Mcehrmical Soliatien 
Profeaaor Beggt$^ Method . 

Frofewr Beggn' Method, Sumroaiy 
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foitnula, 175 

Easi^ Chap, xm, 33) 

' - - -tralfii, 311-325 








INDEX 


533 


£lcc«n.lno loods^ ihcirtp 
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Spaoin^ Btiitiipap Ft.C. htm^n, 3&8 
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IndotermLnate stmcturos. BtaticAdv 
Chape. rV. IX 
lucrtiap momont of, 2&. 20 
——, ^ oirclOp 30 

- -p rllipw, 27 

“—-t ”, grapiiical detomiinatlon 
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triim, raaving lt?fl^3% 219 

- ^citiF in n 244 

-- shear in thneo^hinged fftiGening 

ti%JS8r moving londs, 2ft2 
Miiximum monutmt And Ehenr In 
thme-Mngod apeti+ miiv- 
ing loAdfl, 2Q^ 

-»---and Bhrar in benmi, detbd 

leads. Chaps. I. IV 
Mnx'srcll, thconMn, 64 
Maxvmirs 1 Jiw, 483 
Morhunieal adliition of atructniwi — 

AtaticEiJly delnrmmiktD, 21$ 
AtatwnSly indolorminote, 4!:^2p 498, 
504 

Motnl nmhdBp 264 
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